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PREFACE 


THE analytic topology of the 1870’s resulted in two new subjects: on 
the one hand the theory of measure and Lebesgue integration, and 
on the other, the apparatus of functional analysis. Many references 
to early results are given in the book, to counteract a student impres- 
sion that Lebesgue integration, topology, and functional analysis 
began in the 1940’s or even later. Naturally, however, most papers 
are fairly recent. My own research has been in integration and summa- 
bility theory, and particularly in problems that use both. In Henstock 
(1963c) can be found a simple outline of a new integration theory. 
The present book fills a gap in existing literature by containing 
details of that part of functional analysis in which summability 
theory is imbedded. In the main the integration can be Lebesgue’s, or 
the new kind. 

I wish to acknowledge with gratitude the help given by the lectures 
and notes mentioned in the first book, together with the following: 


(i) Lectures on infinite matrices and functional analysis by Cooke 
(1944-46) 

(ii) Lectures on divergent series and Tauberian theorems by Ingham 
(1947) 

(iii) The books of Bourbaki, Cooke (1950, 1953), Dunford and 
Schwartz (1958, 1963), Kuratowski (1952), Loomis (1953),’ Zaanen 
(1953). 


The present book can serve as an introduction to larger or more 
specialized books, such as the ones of Dunford and Schwartz. 

Dr. R. G. Cooke and Professor P. Dienes are no longer with us. 
I would therefore like to add my tribute to those of the many research 
students they stimulated and encouraged, for an unveiling of a most 
interesting section of mathematics, summability theory. 
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PREFACE 


The Library staff at Lancaster University have been most coopera- 
tive in obtaining periodicals not contained in the Library. 

Professor H. B. Griffiths and Dr. I. J. Maddox have read the 
manuscript, and Df McGrotty and Dr. P. Y. Lee the proofs, 
and I am most grateful-for their comments, which have improved 
the presentation. 

Finally I would like to express my thanks to Messrs. Butterworth 


& Co. for their helpfulness throughout the preparation of both books. 


Lancaster R. H. 
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1. Introduction 


A DISTINGUISHING feature of modern mathematics is the establish- 
ment of patterns of behaviour in mathematical systems. For example, 
connections have been established between a heterogeneous collection 
of theorems in classical analysis by the methods of functional analysis, 
so that a flood of light has been thrown on them, stimulating research. 

It has transpired that three principles are involved. The first, the 
Hahn-Banach theorem, is concerned with the existence of extensions 
of a linear functional to regions over which it was not originally 
defined, and it can be thought of as belonging to the algebraic side of 
functional analysis. The second is known as the principle of uniform 
boundedness, and often leads to the proof that, under certain conditions, 
the limit of a sequence of continuous linear operations is continuous. 
In the form often given, it could more exactly be called the principle 
of uniform convergence. The third principle is called the interior 
mapping principle, and states that continuous linear mappings between 
certain types of spaces, map open sets onto open sets. 

Only the first principle is usually given in elementary textbooks, the 
other two being considered too difficult for inclusion. Here we shall 
consider the first two principles, concentrating mainly on the second, 
and using it to prove parts of many theorems of convergence-factor or 
summability type. 

This book grew out of the idea of presenting summability theorems 
for integrals to parallel the accounts of summability theorems for 
series as given, for example, in Hardy (1949) and Cooke (1950). One 
can do much by using the ideas of elementary analysis and Lebesgue 
integral theory, but this book contains two unifications. First, as 
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many proofs as possible are based on theorems of the Banach-Stein- 
haus-Sargent type, in which we need the ideas of first and second 
category sets, and -groups, so that clearly one needs at least the 
beginnings of general topology and topological groups. On examining 
other results it became clear that the uniform boundedness principle 
is a unifying influence that extends beyond the classical Banach- 
Steinhaus result. Secondly, when considering integral summability 
theorems I have had to use several kinds of integrals, often three or 
four in one chain of argument. This situation can now be avoided by 
the use of the systems of generalized Riemann integration, which now 
extend to cover, for example, the Haar integral in locally compact 
topological groups. Because the system outlined in Henstock (1963c) 
is only one of many systems, it was necessary to include a chapter on 
the new integration, to explain the different systems, and to advance 
the theory from the position in the earlier book. Those interested only 
in Lebesgue integration theory can find most of the necessary theorems 
in Saks (1937), though sometimes the Lebesgue integral is not 
powerful enough to cope with the problems. 

The book begins with elementary logic and the theory of sets, and 
then gives the upper boundedness theorem in a form that uses no 
topology. Then we sweep quickly through elementary topology, 
including pseudometrizability, for which I am grateful to Kelley 
(1955) for the ideas and notation. We then deal with category and 
Baire’s theorem, Borel and analytic sets, and Baire functions, and 
round off this section of the book with an account of the upper 
boundedness theorem in topological spaces. 

A group structure is then introduced and the Hahn-Banach theorem 
proved, and we quickly move to topological groups. The /-proups 
are a generalization of Sargent’s B-spaces, and we consider bounded 
sets and continuity, an important section being that on sequences of 
bounded multiplicative functions. A very brief account is piven of 
more complicated algebraic structures, and Gal’s unsymmetrical 
theory is given. Then Riemann and gencralized Riemann integration, 
the existence of a Haar measure, and the Kolmogoroll ‘law of the 


iterated logarithm’, which is needed for results concerning sequences. 
For our special spaces we consider n-dimensional vector spaces, and 
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then sequence spaces and summability theorems. Here I could have 
included far more material, but have concentrated on topics on which 
I could say a little more than is given in Cooke (1950). Questions of 
category and measure, for example the Borel property, are studied 
in the next chapter, followed by spaces of continuous functions and 
(continuous) Denjoy integrals. Then, using the early part of the book 
as a foundation, we study spaces of integrable functions, including 
Lebesgue, Orlicz, and Denjoy spaces, and give a representative 
collection of summability theorems for integrals. 

Much more could have been included, but considerations of space 
have prevented this, and the attention of the reader is directed to the 
larger or more specialized works on functional analysis. I include no 
results on special matrices nor on special integrals; these can be found 
in Hardy (1949) and in the periodical literature. 


2. Notations for Sets, Functions, Relations 


We begin this section informally, since a more systematic approach 
would lead to difficult logic beyond the province of this book. First, 
an object often has several descriptions, which we can symbolize as 
x; y, 3 Pe and then we write x = y. If an object is a collection of 
other objects, it is called a set, or a family. Two interchangeable terms 
are used in the interests of readability. A finite and not too large set 
can be described by enumeration. But sometimes there is a property 
common to all objects of a set, even an infinite set, that is not satisfied 
by any other object. For example, the set 1, 2, 3,4, 5 is also the set of 
all positive integers less than 6. The enumeration of the set of all 
positive integers less than 100,000 would take up space that could be 
put to better use. In this sense one cannot enumerate the set of all 
integers, nor the set of all pairs (x, y) of real numbers satistying 


(2.1) x+y < 1 
We write this last set symbolically as 
(2.2) {(x, y) : x, y are real and x*+y? < 1} 


The words and symbols to the right of the colon form a propositional 
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function that includes arbitrary objects x, y, such that if we replace 
both x, y by particular objects we obtain a proposition that is either 
true or false. If P(z) is a propositional function of an arbitrary object 
z, we denote the more general set of all objects z for which P(z) (i.e. 
P(z) is true) by 

{z: P(z)} 


In (2.2), z = (x, y) where x, y are the first and second parts of z, 
and (2.1) can be written as a propositional function of z. For more 
details on propositional functions the reader is directed to treatises 
on logic. 

In defining a set (or family) X, we only need to know which objects 
x are in X, and which are not. If x is in X (or of X, or a member or 
element of X) we write 


(2.3) x€ X 
If x is not in X, we write 


(2.4) EX Cor x€ X 

An empty set Ø is a set X with (2.3) false, (2.4) true, for all objects x. 
If x€ Y when x€ X, we write X © Y, Y Ə X, saying that X is a 

subset of Y, that X is contained in Y, and that Y contains X. I X & Y, 

Y X, so that each member of X is a member of Y, and conversely, 

we write X = Y. For example, the set of a, a, b is the set of a, b; we do 


not recognize the multiplicity of occurrence of an object in n set. ne} 


if X, Y are empty sets, then X = Y. If X = Yis false, we write X  Y, 
saying that X, Y are distinct. If X S Y, X # Y, we write X © Y, Y 5 X, 
saying that X is a proper subset of Y, that X is contained in Y properly, 
and that Y contains X properly. aa 


AWA ta Xe ty 
We cannot handle logically with safely, the collection of all x 
satisfying (2.4). However, we can suppose a tniversal set U given, and 
then say that the complement U\X of a set X, relative to U, is the set 
of all x € U thatsatisfy (2.4). For example, if in a particular theory all 
our X consist of sets of real (or complex) numbers, we can allow U to 


be the real line (respectively, the complex plane). If U in understood, 
it can be omitted from U\X, and we can write VY 
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If x, y are objects let sing (x), pair (x, y) be the respective sets of x 
alone, and x, y alone, i.e. 
x € sing (x), x € pair (x, y), y € pair (x, y); 
if z € sing (x) then z = x; 
if z € pair (x, y) then z = x or z = y 
The ordered pair of x and y is 
2 (x, y) = pair (sing (x), pair (x, y)) 
` A relation Ris a set of ordered pairs (x, y). We write xRy if (x, y) is 
in the set. Further, R is an equivalence relation if it is reflexive (i.e. 
xRx if xRy), symmetric (i.e. yRx if xRy), and transitive (i.e. if xRy and 


yRz, then xRz). Then the R-coset (or R-equivalence class) R(x) is the 


set 
fy: xRy} 


The Cartesian product XXY of sets X, Y, is the family of ordered 
pairs (x, y), for all x € X, all y € Y, i.e. 

(x, y) € XXY 
z=(x,y), x€X, yey. 

A function (mapping, operator) f on a set X to a set Y, is a subset Z 
of XXY with the properties that if x€ X, there is a y€ Y with 
(x, y) € Z, and that if (x, 2) € Z for some z € Y, then z = y. We 
write f: X > Y, and y = f(x). Also, if X* = X, Y* C Y, we write 
KX = Dy: y = fo), xEX*}, JOY = (x: y = /@), VE", 

x€ X). 


if x€ X, ye Y, then 
if ze€xXxY, then 


We call f(X*) the image of X*, and f~* (Y*) the inverse image of Y*. 
A more general definition of a Cartesian product can now be given. 
For each a € A let Y, S Y. Then the Cartesian product 


(2.5) x, Y, 


is the set of all f: A > Y for which f(a) € Y, when a € A. If Y, = Y 
for all a € A, we write (2.5) as Y4, so that if f € Y4 then f: A — Y, 
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and conversely. Later, when cardinal numbers have been defined, we 
can write 


Y, = Y,XY,X ... XY,. 


Ex. 2.1. If x = y, show that pair (x, y) = sin = si 
(ise C); ¢ ’ y) g (x), (x, y) aa sing 

Ex. 2.2. If (x, y) = (u, v), prove th t x =u, y =v. 

Ex. 2.3. Show that equality of y NOR an equivalence relation. 


Ex. 2.4. Let R be an equivalence relation and R(x) the R-coset of x. 
Prove that if xRy then 


x€ RQ), x€ RO) YER), Rx) = Ry). 


Ex. 2.5. Let f: X — Y, with X, G X* € X, Y, © Y* C Y. Show 
that 


IAA ESX), Sy) E). 
Ex. 2.6. Let f: X — Y, with ¥* C X, Y* C Y. Show that 
J(f (Ye) S Y*, ff) 2 X*. 
; Ex. 2.7. Let f: X — Y, with Y, S Y, Y* C Y. If Y,, Y* are disjoint 
(i.e. there is no object y € Y, that satisfies y € Y*), show that SA 
and f -1(Y*) are disjoint. 1 


> 
3. The Union, Intersection and Symmetric Difference of Sets 


Let P(X) be a propositional function of sets X. The union (join, 
sum) of those X for which P(X), is the set of all objects, each of which 
1s In some set X for which P(X), and we write 


(3.1) U (X: P(X)} = (x: x€ X, POD) 


The intersection (meet, product) of those X for which P(X), is the set of 
all objects, each of which lies in all X for which P(X), and we write 


G2) N (x: P) 
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Variations of this notation occur, e.g. if @ is a family of sets X, 
then 
Ux=Um: vem, (lx = í (x: xe Z) 
F6 # 


are the union and intersection, respectively, of sets of Z. If A is a 
family of suffixes a, then 


Ux, =U (X: a€ 4}, (1 Xe = 1) a: ae A} 


are the union and intersection, respectively, of sets X,, for a€ A. 
In the special case when A is the set of all positive integers (when 
defined), or a subset, we use the more explicit notation 


Ux N% Ux Qx 


The union and intersection of two sets X, Y are written, respectively, 
as 


< 
lI 
= 


AW Vie yU X and Ki Y = Y ry x 


Two sets with no common member, so that their intersection is 
empty, are called disjoint. If each pair of distinct sets from a family Z 
of sets is disjoint, we say that the sets of %6 are mutually disjoint. 

The symmetric difference of two sets X, Y, is the set 


U(X, Y) = (X\Y) U (YX) 
A non-empty family of subsets of a set U, is called a module if 
(3.3) YeM when YC X and XEM 
(3.4) if XEM, YEM, thn XUYEM 
In the notation of Chapter 2, the property of being in M is shrink- 
able and finitely additive. If it is also countably additive, i.e. the union 


of a sequence of sets of belongs to M, then M is called a o-module. 
Every module contains the empty set. The module is trivial if it 


contains no other set. Two sets X, Y are congruent modulo M, ; 


X = YM, if AX, Y) € M. K Gye ise ate 


n b- U Pa la — (Oe 

Ç VUO Vosa 6 uA. WYA AXE a NIA YP 
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Ex. 3.1. If Y 2 X for all X satisfying P(X), then 
Y2U{x: P@} 

Ex. 3.2. If Y < X for all X satisfying P(X), then 
YSN {X: PX) 


Ex. 3.3. U(x: P} n U (y: p*(y)) 
= U {xn Y: P(X), P*(Y)) 
Ex. 3.4. N {X : PÆ U N (Y: P*(7)) 


= (){XU Y: P(X), P*(Y)} 
Ex. 3.5. More generally, if the set X(a, b) S U is a function of the 
ordered pair (a, b), fora € A, b € B, and if P(a), Q(b) are propositional 
functions of a and b, respectively, show that 


A {U {X(q, b) : P@}: o0] 
SU (Y (ae, b) : 00) : PW), ow) 
Qe 


Uae + 4% 
Ex. 3,6. Takings complements valative to U,if X € Uthen X U \X= 
= U, X N \Xis empty. 
Ex. 3.7. The complement of the complement of X, relative to Z, is 
X N Z, whether or not X is contained in Z. 


Ex. 3.8. If X S U, Y S U, then X (Y = X N (U Y) 
Ex. 3.9, 3.10 give the rules of de Morgan. 


Ex.39. — (AU (x: PQ} = N (UX : PCD} 
Ex.3.10.  U\(){x: P(X} = U {0X : P(X)) 
Ex. 3.11. U (x: POQOY = UJ (ry: P(X)) 
Ex, 3.12, [Y (x: P(XA)\Y = N (XVY : P(X)) 


Ex. 3.13. U (x, : P@}\U {% : PO} 


SU {xX \Y,:P@} (Use Ex. 3.11.) 
A 
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Ex. 3.14. a(U {x,:P@}, UJ (Y, : PO)}) 
A A 
< U (aX, Y : P@} 
A 
Ex. 3.15. Taking complements relative to a U that contains X, Y, 


Ex. 3.16. If all X,, Y, lie in a fixed set U, 
d(() a: P@} N T: POH) SU ae, 


d(W, X) U d(X, Y) 2 dW, Y) 


Y,): P@} 


Ex. 3.17. 


Ex. 3.18. If Mis a module, show that ‘congruence modulo M’ is 


an equivalence relation. 
Ex. 3.19. Let f be a function in X to Y. Show that 


F(U (x* : X* S yx, PZY) = U (Ax : X* S y, P(X) 
Ex. 3.20. Let f be a function in Xto Y. Show that 
F(N (z* : x* € y, POH) S N UA»: X* S x, PX} 


Ex. 3.21. Let f(x) = 0(x => 0), X = (0, œ), and let P(X*) denote 
that X* = (0, €) for some e > 0. Then in Ex. 3.20 the left side is 
empty, while the right side contains the point 0. 


L$ FX 3.22. Let proj denote the projection function f: Xx Y > X 
T 


>p)into-x; Let A be a set of suffixes, and for eacha € A ~ 


let X, S X, Y, S Y, the intersection of the Y, containing an elemen’ 
y € Y. By proving that 


>34 


(A Xa) X sing (vy) S X,x Y, kaoa) iD 
show that in this case Ex. 3.20 becomes 
proj ( (VEX Ya) = ()%, = [| proj X,x Y) 
A A A 


Ex. 3.23. There is equality in Ex. 3.20 when both f and f -1 are 
functions. Note that proj 1 is not a function. 
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Ex. 3.24. If fis a function in X to Y, then 
f-u(U ye) = Ure) 
FN) Y*) fon NES 


4. Bijections and Cardinal Numbers 


We now have to define the positive integers to explain the latter 
part of section 3. Let X, Y be sets, and let f be a function in X to Y. 
Then fis an injection if, for each x€ X, x'e X with a y € Y for which 
y = f(x) and y = f(x’), we have x = x’. If also to each y € Y there is an 
x € X with y = f(x), we say that fis a bijection (one-one or biuniform 
correspondence) from X to Y. In this case, if x €X, there is a y € Y such 
that y = f(x); if y” € Y satisfies y’ = f(x) then y’ = y; if y € Y, there is 
an x€ X such that y = f(x); if x’ € X satisfies y = f(x’) then x’ = x. 
Further, we have f -1: Y — X, the inverse function (mapping, operator) 
of f, and Y = f(X), and we say that X, Y are similar, writing X ~ Y. 
Similarity of subsets of the universal set U, is an equivalence rela- 
tion. The corresponding coset of X is called the cardinal number, 
card (X), of X, i.e. card (X) is the family of all sets Y < U that satisfy 
Y~ X. 

If Ø is empty, X ~ Ø, x € X, there are f : X + Ø and y € Ø, with 
y = f(x). But y ¢ Ø. Hence x ¢ X, for all x, and X = Ø. Putting 0 for 
card (Ø), 


(4.1) 0 = card (Ø) = sing (Ø) 


Each sing (x) ~ sing (y); put X = sing (x), Y = sing (y), and (x, y) 
as the only point of the subset of XX Y that defines f. If Y ~ sing (x) 
there are f : sing (x) > Y and y € Y, such that y = f(x). If y’ € Y, there 
is an x’€ sing (x) with f(x’) = y”. But x’ = x, f(x) = y, y = y, 
Y = sing (y), proving that card (sing (x)) is the set of all sing(y), and 
we denote this by 1. It is different from 0 = sing (Ø), since 1 has 
sing (Ø) as a member, a non-empty set, whereas 0 has only the empty 
set as a member. Thus 0 = 1. 
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If X is similar to a proper subset of itself, we call X an infinite set; 
other sets are finite. As Ø has no proper subsets, and as the only 
proper subset of sing (x) is Ø, Ø and sing (x) are finite sets. 

We can put some cardinal numbers in order. If 


XCY, a=card(X), = card (Y), wewrite a=b, b=a 


THEOREM 4.1. If a = b, b = a, then a = b. 

Proof. There are sets X* ~ X, X, ~ X, Y* ~ Y, Y, ~ Y, that 
satisfy X* S Y*, X, > Y,. As similarity is an equivalence relation, 
Y* ~ Y, by an f: Y* — Y,. Hence, for the same f, there is a set X“ 
with X” € Y, © X,, such that f(X*) = X’, and 


Mins, Cab Li PE ap Q 


For finite X,, X’ = X,, so that X, = Y,, a = b. Otherwise, if 
X, ~ Y, then 
Pe X, “= Yew Y, X~Y, a=b ` 


Thus we need only prove that if W X S Y, W ~ Y, then X ~ Y. 
Let V = X VW, g : Y — W bea bijection, and let us denote by D any 
set satisfying D Ə g(D) U V. Then Y is a D, so that the intersection 
T of all D’s exists. Since V C D, for all D, then V € T. Also by Ex. 
3.20, 


ge (lz) Sz(D)S p, zS (1 p= T 
Hence Tis a D. Further, as Y is a D, and by Ex. 2.2, with g(T) ET, 
TEY, g@)S g(Y) =W, g(D O  Vempty, 2(T)ST\V. 
To prove that 
(4.2) g(T) = TW 


let x€ T\V. Then x¢ V. If xẹg(T), let S = T\sing (x). As g(T) € Tand 


x¢g(T), then g(T) S S, S c T, g(S) € g(T), g(S) S S. 

Again, x& V S T, so that V S S, and S is a D. Hence S2 T, a 
contradiction. Hence we prove (4.2), which shows that T = g(T) U F. 
Since 2(T) © W, we have 


X = W Ú V = (WV(T)) U (V U gD} 
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the bracketed sets being disjoint, and the latter being T. The former is 
similar to itself, and T ~ g(T), so that X ~ W, giving the result. 
Let Xo ~ X, Yı ~ Y, with Xo, Yi disjoint, e.g. 


Xo ={(x%,0):xEX}, Yi ={0,1):y €Y} 


Then card (X) + card (Y) is defined to be card (Xo U Y3). Ex. 4.2 shows 
that this is a valid definition. By using it we can define the positive 
integers 1, 2 = 1+1, 3 =2+1, ... Cardinal multiplication and 
exponentiation can also be defined. First, 


card (X) -card (Y) = card (XX Y) 
while if c = card (A), with card (Y,) = b, independent of a € A, then 


b° = card (X Ya) 
4 


If X is not empty, then card (X) = 0, card (X) # 0, so that we write 
card (X) > 0. If X is also a finite set, it can be shown that its cardinal 
is obtained in a ‘finite’ number of steps from 1 by cardinal addition, 
i.e. card (X) is a positive integer. If T is the set of all finite cardinals 
it can be shown that all infinite cardinals are greater than or equal 
to card (D, which is denoted by So. £hus.a proper subset-of-is—a- 
firrite—set The set J can be ordered in the given way, so that if a, 
b € I, then either a < b, ora = b, or a > b. We say that a set X is 
countable, if it is similar to T, or to a proper subset of T. 

If X is a set, a sequence {x,} in X is a function f: I > X with 
f(n) = x, for each n € I. For example, if x € X we can have x, = 
x(n€ D. If @ is a family of sets, and {X,} a sequence of sets in ®, 
we define 

lim sup X, = (1 UX, lim inf X, =U BES 
n— œ n=1 j=n n —> co n=1 j=n 
and if they are equal we write the setas lim X,. 
Note: cheesy 4.1 Is the Schroeder—Bernstein theorem, see F. 


_ Bernstein in Borel (1898), p. 103. 


Ex. 4.1. Prove that similarity is an equivalence relation. 


1 | > ( t 
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Ex. 4.2. If X, Y are disjoint, if Xo, Yı are disjoint, and if X ~ Xo, 
Y ~ Yj, then prove that X U Y ~ Xo U Y.. 


Ex. 4.3. Prove that if a is a cardinal number, 0+a = a+0 =a. 
Ex. 4.4. In Ex. 4.3 prove that 0-a = a-0 = 0. \ 
Ex. 4.5. If a, b are cardinal numbers, prove that a+b = b+a, 


a-b = bea. 


Ex. 4.6. 


<. 
lI 
= 
~ 
lI 
= 


Ex. 4.7. Prove that the union of a countable number of sets, each 
of which is countable, is also countable. 


Ex. 4.8. Let S be a collection of positive real numbers, and N > 0 
a real number, such that the sum of numbers in any finite subset from 
S, is less than N. Prove that the number of real numbers in S that are 
greater than 1 /n, is less than nN, and hence prove that S is countable. 


Ex. 4.9. Prove that the rational numbers in 0 = x = 1 are count- 
able. 


Ex. 4.10. Let S be the set of all finite sequences (n1, ..., n), where 
each n,(1 = k = j) is a positive integer. Show by repeated use of 


Cantor’s diagonal process in the form of Ex. 4.6, that S is countable. 
g4 p.200. U heder E der leu todkon mtr V g. l (1882), 75 


` 
c V ia 


“px. 4.11. Prove that thé real numbers in 0 < x < 1 are not count- 
able. More generally, let S be the set of all sequences {n,}, where 
each n, is a positive integer; or we could even restrict z; to take values 
out of the space Y = pair (0,1). Show that S is not countable. 

Each number in 0 = x = 1 has a binary decimal form, those with 
repeated 1’s after a certain stage being positive multiples of negative 
@ powers of 2. Thus those real numbers with a double represen- 
tation are countable and so can be neglected, and we reduce the first 
problem to the second. Then if {n;}, {n;},.. . is a sequence of sequen- 
ces we can find a sequence of S different from them all by putting 


G =1,2,...) 
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Ex. 4.12. If {X,,} is a sequence of sets, then | 


lim inf X, S lim sup X, 


n — œ n — co 


2 


Ex. 4.13. Prove that lim X, exists, if {X,,} is either monotone in- 


n= 
creasing or monotone decreasing, and find the limit in each case. THE PRINCIPLE OF UPPER 

Ex. 4.14. The characteristic function ch(X1; x) of a set X: S X, is BOUNDEDNESS 
the function that is 1 if x € Xi, and is 0 if x ¢ X1. Find properties of 
characteristic functions that correspond to the complements, unions, 

apd intersegtions of sets. 5, The Upper Boundedness Theorem 

VU AMEY, Meo / CG Ay ae 

| | MANY proofs in analysis and functional analysis hinge on the 
principle of uniform convergence, namely, that the limit of a sequence 
F of continuous linear operators is continuous, under conditions special 
to each problem. This principle depends on a principle of upper bound- 
edness of the following type. From the upper boundedness of a func- 
tion in a subset X of a space T, we obtain the upper boundedness at all 
points of T, or a substantial part of T, by using a relation similar to 
convexity. The very simple pattern of proof is given in this chapter. 

(To the knowledgeable reader it may be pointed out that this pat- 
tern is useful in classifying most proofs of the principles, and in the 
recognition of other applications of them, See Henstock (1963a) aad 

“Since then-thave-feund.a connection with convex functions and with 
results in Mehdi (1964)(see-section 32.) 
In a normed linear space (section 37), the norm ||xll satisfies 


(5.1) ]x—y ll = llxll+lyll. 
The norm N(x) in a normed group (section 30) satisfies 
I (5.2) N(x-y7}) = Nx) + NO). 


If {f,(x)} is a sequence of additive functionals on a group (section 
25), 
N(x) = sup [f,0)| 


satisfies (5.2) since 
f(xy) | = AOD 4,0)! = ORO = NENO). 
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If Nis convex in an additive group with division by 2, it satisfies 
(5.3) N(L(x+y)) = F(N@)+NO)) 
These special cases lead to the following general theory.) 
Let T be a space of points, and 0(x, y) a function in TXT to T. As 

in section 2, if t € T, X S T, Y € T, we write 

OCX, t) = (0(x, i): x € Xy, 0(X, Y) = (0(x,y): x € X,y € Y) 
Given X S T, a sequence (Th,) of sets of Tis a 0-sequence if 
(5.4) Th 2 0(Th,,, Th,) (n = 0), Tho = x 


nel — 

We put Th for the union of the Th, (n = 1). If equality holds in (5.4) 
for each n, we say that {Th,} is a minimal 6-sequence, putting Th,(X) 
for Th, (n = 0), and Th(X) for Th. We call T! h,(X) the Th,-set from 
X, and Th(X) the 0-sub-union from X. If Th(X) = T, we say that X is 
a 0-base for T, and that T is a 0-union. 

We do notinclude X in Th, since X is sometimes anomalous. See 
Ex. 24.1. 

Let L(A) be a finite real function monotone increasing in A> 0, 
with a conventional L(+ co) = + eo. For convenience we can allow 


(5.5) L(A) = LQ) = 2, L, Q) = L(L,(A)) = LA) = 0 (2 = 0) 


A function N(x) on T to the extended real line (i.e. conventional 
values +00 are allowed) is a 9—L convex function, generalizing 
(5.1; 5.2; 5.3), if : 

(66) —N(0(x,y)) = L(sup (No); N(y)39}) G y € T) 

A special case is when 

(5.7) N(O(x, y)) = NG)+ NO) 


where we can take L(A) = 2A 
The pattern of proof of the upper boundedness principle begins in 
the following way. 


THEOREM 5.1. If N is a 0—L convex function, and if, for real 
A= 0, P(A) is the set of x € T with N(x) = A, then 


(5.8) Th,(P()) S P(L,Q)) 
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(5.9) and for each 1 >= 0, N < +00 in P(A) U Th(P(2)). 
(5.10) If X is the set where N(x) < + eo, then X 2 Th(X). 
(5.11) If, for some 4 = 0, P(A) is a 0-base for T, then N < + oo in T. 
(5.12) If L(0) = 0, and if N(x) = 0 in X, then N(x) = 0 in Th(X). 
Result (5.11) is often the conclusion of the upper boundedness 


principle, while in other cases, P(A) U Th(P(2)) is often a substantial 
and useful part of T. 


Proof. To prove (5.8) we use (5.5; 5.6) repeatedly. The rest follow 


easily. 


A similar theorem holds if N is on T to a partially ordered space, 
such as a space of sets of points, generalizing Henstock (1963a (29; 
30; 31), p. 310). Further results are given in Chapter 5. 


THEOREM 5.2. If, for each integer n, N(n, x) satisfies (5.6), with L 
independent of n, and if, for some sequence {x,} of points of T, 


(5.13) N(n, x,) = +00 (n =1,2,...) 
then the set X of points where 
(5.14) N(n, x) = +00 (x € X,andalln = 1,2, ...) 


is such that \X is a countable union of sets none of which is a 0-base for 
T. The complement is taken relative to T. 
The conclusion sometimes shows that X is a substantial part of T. 


Proof. For each n let X, be the maximal set of points x for which 
N(n, x) < +œ. By Theorem 5.1(5.10), x, ¢ Th(X,), and X, cannot 
be a 6-base for T. In VX, (5.14) is false, so that N(n, x) < + eo for at 
least one n, and 


Hence the result. 
The scope of Theorems 5.1, 5.2 can be extended by the following 
theorem. 
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THEOREM 5.3 For each a € A let N(a, x) satisfy (5.7). Then so do 


(5.15) sup N(a, x) 
aca 
(5.16) lim N(a, x) where it exists (when a = 0 in A); 
a -> oo 
(5.17) lim sup N(a, x) (when a = 0 in A) 
(5.18) ` N(a, x) (for countable A) 
agd 
(5.19) ] N(a, x) ds(a) 
A 


for a as a continuous variable, and s(a) a monotone increasing point 
function, and an appropriate integration. 
(5.20) If, for each a € A, N(a, x) satisfies (5.6) for an L independent of 
a, then so does (5.15), while (5.16; 5.17) do so if L is also continuous to 
the right. 

Let Pà), P°(A), P(A), be the respective sets where N(a, x) = 2, 
sup N(a, x) <A, lim sup N(a, x) <4 (a = 0 in A). Then 


aca a— œ 


(65.21) P°'(() = BEZO PA=NU Q "Q+ 


s>0 m>0a€ AN [m, e°) 
Proof. If (5.7) is true for N(a, x), for each a € A, then 


(5.22) N(a, 0(x, y)) = N(a, x)+N(@, y) = sup N(a, x)+sup N(a, y) 
acA acA 


This gives (5.7) for (5.15) on taking the supremum of the first term in 
(5.22). For (5.16) we take the limit of the first inequality in (5.22). 
Then for (5.17) we use (5.15; 5.16) since 


(5.23) lim sup N(a, x) = lim jup N(a, x)} 
a>b 


a— œ b> œ 


For (5.18) we sum the first inequality in (5.22), for a € A; while for 
(5.19) we integrate the inequality relative to s(a). 
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If N(a, x) satisfies (5.6) for each a € A and an L independent of a, 
(5.22) is replaced by 


(5.24) N(a, 0(x, y)) = L(sup (N(a, x); N(a, y); 0}) 
< S fop N(a, x); sup N(a, y); oh) 
actA ata 


the last result following since L is monotone increasing. Then (5.6) 

for (5.15) follows by taking the supremum of the first term in (5.24). 

For (5.16) we use (5.24) and the monotonicity of L. For each £ > 0, 
N(a, 0(x, y)) = a { lim N(a, x)+e; lim N(a, y)+ €; 0}) 


(a = ag(e), a € A) 
If L is also continuous on the right we let a — oo in the first term, and 
then 8 > 0 in the rest, to obtain (5.6) for (5.16). For the same con- 
tinuity assumption on L, (5.23) shows that (5.6) is true for (5.17). 
The first result of (5.21) is obvious. For the second, take € > 0. 
If lim sup N(a, x) 24 then sup N(a,x)<Ate 
G— œ 2 a € Ann, œ) 
for some m depending on x, £, and 
PASIYU N Pte) 
s>0 m>0 a € AN [m, e°) 
Conversely, if x is in the right side, then for each e > 0, and for some 
m depending on e and x, 
N(a, x)= à+e(a € A N [m, co)), lim sup NG, x) = ¿+e 


G— e 


This is true for each £ > 0, so that x € P1(2), completing (5.21). 


THEOREM 5.4. For each integer n let N(n, x) satisfy (5.6), with L 
independent of n and continuous on the right. If, for some x = T, 
(5.25) lim sup N(n, x) < © (x € X) 


n — œ 


then (5.25) is true for all x € Th(X). 
If also L(0) = 0, and if, for some X S T, 


(5.26) lim sup N(n, x) = 0 (x € X) 


n — œ 


then (5.26) is true for all x € Th(X). 
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Proof. Using Theorem 5.3, (5.20) for (5.17), then (5.25) is true in 
0(X, X), and the first result follows by induction. Similarly for the 
second. 

Usually N(n, x) = 0, and then the lim sup in (5.26) can be replaced 
by lim. As we shall see later, an example is given by a fundamental 
sequence of functions f(x) for x € X, with values in a metric space, 
and with 


N(n, x) = sup o(f(*), Se) 
j>k>n 


The following is a generalization of the condensation of singularities 
theorem of Banach and Steinhaus (1927), p. 54. 


THEOREM 5.5. If, for each pair (m, n) of integers, N(m, n, x) satisfies 
(5.6), with L independent of (m, n) and continuous on the right, and if, 
for some sequence {x,,} of points of T, 
(5.27) lim sup N(m, n, Xm) = +00 


n — co 


(m = 1,2,...) 


then the set X of points where 
(5.28) lim sup N(m,n,x) = +00 (x € X, andall m = 1,2, ...) 


n — œ 


is such that VX is a countable union of sets none of which is a 0-base 
for T. 


(5.29) If also L(0) = 0, we can replace ° = +00” in (5.27; 5.28) 
by ‘>0°. 


Proof. We use the method of proof of Theorem 5.2 with the results 
of Theorem 5.4. 


6. The 0-Sub-unions and 6-Bases for T 


The study of 7h,-sets is important for the principle of upper boun” 
dedness and for the discovery of 0-bases for T. Given 0, the question 
of whether or not a particular set X is a 0-base for T', or is such that 
Th(X) is a substantial part of T, depends in some sense how ‘thick’ 
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the set X is. In other chapters we shall specify ‘thickness’ in terms of 
sets of the second category, the f-sets of Sargent (1950, 1953), and 
sets of positive measure. Here we give a few general results. 

The sequence {Zh,} is monotone increasing if Th, = Th, 
(a1). The st XST is pinned if X is non-empty, and if 
x € 0 (x, X) (all x € X), where 


6(x, X) = {0(x, vy): y € X) 


Further, complements of sets are taken relative to the space T, 
unless otherwise written. 


THEOREM 6.1. 
(6.1) If X Y then Th,(X) S Th,(Y) (2 = 1), Th(X) S Th(Y) 
(6.2) , Th,,(Th,(X)) = Thy « AX); Th(Th,(X)) < Th(X) 
(m = 1, n > 1) 


(6.3) (Th,(X)) is monotone increasing if X is pinned, if X S Thy(X), 
and if and only if Thy X) S Th(X). Then 


(6.4) Th(Th,(X)) = THX) = Th(ThX) G > ) 


Proof. (6.1) is obvious, and (6.2) follows by induction. Further, if 
X is pinned, 
x € O(x, X) S W(X, X)(x € X), X © Th(X), 
Th(X) = 0(X, X) S 0(Thi(X), Th(X)) = Th(X), 
Th,(X) = Th, _+(Thi(X)) S Th, -4(ThAX)) = Th, W(X) m > 1) 
The ‘only if’ part is obvious. From (6.3), monotonicity, and (6.2), 
Th(Th,(X)) = Th(X) 
For the second equality in (6.4), if 
z€ Th(Th(X)) then z= O(x,y) with x,y € ThX) 
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Thus for certain integers m, n, and by monotonicity, with r = 
max (m, n), 


x€Th,(X), yETh(X); x, ye TAX); 
z€Th,,(X) S THX); Th,(Th(X)) S Th(X) 
By (6.1; 6.2) and monotonicity, 
Th,(TA(X)) 2 Th,(Th,(X)) = Th, (X), Th,(Th(X)) 2 ThX) 


Hence the second equality in (6.4), by induction from n = 1. 
For each fixed y let 


0-1, y) = 0! (sing (w), y) 
be the inverse image relative to x of sing(v), for v = 0(x, y). Also let 
ow, X) = U (0-@,y):ye XY wen XET) 


Then X is pinned, if and only if x € 0_1(x, X) (all x € X). 

We use (Q as a standard notation for a known family of pinned 
sets V that are 0-bases for T, or have Th(V) of substantial size, com- 
paring other sets E with the sets V by using auxiliary sets X that may 
possibly vary as a certain point v varies in V. By this means we aim 
to widen @ to a family & with the same properties relative to the 
Th(E) as has (Ó, using & as a standard notation also. 


THEOREM 6.2. Let E, V © T be connected in the following way. If 
v € V, there is an X G T, depending on v, E, such that 
(6.5) X° Œ X,, where X° = XN 071w, X), X, = (X\E) U 0-1 (v, XUE) 
(6.6) Then V © 0(E, E), Th(V) & Th(E) 
(6.7) In particular, if Th(V) = T then T(E) = T 


(6.8) If (Ó is a family of pinned sets, let & be the family of sets E with 
the given property relative to V € (Q. Then (Q © &. 

Proof. By (6.5) there isa z€ X°, z€ X,. Thus zis in X and 0 1(o, X), 
but not in X\E nor in 0-1(ə, X\E). Hence for some e€ E, and by 
(6.1; 6.2), 

z€Eñn09 (o, E), z€0-l(0,e), v = Oz, e) € O(E, E), 
V S 0(E, E) 
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giving (6.6; 6.7). For (6.8) we take X = E = V, X, empty. But the 
pinned set Vis not empty, and for v € V we have 


v € 0, p), 2 € X" E Xy» VE ó, O c é 


The crux of this method of widening the family @ lies in proving 
(6.5), by showing that X, is one kind of set, and X° is a larger kind. 
It is here where we need the idea of the ‘thickness’ of a set that was 
mentioned at the beginning of the section. Alternatively we can re- 
place the descriptive notion of ‘thinness’ by the use of a property p, 
saying that the set is ‘thin’, if it has the property p, and is ‘thick’ 
otherwise. We can denote by P the family of ‘thin’ sets. As we shall 
see subsequently, wecan use a variety of properties depending on the 
particular problem in hand, for example, the properties of being 
nowhere dense, or of the first category, or of measure Zero, etc. 

However, it is not at the moment necessary to know of any one of 
these particular properties. Here we consider which properties of the 
p are necessary, and which are useful, in order that we can prove that 
the relation X° C X, is false. We are going to arrange that X ? is 
‘thick’ and X, ‘thin’, so that the final step can be taken if every sub- 
set of a ‘thin’ set is ‘thin’. It then follows that every set containing a 
‘thick’ set is also ‘thick’. The allied property of p is contained in the 
following definition. 

A property p of sets X S Tis shrinkable, if Y € D when Y S X for 
some X € D 

We now move one stage further back, noting that X” is to be 
‘thick’, and X, ‘thin’, and assuming for simplicity that X is indepen- 
dent of the v € V. We say that a set X € Tis strongly-p, if there is a 
VEO such that X°¢ P for each v € V. A useful related definition is 
that a set X © Tis a strong 0-base for T, if there is a V € (O such that 
Th(X’) = T for each v € V. 

If p is shrinkable and X, € PD, then X\EED, 01w, XE) E PD. | 
Hence also assuming X independent of %, it is necessary that 
E is a p-Baire set. A set E G Tis a p-Baire set, if X\EEP for 
some strongly-p set X. Note that if p is shrinkable and T € P, then p 
is useless for proving (6.5), and no strongly-p sets, and so no p-Baire 
sets, can occur. 
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Considering the property 0~(v, X\E) € D, the points v are re- 
stricted to lie in V, while X\E need not be the most general set of D. 
Thus it is useful, but need not be necessary, to assume that p is 
6-1-invariant. 

A property p is 0 -1-inyariant, if 0-*(v, X)ED when X € D, v € T. 

Collecting the definitions together, we assume that p is 


(6.9) shrinkable (Y € D when Y © X for some X € PD) and 
(6.10) 0_1-inyariant (071v, X) € D when X € D, v€ T). 
(6.11) Also a set X © Tis strongly-p, if there is a V € © for which 
X= X 0-0, X) ED wEV). 
(6.12) A set X S Tis a strong 0-base for T, if there is a V € © with 
Th(X°) = TWE V) 


(6.13) A set E S Tis a p-Baire set, if X\E€ D for some strongly-p 
set X. 
In the reverse direction, to pass from 


X\ECD and 67(v,X\E)ED to 
X, = (X\E) U 0-1(o, X\E)ED 
we sometimes assume that 
(6.14) pis finitely additive (X U Y € D when X, Y € D). 


The following theorem underlies parts of many proofs of the prin- 
ciples of uniform convergence and upper boundedness. The preced- 
ing discussion explains how far the conditions are necessary for the 
final result. 


THEOREM 6.3. If p is shrinkable, 0-1-inyariant, and finitely additive, 
then each p-Baire set E€ ó. 
Proof. A strongly-p set X exists with XVE € P. Then, for all v, 


iw, X\E)VED, XED, X AXED 
But X” € Dw € V), for some V € CO. Hence (6.5) is true, and E € 2. 
Not every useful property p is finitely additive. But in two cases 
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involving measure and f-sets (see later) we shall avoid the use of 
(6.14). 
In other arguments we use Th,-sets directly. It is convenient when 


(6.15) pis hereditary (Thi(X) € D when YX € P). 
Then we say that Th(X) has the property p°, Th(X) € D°. 


(6.16) An X € T has the property h(p), or is an «(p)-set, if 
Th (X) € D(n = 0). Other sets are called f(p)-sets. 


If p is hereditary then h(p) = p. Also A(p) is hereditary from (6.2), 
whatever the p. Further, 


(6.17) the set X S Tis said to have the property th(p), if y < THE) 
for some E € (Pi, the family of all sets with the property A(p) = pı. 


Clearly pa = th(p) is shrinkable. If, for a given 0, we can always 
choose the E so that {7h,(E)} is monotone increasing, then th(p) is 
hereditary by Theorem 6.1 (6.4). We use th(p) with special 6 in Chap- 
ter 6, Theorem 24.3, and Chapter 7, Theorems 29.7, 32.3. It would be 
difficult to give results involving th(p) with general 0. 


THEOREM 6.4. (6.18) If p is hereditary, X € D, T ¢ D°, thenTh(X) # T 
(6.19) If pı = h(p), Th(X) = T ¢ Df, then Th,(X) € D for some n= 0. 


(6.20) If p is hereditary, with T ¢ D°, then a strong 0-base for T is 
strongly-p. 

These results are obvious, and the pattern of proof is similar to that 
of Chapter 3, Theorem 12.2. 

With pı = h(p), pə = th(p), we shall consider properties ps (of 
being nowhere dense), p, (of being of the first category), p; = h(ps), 
Pe = h(Py); p+ = th(p;), Pa = th(p,), p (Š) (involving measure), and 
Pıo (involving cardinal number). Properties ps, P4, ps, p (0) are con- 
sidered in Chapter 5, while ps to p1o are considered for special 0 in 
Chapter 7. 

Historical Note: The «(p)-sets and A(p)-sets generalize the -sets and 
B-sets of Sargent (1950, 1953), and those of Henstock (1963a), p. 314. 
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7. Topologies and Product Topologies 


WE now impose an analytic structure, that of a topology, on the 
space T of Chapter 2. As a result, in Chapter 5 we can consider 
properties that involve topological density, and can give the connec- 
tion between the principles of upper boundedness and uniform con- 
vergence. 

The essential idea behind that of the limit x of a sequence {x,}, is 
that of ‘nearness’, i.e. x, is as ‘near’ as we like to x, for all sufficiently 
large integers n. To measure the ‘nearness’ we surround x by ‘open 
neighbourhoods’, and a collection of such sets, for all x € T, leads 
us to the definition of a topological space. 

A family 4 of subsets G & T, is called a topology in T, if 


(7.1) the empty set and T are in 4; 

(7.2) if Z S G, then UJiG € G; 
F6 

(7.3) if G1, G2 € G, then Gi N Gs € G. 


Each G € 8 is called an open set, relative to G, or a G-set, and 
(T, @), or T itself if Z is understood, is called a topological space. 
A neighbourhood of x € T, is any G € € with x € G, and a neigh- 
bourhood of X S T, is any G € G with X G. Note that all our 
neighbourhoods are open neighbourhoods. 


THEOREM 7.1. A set in T is a G-set if and only if it contains a neigh- 


bourhood of each of its points. 
Proof. If G € G, then G is a neighbourhood of all its points. Con- 
versely, if G contains a neighbourhood, say G(x), of each x € G, then 
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G contains the union of the G(x), and so it is the union. By (7.2), 


GEG. 


The interior of a set X © T, is 
x =U{E:6¢€,6E X 
By (7.2), X° is the largest -set contained in X. Thus X = X° if and 
only if X is a G-set. 
A subfamily @  @ is a cover of a set X, if each point of X lies in 
at least one member of @. A cover @ of X is a refinement of @, if 


each member of @” lies in a member of @. 
The construction of a topology is helped by the following theorem. 


THEOREM 7.2. Let of be a family of sets Aí S T. Then the family B 
of all unions of subfamilies of A, with the empty set, is a topology n T 
if and only if 
(7.4) for each Ay, Az € Chand each x € A1 N As, there is an As € A 
such that 

x€A S Ai 4z; and 


(7.5) T=UA 
A 


Proof. Using (7.5), B satisfies (7.1; 7.2). From (7.4), if A1, A2 € cË 
then 


Aı N 42 = U {43 : all x € A1 N A} EB 


By Ex. 3.3, if By, B, € B then B, N Be € B. Hence (7.3) holds. 

Conversely, if B is a topology then (7.1) gives (7.5), while Ai, 
Ag € A and (7.3) imply that 41 As € B, so that (7.4) is true. 

A family & of subsets of Tis a base for a topology @, if + S G, 
and if for each x € T and each open set G with x € G, there is an 
AEA with x€ AGG. Further, of is a sub-base for @, if the 
family of finite intersections of members of of is a base for Z. Thus 
in Theorem 7.2, oA is a base for B. 

We now construct a topology for a Cartesian product T. Let A be a 
set of suffixes, and for each a € A let (Y,, Z be a topological 
space. We put Yas the union of the spaces Y,, so that Y,  Y(a € A) 
and we construct 


Ta Y=: & = X X, 
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The family @ of all C with X, = Y,, except for a single a for which 
X, € G,, is a sub base for the required topology. A base is the family 
A of all finite intersections of members of @, i.e. the family of all 
Cwith X, = Y, except fora finite number of a for which X, € Ga- 
Clearly oA satisfies (7.4; 7.5), so that the B of Theorem 7.2 is a 
topology for T, called the product topology. 

Historical Notes: The idea of an open set is due to Lebesgue (1902), 
p. 242. The product topology in a Cartesian product originated in 
Tychonoff (1935), p. 763. 


Ex.7.1. If T is the space of real or complex numbers, show that we 
can construct a topology for T from the modulus, called the modulus 
topology. 

Ex.7.2. If Tı S T, show that the family Gi of sets GM Ti, for all 
G € G, is a topology in Ti. It is called the relative topology of Tı 
from Z. 

Ex. 7.3. The G containing only T and the empty set, is a topology. 
It is called the trivial (or indiscrete) topology. 

Ex. 7.4. The @ containing T and all subsets of T, including the 
empty set, is a topology. It is called the discrete topology. 

Ex. 7.5. A family oA of sets A1 S T, is a sub base for a topology for 
T, if and only if the union of all the A1 is T. 

Ex. 7.6. If ct isa base for the topology Z of T, show that the 
topology B of Theorem 7.2 is Z itself. 

Ex. 7.7. If Ais an index set, and if for each a € A, (Ya, Z) is a to- 
pological space, so that we can construct the Cartesian product T and 
its product topology @, using the union Y of the Y,(a € A), let 
f: À — Y be such that f € G € Z. Show that in the notation used, 
there isa C © G that has X, = Y,, except for a finite number ofa 
for which 


f(a) € X, € Ga 


8. Closure, Closed Sets 


A point x € Tis called a limit-point (cluster point) of a set X & T, if 
each neighbourhood of x contains a point of X different from x. The 
set X’ of all limit-points of X is called the derived set of X. A point 
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x € Tis called a cor ; 
a point of X. The g¢ct-point of X, ifeach neighbourhood of x contains 
of X, the £ being Y of allcontact-points of Xis called the G-closure 
for X ropped if understood; we sometimes write GX 


THEOREM 8.1. (€ 
Oy XS T me X =XUX 
(8.2) For ı ; 5 
Proof: For (8 yee relative to T,\X = (X. 
roof. For (8. : ; 
neighbourhood ofàs° the definitions. For (8.2), if x $ X, there is i 
YC (Z. If y €x free from points of X, and so lying in \X, 2i 
so containing no r) then y is in an open set contained in \X an 
A set F Z Tis dint of X. Hence y € \X, and (8.2) is true. A 
F Z-closed, or closed if Zis understood, if F’ S F, orf, 
= F. Sometimes we call a closed set an (F-set. 
THEOREM 8.2. L 
Y is closed. tY = W. If X is closed, then Y € @. If Xe Z then 
The proof follo 
Thus closed setws from Theorem 8.1 (8.2). 
s (F-sets) have the following properties. 


equivalently, if 


(8.3) 

. The empty set and T are (F-sets. 
(8.4)  Theinmi MERAN: 
(8.5) tersection of a family of (F-sets is an (F-Set. 


If Fi, Fa are (F-sets, so is Fy U Fo. 
Conversely, if ¿š 4 


family of complena family (Z has properties (8.3; 8.4; 8.5), 
ments is a topology. 
THEOREM 8.3 L i 
Let Xx, Y ST. Then 
(8.6) eet 
X isan F-set, so that GGX = GX, 
i 


then the 


(8.7) apm 
(8.8) WEY ten. SY X S Y; 
we. X is the smallest F-set containing X, 
(2.10) Ki y=X Ú Y, 


(x Ü Yy = X' UT. 


if x € (XY then each neighbourhood G of x 
of X. As G is also a neighbourhood of q, G 
e x € X, and (8.6) is 


Proof. For (8. 
contains a point, 8.6), 


contains a point tt, say q, 
it r of X, where r can be x. Henc 


29 


LINEAR ANALYSIS 


true. (8.7) is obvious. For (8.8) we use (8.6; 8.7). For if Fis closed and 
XS FCX, then @X S GF = F < GGYX = GX, F = X. For (8.9) 
letx € XU Y, x € X. Then there is a neighbourhood G of x containing 
no point of X. If G; is a neighbourhood of x, then by (7.3), GM G1 is 
also a neighbourhood of x, and so contains a point g of XU Y. As 
g¢ X, then g€ YMG, and x€Y. Hence XU Y C€ X U Y. If 
ye X U Y then y € X or y € Y, so that each neighbourhood of y 
contains a point of X or of Y, and so a point of X U Y, and y € X U Y. 
Hence (8.9). Similarly for (8.10), in the proof of which, g # x. 


THEOREM 8.4. (8.11) Let Tı E T, and let G be the relative topology 
of Tı from Z. If F S T. is closed under G, then there is a set Fy, closed 
under G, such that F = F N Ty. 


(8.12) XS Ti, then g X = gx MT. 


Proof. For (8.11) we take complements relative to T; in the defini- 
tion of a -set and use Theorem 8.2. Then for (8.12) we also use (8.8). 

Historical Note: Cantor defined the derived set of X in Cantor 
(1872), p. 129, and a closed set in Cantor (1883a), p. 51. 


Ex. 8.1. The closure of the empty set is the empty set. 


Ex. 8.2. X N Y € X N Y (use (8.7)). 
Ex. 8.3. VX is a G-set. | 
Ex. 8.4. Let Z be a family of subsets H of T. Show that 


gUszə UF 
z z 


Ex. 8.5. If in Ex. 8.4 each x € T has a neighbourhood intersecting 
only a finite number of sets H, then 


@UH=UaF 
F6 Z 
Ex. 8.6. In Ex. 7.7 show that if 


X= X X. “then. X = KX, 
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9. Continuity, Openness, Convergence, and Order 


Let (Ty, Gi), (Ts, Ga) be topological spaces, with X € Tı and 
f: X > Tə. Then f is continuous (relative to Gi, Ge) at x € Ti, if 
x € X, and if, for v = f(x), given a -neighbourhood G of v, there is 
a -@-neighbourhood G: of x such that G: © X and f(Gi) E Ge. If fis 
continuous at all x € X, we say that f is continuous on X. Then by 
Theorem 7.1, X € G1. 

The function fis open in Tı to Ta (relative to Zi, G2) if (G1) € Zefor 
all G1 € 1. The inverse image f~1 is open in Ta to Tı (relative to Go, 
G1) if f (G2) € Gi (G2 € G2). 


THEOREM 9.1 The function f is continuous on X if and only if 
(9.1) f+ is open in Ts to Tı, and only if 


(9.2) SAN GY)E AfY) WS x). 


If X = T; then f is continuous on T; if and only if any one of (9.2) and 
the following propositions is true. 


(9.3) If F is Go-closed, then fF) is G1-closed. 


(9.4) SGY) 2 Gf (Y) (Y T. 

Proof. For (9.1), if f is continuous on X let G> € Go, x € f -1(Gs). 
Then f(x) € Ge, and by continuity there is a -neighbourhood 
Gi S X of x with 


KG) S Go, Gi f-1(G), and /f-(Gj) €Z, (Theorem 7.1). 


Conversely, if f~1is open, with x € X, let G; be a Ze-neighbourhood of 
f(x). Then Gs = f~(G2) is a -neighbourhood of x with f(G3) S Ge. 
Thus fis continuous at x, and so is continuous on X. 

For (9.2) if fis continuous on X, let v € f(X N GY). Then v = f(x) 
for some x € G1Y. Ifv € G2 € Go, there is a -neighbourhood G: < X 
of x with (Gi) S G2. As x € GiY, there is a yé Y N Gi S X, and 
SOES) N Ga. 

Assuming now that X = Tı, we use complements, Ex. 2.7 with 
Y, = F, Y* = \F, and Theorem 8.2. Then f 1(Y*) = \f 71 (Y4), and 
(9.3) is equivalent to (9.1). Also (9.3) implies (9.4). For Y € GY 
implies f-(Y) S€ f -1X(@Z,Y), the latter being Gi-closed by (9.3). 
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Taking -closures we have (9.4). Conversely, if (9.4) is true, and if 
Fis G»-closed, then 
f XP) 2 @,(/ 1(Ë)) 


and f -1(F) is Zi-closed, giving (9.3). Finally, if (9.2) holds, then for 


YOST, F(U O) S GAF) S GF, 
G(T) S FAGY) 


using Ex. 2.6. Thus (9.4) is true and fis continuous on 7}. 

A continuous open bijection on T; to T> is called a homeomorphism, 
and we say that Tı, T> are homeomorphic. 

A sequence {x,} in T converges to x € T if, given an arbitrary 
neighbourhood Gof x from the topology @ of T, there is an integer mm, 
depending on G, such that x, € G for all n = m. Then x is the limit of 
{x,}. Here we have changed (T2, G2) to (T, Z), while T is the space of 
positive integers with a conventional +00, and with f(n) = x,, 
f(+ œ) =x. The topology G1 reduces to neighbourhoods of + co of 
the form [m, +00). 

Sometimes we use a partial order and Moore-Smith convergence. 

A partially ordered set (P, =) isa non-empty set P, and a relation = 
in P, called an order relation, such that 


(9.5) if asb and bsc, then asc; 

(9.6) a<a. 

We sometimes write b = a when a = b. Let X S P. Then an x € P 
is an upper bound of X, if y = x for every y € X. An upper bound x of 
X is a supremum of X, denoted by sup X, if each upper bound z of X 


satisfies x = z. Similarly for the Jower bound and infimum, if X, of X. 
A partially ordered set (P, =) is well ordered if 


(9.7) asb and bsa imply a=b; 
(9.8) each non-empty set X S P has a lower bound x € X. 


Theorem 4.1 (Schroeder-Bernstein) shows that the order defined 
between some cardinal numbers satisfies (9.7), but (9.8) need not be 
satisfied unless we assume a special axiom. 
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AXIOM9.1. Every set can be well ordered, i.e. given a set P, an order 
relation can be defined in P so that P is well ordered. 


THEOREM 9.2. A subset of a well ordered set is well ordered. 

Proof. If (P, =) is well ordered and R C€ P, let a,b € R. Then 
a,b € P. Using the same order in R as in P, then (9.5; 9.6; 9.7) are 
true in R. Further, if X S R then X S P, and X has a lower bound 
x € X, taking X S P. This x is also a lower bound for X when 
considered as a subset of R. 

A partially ordered set (P, =) is directed, if every finite subset X of 
P has an upper bound. In this case, Z: P > T is called a generalized 
sequence in T. If (T, Z) is a topological space, the generalized sequence 
f converges to a point t € T, if to each G é @ with t € G, there is an 
x € P such that for all y € P with x = y we have f(y) € G. We then 
write 

t = lim f(y) 
P 


This Moore-Smith convergence will be used later for our integration. 
The reason for using a directed set, is that if for various purposes we 
consider a finite number of sets y=>%1,...,y = Xp then we can 
replace each x, by an upper bound x of the xi, ..., x,, and consider 
the single set of y > x, in which the various purpose hold, A DAA 


4 P. Aus tech, ye FOL a H WA EA MCMC 
NAA 


ously, weyers es ui KEZA 
Historical. Rons. itio 9.1 is oed ‘with ‘Zermelo’s axiom! The 
Moore-Smith convergence originated in Moore (1915; 1939) ‘and 
Moore and Smith (1922). 

Ex. 9.1. If (T, Z) (j = 1, 2, 3) are topological spaces, and if f: 
Tı + Ts, and g : T2 > Ts are continuous, then g(f(.)):7T1 > Ts is 
continuous. 

Ex. 9.2. Let (T, £) be a topological space, and let R be the real line 
or complex plane with the modulus topology. If f: T > R and g: 
T — R are continuous, and if x € R, show that 


HI, x, f+g, Je 


are continuous. If R is the real line show that 


max (f, g), min (f, g) 


ure continuous. 
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Ex. 9.3. Let T be the real line, containing a bounded open interval 
G andits complement F. If f = 0 in G, with f undefined in F, show 
that fis continuous on G, Z being the modulus topology on T. But 


f (T) = Gc gG 


showing that (9.3; 9.4) need not be true when X z Tı. 

Ex. 9.4. Let T be the real line with modulus topology @, and let 
f = 0 at the rationals, with f undefined at the irrationals. Show that 
(9.2) is true, but that fis not continuous. 

Ex. 9.5. Show that the property, that two topological spaces are 
homeomorphic, is an equivalence relation. (Much topological theory 
consists of describing the corresponding cosets). 

Ex. 9.6. Show that for the Cartesian product of section 7 with the 
product topology, the function proj (a;.) is continuous, where 


proj (a; H) = {fla):f¢ H}(H S T) 


10. Special Topological Spaces 


At times we need additional assumptions on the topology, and an 
increasing sequence of specialization is provided by the “O,-spaces, in 
the notation of Alexandroff and Hopf (1935). 

A topological space T is a Oo-space if, for each pair of distinct 
points x, y € T, there is a neighbourhood of one that does not contain 
the other. 

Tis aO -spaceif, for each pair of distinct points x, y € T, there area 
neighbourhood of x that does not contain y, and so a neighbourhood 
of y that does not contain x. 

A Oxspace is a “Op-space, but the converse need not hold, see 
Ex. 10.2. 


THEOREM 10.1. Ina’©1-space, sing (x) and each derived set are closed. 
Proof. If y # x, there is a neighbourhood of y that contains no 
point of sing (x), so that y cannot be a limit-point of sing (x), which 
is, therefore, closed. To prove that X” is closed we replace X by X” in 
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the proof of Theorem 8.3 (8.6). Then we can take a neighbourhood 
of q that does not contain x, and its intersection with G is another 
neighbourhood of q, that contains r but not x. Thus r € G, r # x, 
and x € X’. 

Tis a Oz-space (Hausdorff space, Hausdorffian), if for each pair of 
distinct points x, y € T, there are disjoint neighbourhoods of x and y. 

A ©o-space is a Oy-space. Ex. 10.3 gives a “Oy-space that is not 
a “Oo-space. 


THEOREM 10.2. In a “Os-space, a sequence and a generalized sequence 
can haye only one limit. 

Proof. Since a sequence is a special case of a generalized sequence, 
we assume that we have a directed set (P, =), and a function f : P > T. 
Let t, u € T' be such that for t€ G(t) € Z, u€ G(u) € G, there are 
x, y € P such that for all z € P with z = x, we have f(z) € G(¢), and 
for all z € P with z = y, we have f(z) € G(u). Then since P is directed, 
there is an upper bound w of x, y, so that for z = w, f(z) € G(t) N G(2. 
Thus at least one point f(w) lies in the intersection. But since T is a 
‘Oo-space we can choose G(t), G(u) so that the intersection is empty, 
if t = u. Hence t = u. 

T is a regular space if, for each closed set F S T and each x € T, 
x ¢ F, there are disjoint neighbourhoods of F and x. 


'THEOREM 10.3. T is a regular space if, and only if, it has the property 
that if G is a neighbourhood of a point x, there is another neighbourhood 
of x with closure contained in G. 

Proof. If Tis regular let F = \G, closed by Theorem 8.2. Then there 
are disjoint sets Gi, G2 € G with XG S Gi, x € Ga. By Theorem 8.2, 
\G; is closed. 


Hence x € Ge S \Gr G, < \Gi CG 


and T has the property. Conversely, if T has the property, let F be a 
closed set and x ¢ F. By Theorem 8.2, \F is a neighbourhood of x, 
which, therefore, contains the closure of a neighbourhood G of x. 
Hence F is contained in VG, a G-set by Ex. 8.3, that is disjoint from 
G, and T is regular. 

For a non-regular Oz-space see Ex. 10.4. À “Os-space is a regular 
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‘Ox-space. By Theorem 10.1, sing (x) is closed, so that if y = x there 
are disjoint neighbourhoods of x and y i.e. a “Os-space is a Og-space. 

T is a completely regular space if, for each x € T and each neigh- 
bourhood G of x, there is a continuous function fon T to [0,1] such 
that f(x) = 0, and f = 1 everywhere on \G. 

Each completely regular space is regular. For the set where f< + 
is open, with closure contained in the set where f = > and in turn 
this is contained in G. Hence the result by Theorem 10.3. 

A completely regular “Oi-space, which is a “Gs-space, and so a 
“Oo-space, is called a Tychonoff space. See Tychonoff (1929), p. 545. 

T is a normal space if, for each pair of disjoint closed sets Fi, Fə, 
there are disjoint neighbourhoods of Fy, Fz. A normal“©Oj-space, which 
is then a >-space and a “O3-space by Theorem 10.1, is called a 
Onu-space. 


THEOREM 10.4. (Urysohn (1925), p. 292). Let Fi, F> be disjoint 
closed sets in a normal space T. Then there is a continuous function f on 
T to [0,1], with f = 0 on Fy, and f = 1 on Fo. 

Corollary. A Oy-space is a Tychonoff space. 


Proof. Since T is normal, and by Theorem 8.2, there are G,,,, Gi), eZ 
such that 
Fy S Gy, S Gy, S \GH, S VF, 


As F. and \G,, are disjoint closed sets, and as VG”, and F, are 
disjoint closed sets, we apply the construction again to obtain Gi), 
Gy, € Z with 

Fy S Gi, S Gy, S Gy, S Gy, S Gy, S Gu, S Vr, 


A 


and so on. By induction we define G, € Z for each r = m-27" 
(m = 1,3,5,...,2"-13;” = 1,2,...), such that ifr < s then 


GCG, FC G.G CS V, 
We put f = 0 in the intersection of all G, and otherwise put 
Jœ) = sup (r: x € G) 


Then0 = f= 1, withf = 0on Fi,f = lon Fz. Toshowfcontinuous, 
let y = f(x) > 0. Let 0 < 7 << be arbitrarily small, with y+e, 
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ym as r's. Then k: 
x € Gye N \Gy—» € Z 


If z is also in this @-set, then 
fx) —f@)| = 2e 


and fis continuous where f(x) > 0. If f(x) = 0.a similar proof holds. 

The corollary then follows by Theorem 10.1. 

A local base at a point x € T, is a family N of neighbourhoods of x 
such that each neighbourhood of x contains a member of N. Then T 
satisfies the first axiom of countability, if each x € T has a countable 
local base. 

T satisfies the second axiom of countability, if its topology has a 
countable base. Then T also satisfies the first axiom of countability. 

Ex. 10.7 is one in which the converse is false. 

Ex. 10.1. If x, y € T, and if each neighbourhood of x contains y, 
and each neighbourhood of y contains x, we say that x and y are 
indistinguishable. Prove that this is an equivalence relation, the cosets 
forming a Oo-space. 

Ex. 10.2. Let T be the set of positive reals, a neighbourhood of 
v € T being an open infinite interval (t, co), for some ¢ in (0, x). 
Then if x< y and x,y € T, we take # = 4(x+y) so that (t, œ) 
contains y but not x. However, every neighbourhood of x contains y. 
Thus T is a Oo-space but not a “Oj-space. 

Ex. 10.3. Let T be the positive integers, with —1 and —2. Let 
neighbourhoods of a positive integer j be any subsets of T containing 


J. Let each neighbourhood of —1 contain — 1 and all integers j = N, 


for some positive integer N, and similarly for —2. Show that T is a 
‘Oy-space but not a Oe-space. 

Ex. 10.4. In (0,1) let R be the set of rationals, and let G@-sets be 
constructed from open intervals J and all sets R N I. Show that the 
closure of an R N I contains J, which is not in R N G, for any union 
G of open intervals. Hence show that we havea non-regular “O2-space. 

Ex. 10.5. Prove that a Or-space containing a finite number of points 
is a ‘Og-space. 

Ex. 10.6. Let X< T be non-empty, and let @ consist of X, r T, 
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and the empty set. Show that T is then a normal space, that if f = 0 
in X, f = 1 in \X, then fis continuous. 

Ex. 10.7. Let T be uncountable, such that every subset of T is a 
@-set. Then sing (sing(x)) isalocal base at x, so that T satisfies the 
first axiom of countability. But every base contains sing (x) for all 
x € T, and so is uncountable, and T does not satisfy the second axiom 
of countability. 


11. Pseudometric and Metric Spaces 


The spaces of this section give simple examples of topological spaces. 
We say that T is a pseudometric space with pseudometric o, if to each 
ordered pair x, y € T there corresponds a real number o(x, y) such 
that 


(11.1) ox,y)=0 if x=y (eachx€T) 
(11.2) o(x, y) = o(x, z)+0(y,z) (each x, y, z € T) 
A more usual set of axioms is given by (11.1) and the following. 
(11.3) 0 =< e(x, y) =e(y,x) (eachx,y €T) 
(11.4) o(x, y) = e(x, z)+0(z,y) (each x, y, z € T) 


Axiom (11.4) [or (11.2)] is the triangle axiom. 


THEOREM 11.1. The two axiom systems are equivalent. 


Proof. Clearly (11.3; 11.4) imply (11.2). Conversely, taking x = y 
in (11.2) and using (11.1), we obtain 


o(x,z)=0 (eachx,z€T) 
Taking x = z in (11.2) and using (11.1), 
a(x, y) = o0, x) (eachx, y € T) 


Interchanging x, y we have equality and (11.3). Then (11.4) follows 
from (11.2). 
A few further results can be obtained. From (11.2), 


o(x, y) — elx, z) = o(y, z) 
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io that if we interchange y and z and use (11.3), 


(11.5) lex, y)—e(x, z)| = oy, z) (each x, y, z € T) 


lurther, we have 


lo(y, z)— 00’, z)| = le, 2-00’, D+ e o D—-o(y’, ZI 


so that if we use (11.5) we obtain 


(11.6) 1eQ, 2-00’, 2)|<e0, »)+0(z, z) (each y, z, y’, z € T) 


‘The pscudometric space T with a pseudometric o, is a metric space, 
with metric o, if also o obeys the axiom 


(11.7) if o(x,y)=0 then x=y (eachx,y€T) 


Given e > 0, x € T, the set S(x; £) of all y € T with o(x, y) < €, 
in called the open sphere with centre x and radius £, the corresponding 
closed sphere being CS(x; £), the set of y € T with o(x, y) = e. 


THEOREM 11.2. The family G, of the empty set and all unions of 
open spheres in T, is a topology, called the pseudometric (or metric) 
topology according as o is a pseudometric (or a metric) in T. 


Proof, By Theorem 7.2 we need only prove (7.4; 7.5). For (7.4) let 
eC S(x; £1) SQ; 2). Then o(x,z)< e1, oy, Z) < s>. 
If eg = min {e;—e(x, z); e2—oe(y, z)} > 0, w € S(z; és) 
then by (11.4) we have 
olx, w) = E(x, z)+0(z, w)<o(x, z)+e3< c1, W € S(x; £1) 
Similarly 
w € S; £2), S; £3) S S(x; £1) N SO; ee) 
lence the result. (7.5) is obvious. 


Timorem 11.3. (11.8) A set G S T is a G-set if, and only if, to each 
\ ( G there corresponds an (x) > 0 such that S(x; e(x)) S G. 
(11,9) In (11.8), for each x € T, it is sufficient to take e(x) as one of a 
vequence (e (x)} of values of s > 0 that tends to 0 as n > œ, so that T 
obeys the first axiom of countability. 
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Proof. (11.8) follows from Theorem 7.1 and the fact that each G- 
set is a union of sets S(x; £). For if y € S(x; €) we can take e(y) = 


e— 0(x, y). l ; 
For (11.9), each e,(x) is an e(x), and if e(x) > 0, there is an 


&,(x) = (x). 


THEOREM 11.4. [fx € T, £ > 0, then CS(x; ë) is closed and contains 
the closure of S(x; £), but there is not always equality. 


Proof. Suppose that 
ye ZCS(x; 8), í > 0 
Then there is a point z in 
CS(x; £) N SQ; £1), g(x, z) = ë, oy, z) < l o(x, y) < e+e 


As 0(x, y) is independent of e1 > 0, then y € CS(x; e). Thus the set is 
closed. The second result then comes from 


S(x; g) S CS(x; £) 
Finally, if T1 S T, then Tı is also a pseudometric (or metric) space 
with the same ọ. Let T contain x, y with o(x, y) > 0, and let 
T, = {\S(x3 o(x, »))} U sing (2) 
Then the open sphere in 71 with centre x and radius o(x, y), is 
S(x; 06; y)) O T= sing (x) 


Its closure is sing (x), while the corresponding closed sphere in Tı 
contains x, y, and possibly other points. 


THEOREM 11.5. (11.10) If x € F, F closed, then 0(x, F) = 


inf o(x, y) > 0. 
yeF 


(11.11) The set of x where 0(x, F) = €, is open. 
(11.12) The set of x where 0(x, F) = £, is closed. 
(11.13) Tis a regular and normal space. 

(11.14) If o is a metric, T is a Hausdorff (Oo-)space. 
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Proof. For (11.10), by Theorem 8.2, \F € G. As x € VF, then for 
some £ > 0, 


S(x; S \F, of, F) = 8 


For (11.11), the set is the union of spheres S(y; e) with y € F. For 
(11.12), if zisin the closure of the set, there is a point of the set within 
ô of z, and so a point of F within e+26 of z. Thus o(z, F) = ¢+26, 
for all 6 => 0, and z lies in the set, which is therefore closed. For 
(11.13), from Theorem 11.4, if x and the closed F are disjoint, with 
e = (x, F) > 0, 

GS(x; $2) S S(x; £) 


and S(x; +ë) is a neighbourhood of x disjoint from 
V ZS(x; $2) Ə F 


Thus T is a regular space. Further, if Fi, Fz are two disjoint closed 
sets, put 
G(Fi, Fə) = {x : g(x, F) = o(x, F»)} 


If x€ Fı then x €\Fe, and by (11.10), x € G(Fi, Fe). Further, if 
x € G(Fi, Fo) then 


3e1 = oly, Fe)— oly, Fi) > 9 
while if z € S(y; £1) then 
o(z, Fs) — e, Fi) > o0, Fa) — 00, F) —281 = £1, 
S(y; £1) S G(Fi, Fa) 


Thus G(Fi, Fə) is a G-set containing F1. It is disjoint from G(F2, F1), 
a G-set containing F2. Hence Tis anormal space. 

Finally, if o is a metric, and x # yin T, then g(x, y) > 0, so that if 
ez = F0(x, y), S; £2) and S(y; £2) are disjoint neighbourhoods of 
x, y, respectively, and Tis a “Oo-space. 

Given a space T with topology G, the question arises, can G be 
piven by a pseudometric or a metric? In particular, proofs that cer- 
tain T are Baire spaces use a pseudometric. Thus when generalizing 
known results it is vital to know how general a pseudometric space is. 
Note also that 4 is a metric topology if, and only if, (T, 4) is a 
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Hausdorff space and @ is a pseudometric topology, so that we re- 
strict our examination to pseudometric topologies. If Æ is a pseudo- 
metric topology we say that the pseudometric pseudometrizes T, and 
T is said to be pseudometrizable. 

The problem needs a few more definitions. A family Z of subsets 
of T is locally finite if each point of T has a neighbourhood that in- 
tersects only a finite number of sets of Z. Then Ex. 8.5 holds, and 
the family of H, for all H € H, is locally finite. 

A family Z of subsets of T is discrete if each point of T has a 
neighbourhood that intersects at most one member of Z. Then a 
discrete family is locally finite, and the corresponding family of H 
is discrete. 

A family @ is o-locally finite, or o-discrete, if it is the union of a 
countable number of families that are locally finite, or discrete, re- 
spectively. 

THEOREM 11.6. The following three conditions on T are equivalent. 
(11.15) T is pseudometrizable. 

(11.16) T is regular and G has a o-locally finite base. 
(11.17) T is regular and @ has a o-discrete base. 


For proof see Kelley (1955), pp. 126-129. 

Ex. 11.1. If is a pseudometric in T, then o is a metric in the cosets of 
Ex. 10.1, so that the cosets form a ‘O,-space in this case. 

Ex. 11.2 (Urysohn) A regular topology with a countable base is 
pseudometrizable. (For the base is o-discrete.) 

Notes: Theorem 11.1 is due to Lindenbaum (1926). 


12. Density, Category, and Baire Sets 


Given a topological space (T, 4) we can define various densities 
relative to Z. These were first defined for the real line with the mo- 
dulus topology, and were then extended to more general spaces, so 
that it sometimes helps in comprehension to give the original version 
for the real line, as well as the abstract version. 

If Xx CT, G € Z, with GM X not empty, then G N X is called a 
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portion of X. A point x is an isolated point of X, if sing(x) is a portion 
of X, i.e. if x € X and if there is a neighbourhood of x that contains 
no other point of X. All non-isolated points of X lie in X”. 

A set X is dense in a set Xx, if X 2 X... i.e. if each point of X. is 
either in X or a limit-point of X. In the case of the real line, points of 
X approach arbitrarily closely to the points of Xi. See Ex. 12.1. 
Considering the first case of the definition we see that every set X is 
dense in X. The second case gives rise to another notion. 

A set X is dense-in-itself, if X’ 2 X. For the real line, each point 
of X is approached arbitrarily closely by other points of X. See Ex. 
12.3. 

A set P is perfect, if it is closed and dense-in-itself, so that P = P’. 
For the real line, all points of P, and no other points, are approached 
arbitrarily closely by other points of P. For example, a closed inter- 
val is a perfect set. Cantor’s ternary set (Ex. 12.6) is another. 

We now consider an opposite idea to that of density. If X is a set on 
the real line we can imagine that X has an infinity of ‘holes’ (intervals 
of the complement) that are scattered densely along the line. The 
generalization of this led to the following definitions. A set X is 
nowhere dense (rare) in a set Xi, if each GE G with GM X, not 
empty, has (G N X;)\X not empty. Here, each portion of Xi contains 
a point that has some neighbourhood free from points of X. See 
Ex. 12.4. Also note that Cantor’s ternary set is closed and dense-in- 
itself, but is not dense in [0, 1], it is nowhere dense. 

We can also say that a set X is nowhere dense-in-itself, if each 
portion of X contains a point that is not in X”, and so is isolated. 

In all these definitions, when X, = T we omit the words ‘in a set 
Xr. 


THEOREM 12.1 (12.1) A set X is nowhere dense in a set X. if, and only 
if, each G € Z with G N Xi not empty, contains a Gi € G with 
Gi N X: not empty, but with Gi N X empty. 


(12.2) If Xs, Xs are nowhere dense in X1, so is X, U Xs. 


(12.3) A set X is not nowhere dense in a set X. if, and only if, there is a 
portion of X. contained in X. 
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(12.4) If G € @ then G\G is nowhere dense. 
(12.5) If F is closed, then F\F° is nowhere dense. 


Proof. If X is nowhere dense in X4, and if G € Z with GN X. not 
empty, then by Ex. 8.3 and (7.3), G\X = G1 € Z, with G1 N X: not 
empty. The converse is clear, giving (12.1). For (12.2), if G € Z with 
GX, not empty, then by (12.1), G contains a Gs € Z with GaN X, 
not empty but Ga N X> empty. In turn, Gz contains a Gs € @ with 
Gs N Xi not empty, but Gs N Xs empty. Hence by Theorem 8.3 (8.9), 
Gs N (X; U Xs) is empty, proving (12.2). For (12.3) there is by defini- 
tion a G, € Z with G, N Xi not empty but G, N Xi\X empty. For 
(12.4), G\Gis closed by Theorems 8.3 (8.6), 8.2, and (8.4). By (12.3), 
if G\G is not nowhere dense, there is a non-empty open set G; € G\G 
so that G; © G. Being a neighbourhood of each of its points, Gs 
contains a point of G. This contradicts Gs € G\G, so that (12.4) is 
true. For (12.5) we replace G by F°, G by F, and the argument gives 
G; S F. Then G, S FS, giving a contradiction. 

We now consider larger sets than those that are nowhere dense in 
X.. A set Xis of the first category (meager) in a set Xi, if X is a count- 
able union of sets each of which is nowhere dense in ¥1. Otherwise X 
is of the second category (non-meager) in X1. We shall see later that a 
large family of spaces T are of the second category in T. In these 
cases, if X is of the first category then \X is called a residual, or 
co-meager. 


THEOREM 12.2. If the union of sets Yı, Yo,... is of the second cate- 
gory in X, then for an integer n, Y, is dense in a portion of X1. 


Proof. By definition there is at least one Y, that is not nowhere 
dense in X;, and Theorem 12.1 (12.3) gives the result. 


THEOREM 12.3 (12.6) Let X, X, © T be fixed, and let K be the union 
of a family X of disjoint open sets G with X N G nowhere dense in Xi. 
Then X (\ K A X; is nowhere dense in X1. 

(12.7) For each G € X let Yç be nowhere dense in Xı and Yg S G. 
Then the union Y of the Yç N X. (G € K) is nowhere dense in Xı. 
(12.8) In (12.6) we can change ‘nowhere dense’ to ‘of the first category’. 
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Proof. If in (12.6), X N KAN Xz is not ‘nowhere dense’ in X4, then 
by (12.3) there is a G: € @ with a non-empty 
(12.9) G, 1 X, < AXA KO X>. 
As G. is a neighbourhood of each point in G: N Xi, Gi contains a 
point of X N K N Xi, and so of K. Hence for some G> € X, 
(12.10) G Ge X; is not empty. 
As the G2 € X are disjoint, and as Gg € G, and by (12.9), 
G, X XN G, = G; 1) XN K2G2NGiN X: 
Since Gi N G2 € Z, we see by (12.10) that X N G> is not ‘nowhere 
dense’ in X4. This contradiction proves (12.6). Note that X N K itself 
can be dense in X.. For let X, be Cantor’s ternary set, let X be the 
complement, and let the G of X be the separate intervals of X. Then 
an easy proof shows that X N K = X is dense in [0, 1], while the 
separate X N Gare nowhere dense in Xj. 
(12.6) gives (12.7). For we can put X as the union of the Yç, and 


then as the G € Z are disjoint, X N G = Yç. Then for (12.8), each 
X N Gis a countable union of sets Y} nowhere dense in X;. Then if 


Z=ÜY G=1,2,...), 
Ki 


xnK=Uxne=UUK%=U7 
x K j=1 j=l 


As Y} © G, (12.7) gives Z/ N Xı nowhere dense in Xi(j = 1, 2,...), 
and (12.8). 
Let I(X) be the union of all G € Z with X N G of the first cate- 
gory in T, and put TI(X) = \I(X). Then (X) is open, II(X) closed. 
THEOREM 12.4 (12.11) XX S KX), X 2 INX). 
(12.12) KX) N X is of the first category. 
(12.13) (X) is the interior of (X). 
(12.14) TI(X) is the closure of INXX. 


(12.15) X is of the second category, if and only if II(X)° is not empty. 
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(12.16) Let G be a non-empty open subset of the open set 
HI(X) = (XY N IK). 
Then G\X and GN X are respectively of the first and second category. 


Proof. For (12.11), \X is an open set disjoint from X, and so lying in 
KX). The second result follows by complements. For (12.12), (X) is 
the union of a family Z of non-empty G € Z for which X N G is 
of the first category, and we look for a corresponding family X1 of 
disjoint G. If the topology has a countable base, then X can be a 
sub-family of the base, and so countable and well ordered. Otherwise 
we use axiom 9.1 to well order X. 

In the well ordering, Z has an infimum Gi. We put Gi in ZX i and 
take G, from X, giving a family with infimum Gk. Let Ge = 
= (G* G°. If Ga is not empty we put it in Kı, and so on. After 
urther construction, if we have a sub-family Xe of X, such that 
all G € ZZ, have been used in constructing a sub-family Xj of 
Xx, then Xa has an infimum G*. With t we now put 


° 
(y) 
Ki* 

if not empty, to continue the construction of Xa. By the well ordering 
of X we have Xi a sub-family of a well ordered family, and Kris 
well ordered by Theorem 9.2. By construction the sets of Ki are 
disjoint open sets, so that their union K S K(X) by Theorem 12.3 
(12.8). We now show that ghk sod | 

(12.17) the closed set Ki = (X)\K is aolwhete dense. 

If false, then Kı is dense in, and so contains, a non-empty Gs € Z. 
Hence I(X) N Gs is not empty, and so contains a G, € X. As G, is 
the infimum of the family of all Gs € X with Gs = G, in the well 
ordering, a portion of G,, and so of Gs, lies in a G, € Ki, and so in 
K, contradicting K 2 Ki 2 Gs. Hence (12.17), and (12.12) now 
follows. 

In (12.13) the first set is open and in the second. Conversely, by 
(12.12) the interior of I(X) is a G, € 8 with G, N X of the first cate- 
gory. Hence G, & (X) by definition of (X). By complements we 
have (12.14) and then (12.15). For (12.16), G\X¥ S I(\X)\X, and 


46 


TOPOLOGICAL STRUCTURE 


(12.12) gives the first result. As Gis non-empty and disjoint with KX), 
G N Xis of the second category. 

A set X S Tis called a Baire set relative to X1, if, for some G € G, 
d(X, G) = (X\G) U (G\X) is of the first category in Xi. If for 
o-module we take sets of the first category, then in the language of 
section 3, a Baire set is one that is congruent to an open set, modulo 
sets of the first category. 


THEOREM 12.5 (12.18) Each set of the first category in Xı is a Baire 
set relative to Xi. 
(12.19) Each open set is a Baire set relative to X1. 
(12.20) Each closed set is a Baire set relative to T. 
(12.21) If X, Y are Baire sets relative to Xi, sois XQ Y. 


(12.22) If X, (n = 2, 3, ...) are Baire sets relative to Xi, so is the 
union. 


(12.23) A set X is a Baire set if, and only if, 
INXS K), ie. IXY = W(X) 


(12.24) A set X contains a Baire set of the second category in X1 if, and 
only if, there is a G € & of the second category in X1, such that G\X is 
of the first category in X1. 


(12.25) A set X contains a Baire set of the second category if, and only 
if, HI(X) is not empty. 


Proof. For (12.18) take G empty. In (12.19), d(G, G) is empty. For 
(12.20) we take the closed set Fand G = F°, using (12.5). Then F\G 
is nowhere dense, while G\F is empty. For (12.21) let Gi, Ge corre- 
spond to X, Y. As 


UX D Y, Gi N G>) S A(X, G1) U AY, Ga) 
from Ex. 3.16, the result follows. For (12.22) let G, correspond to X,,. 


a [Ü x, UG) < Ü ax, G» 


n=2 n=2 n=2 


by Ex. 3.14, giving the result. For (12.23) we replace X by the 
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corresponding G and use (12.4) and Ex. 12.16. Then 
IKG) S (O°, IMG) SG =. ZAG CS MNG) 
gives the relation. Conversely, we take 
G = HWX) =X, X\G = YXMI(X5° = X N KX) 


By Theorem 12.4 (12.12; 12.16), X\G and G\X are of the first cate- 
gory, and d(X; G) is the same. (12.24) is obvious, while for (12.25), if 
X contains a Baire set Y of the second category, then by Ex. 12.14, 


IY) S IX), IAY)S W\X), IIKCY) S IHI(X) 


By (12.23), ITI(X) is not empty. Conversely, if ITI(X) is not empty, 
then by Theorem 12.4 (12.16), ITI(X) N X is the required Baire set of 
the second category. 


THEOREM 12.6 (12.26). If X and Y c X are Baire sets with (X) = 
I(Y), then X\Y is of the first category. 


(12.27) If X is a Baire set, with Z c X, there is a Baire set Y in 
Z = YC X with (Z) = (Y). 


12.28) If {Xn} is a sequence of Baire sets, and if 
Z, S X, NZ) = KX) (n = 0,1, 2,...), 


then R = XoVX is of the first category. 
Proof. As in the proof of (12.23), with X, Y we associate open sets 


G, = MKX) 2 UKY) = Ge 
By Ex. 12.14, (12.11), and as \Ge is closed, with 1(G1) = I(G2), 
Gs = II(G.:NG;) = IT(\G2) = \Go, Gs = IG) = IIG) < Ge 


Hence from (12.4) and Gs © G2\G2, Gs is a nowhere dense open set, 
and so is empty, proving (12.26). For (12.27) let F = I(Z), a closed 
set, and so a Baire set by (12.20). Thus by hypothesis and (12.21), 
X N Fis a Baire set, while 


ZS H=(KXKn PU ZS yx, ZVXn P) = Z\F 
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Each point of the last set is in Z  I(Z), so that by (12.12), Z\(X N F) 
is of the first category. Thus H is a Baire set associated with the same 
open set as X N F. Since H 2 Z, if a point x € TI(Z), then x € TI(H). 
On the other hand, if x € (Z) then x ¢ F, and there is an open 
neighbourhood G of x contained in \F, and H N G = Z N G. Thus 
x € (H), giving (12.27). 
For (12.28) let 
K=X\R=X0X 


Here X is a Baire set by (12.22), and Xo is given to be one, so that by 
(12.21), K is a Baire set. Now we are given that 


°° 


ZEN. ‘Zee JZ E UX = x. 


n=1 n=1 


Zo S Xo 1 X = K € Xo 
Also I(Zo) = (Xo). Hence KK) = I(X0). As K, Xo are Baire sets, 
R = Xo W = Xo\(X0N X) = Xo\K 
is of the first category by (12.26). 


THEOREM 12.7(12.29). If X is of the second category, then X is of the 
second category in the space X. 


(12.30) Let X c T be dense in T. If X is of the second category in the 
space X then X is of the second category in the space T. 


Proof. If the union X of X,,(m = 1,2,...) is of the second 
category, then for some m, and some G € Z, X,, is dense in G. Hence 
if G; is therelative topology of X from Z, Xn is Gi-dense in G r) X. 
This is true whatever the decomposition of X into sets X,,, so that 
X is of the second category in X, giving (12.29). For (12.30), assuming 
G as the topology in X, let X be of the second category in X, and be 
the union of X,, (m = 1, 2, . . .). Then for some m, and some G € 6, 
X,, is Gi-dense in GN X. As Xis dense in T, X,, is dense in G. Being 
true whatever the decomposition, X is of the second category in T. 
Historical Notes: The definition of an isolated point occurred in 
Cantor (1872), p. 129, ‘dense’ „occurred in Cantor (1879), p. 2, 
‘dense-in-itse 


\ 
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Bois-Reymond (1882), ‘first and second category’ in Baire (1899), p. 


A =? 67, ‘residual’ in Denjoy (1915), pp. 123-125; and ‘rare, meager, 


non-meager, co-meager’ are Bourbaki terms. For Baire sets see, for 
example, Banach (1930), Kuratowski (1930). The proof of Theorem 
12.4 is due to Banach (1930), that of Theorem 12.6 is in Nikodym 
(1925), and Theorem 12.7 is extracted from Adams and Morse (1937), 
p. 201, with a proof of a special case at the bottom of p. 199. 

Ex. 12.1. Prove that the rationals are dense in (— 00, 00), using the 
modulus topology. 

Ex. 12.2. If Y 2 X, Yı S Xi, and X is dense in X4, then Y is dense 
In Yı. 

Ex. 12.3. A set dense-in-itself cannot have an isolated point. 

Ex. 12.4. There are non-empty nowhere dense closed sets. For 
example, put the rationals of [0, 1] in a sequence {r,}, and consider 


Gy =F 2, a a many... F, = 10, ING,,. 
Ex. 12.5. In Ex. 12.4 show that, for 


Fale! Y= í) Ga N (, 1) = (0, DV, 
m=1 m=1 


X is of the first category and of measure 1, while Y is ofthe second 
category and of measure 0. (Note that (0,1) is of the second category 
and of measure 1, and that G„ has measure not greater than aia | 

Ex. 12.6. Cantor’s ternary set (Cantor (1883b), p. 590). Let C be 
the set of all ternary decimals 0. x1 x2...%x,... With x, = 1 (all n). 
Show that in a repeated trisection of [0, 1] the open middle interval 
in each trisection is missing from C. This is another example for 
Ex. 12.4, 

Ex. 12.7. For y, = Xp the binary decimal 0. yı ye. . . corresponds. 
to the decimal of Ex. 12.6. Show that there is a continuous monotone 
increasing f : [0, 1] — [0, 1], with f constant in each middle interval 
missing from C, and with f(0) = 0,f(1) = 1. Show also that C has the 
same cardinal number as (0, 1]. 

Ex. 12.8. X is nowhere dense in X; if and only if X is nowhere dense: 
in X4. 
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Ex. 12.9. 1£ Y S X, with X nowhere dense in X;, then Y is nowhere 
dense in X41. 

Ex. 12.10. Let X be nowhere dense in Xy, and let GE Z, GE X, G 
not empty, G N X: empty. For Yı = X, U G D X. show that X is 
not nowhere dense in Yı. Thus Hausdorff (1957), p. 161, HI, last 
part, is false. 

Ex. 12.11. A countable union of sets of the first category in X41, is 
of the first category in X}. 

Ex. 12.12. I£ Y S X, where X is of the first category in Xi, then 
Y is of the first category in X31. 

Ex. 12.13. 1f Y 2 X, and X is of the second category in Xi, then Y 
is of the second category in Xj. 

Ex. 12.14. If Y S X then (Y) 2 K(X) and II(Y) S I(x). 

Ex. 12.15.1€ Y C X and X\¥ is of the first category, prove that 
KY) = KX). 

Ex. 12.16. I£ d(X, Y) = (X\Y) U (Y\X)is of the first category, prove 
that 


K(X) =K) WX) =U), MX) =K\Y), W\X) = My). 


Ex. 12.17. For each portion G N IX) (G € @), GN X is of the 
second category. 

Ex. 12.18. I(INX)) = IX), I(IKX)) = KX). 

Ex. 12.19. For (X; Xz) as the union of all G € Z with G N X of the 
first category in Xa, let I(X; X1) = W(X; X, Prove Exs. 12.14 to 
12.17 true for (X; X1), replacing ‘category’ by ‘category in Xj’. 

Ex. 12.20. Prove that (X; X) 2 WX N X, W(X; X) S XN X. 

The analogue of Theorem 12.4 (12.12) is, that Z{I(X; X) N X N Xa} 
is of the first category in X;. The first half of the analogous proof 
follows the proof given. But the proof of (12.17) can fall into two 
parts, first the proof that (X) = K, and then the use of (12.4). It 
appears that neither alternative proof of (12.17) can be generalized 
to complete the proof of the analogue of (12.12), so that the analogue 
remains a conjecture. 
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13. Compact Sets 


IN the theory centred round upper boundedness we need criteria 
for the existence of p-spaces. This chapter gives two known cases of 
Baire spaces, and a wide family of Baire sets in those spaces. 

First, a sub-family @ of the topology Z of T is a cover of a set 
X T, if the union of the sets of @ contains X. If @ has a finite 


cardinal (or cardinal Xo) we say that the cover is finite (respectively, 


countable). An X S T is compact (in (T, G)) if every cover of X 
contains a finite cover of X. We can allow X = T. 

On the real line a closed bounded interval is compact, and for 
proof we can use Borel’s covering theorem. There isa simpleextension 
to a closed bounded set on the real line by using Young’s covering 
theorem. The extension to a Euclidean n-dimensional Space with 
closed bounded sets is proved by Goursat’s lemma. However, we 
shall see that Theorems 13.3, 13.8 and the Borel covering theorem 
are enough to show that closed bounded sets on Cartesian products 
of real lines with the product topology are compact. Theorem 13.6 
is also useful. 


THEOREM 13.1 (13.1). If X is compact in (T, G), then X is compact 
in (X, G1), where G1 is the relative topology of X from G, and con- 
versely. 


(13.2) If G2 E G are two topologies for T, and if X is compact in 
(T, @), then X is compact in (T, G). 
These are obvious results. 
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A family of sets has the finite intersection property if every finite 
non-empty sub-family has a non-empty intersection. A family of 
sets has the finite intersection property relative to a set X, if X contains 
a point of the intersection of each finite non-empty sub-family. 


THEOREM 13.2 (13.3). A set XET is compact if, and only if, every 
family of Z1-closed sets in X with the finite intersection property has a 


non-empty intersection. 

(13.4) A set XS bres er if, and only if, every family of G-closed 
sets in T with the finite intersection property relative to X has an 
intersection containing a point of X. 

Proof. (13.4) follows from (13.1; 13.3) and Theorem 8.4 (8.11). 
To prove (13.3) we can, for simplicity, write (T, Z) for (X, Z. If Tis 
compact let F be a family of closed sets in T with the finite intersection 
property, and let ə be the family of their complements, open by 
Theorem 8.2. By the finite intersection property of F, no finite union 
of sets of Z> can cover T. As T is compact it follows that Z> cannot 
be a cover of T, and (Z has a non-empty intersection. Conversely, if 
each family of closed sets in T with the finite intersection property 
has a non-empty intersection, let G3 be a family of open sets no 
finite union of which covers T. Then the complements of members of 
s, closed by Theorem 8.2, have the finite intersection property, and 
so have a non-empty intersection that cannot lie in the union of the 
sets of G3. Thus G3 cannot be a cover of T, every cover of T contains 
a finite cover of T, and T is compact. 


THEOREM 13.3 (13.5). A closed subset of a compact set is compact. 
(13.6) The union of a finite number of compact sets is compact. 

Proof. For (13.5) let X be compact, F closed, and FC X. 
By Theorem 8.2, \F is open, so that we put it with a cover 
of F to obtain a cover of X. As X is compact, there is a finite cover 
of X. Removing VF if in the finite cover, we have a finite cover of F 
from the original cover of F, and F is compact. For (13.6), a cover 


of the union of compact sets C, (j = 1,..., n) containsa cover of 
each C;, and so a finite cover of C;. The finite union of the finite 
covers of the C, (j = 1,..., n) is a finite cover of the union. Hence 
the result. 
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THEOREM 13.4 (13.7). If (T, G) isa Hausdorff space, if X is compact, 
and if y $ X, then y and X have disjoint neighbourhoods. 
If the conclusion of (13.7) is true, then so are the following: 


(13.8) a compact set is closed; 


(13.9) if X, Y are disjoint and compact, there are disjoint neighbour- 
hoods of X and Y. 


(13.10). If T is compact, and Hausdorff or regular, it is normal. 

A mild generalization of (13.7; 13.8) is given in Weston (1957a), 
p. 349, Lemma 2. 

Proof. For (13.7), if x € X then x = y, and as (T, @) is a Hausdorff 
space there are disjoint neighbourhoods N(x), N(y) of x, y, respec- 
tively. For all x € X the N(x) are a cover of X, and so contain a 
finite cover with union N(X). The intersection of the corresponding 
finite number of N(y) is an open set containing y that does not meet 
N(X), proving (13.7). For (13.8), if y ¢ X then y ¢ X, and X is closed. 
For (13.9) let y € Y, so that y ¢ X. By (13.7) there are disjoint neigh- 
bourhoods Ni(y), N(X) of y, X respectively. For all y € Y the Ni(y) 
are a cover of Y, and so contain a finite cover of Y with union N,(Y). 
The intersection of the corresponding finite number of sets N(X) is 
an open set containing X that does not meet Ni(Y), proving (13.9). 
For (13.10), if X, Y are closed, they are compact by Theorem 13.3. As 
Tis Hausdorffian it is regular by (13.7). If T is compact and regular 
it is normal by (13.9). 


THEOREM 13.5. If Z S @* are topologies in T, where G is Haus- 
dor fian and (T, Z*) compact, then Z = G*. Thus if a topology 8 on 
T is properly contained in a topology for which T is compact, G cannot 
be Hausdor ffian. 

This cuts down the use of (13.2). 

Proof. Let F S T be @*-closed. By Theorem 13.3 (13.5), F is Z*- 
compact. A G-cover Ge of Fis also a G*-cover since 4 S G*, so 
that Go contains a finite Z*-cover of F that is a finite -cover of F, 
and Fis G-compact. By Theorem 13.4 (13.8), since @ is Hausdorffian, 
Fis @-closed. Hence by Theorem 8.2, Z = @*. 


THEOREM 13.6. (13.11). Let (T, Z) G = 1, 2) be topological spaces, 
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and let f : T, > T, be continuous. If F © T, is Gy-compact, then f(F) 
is Ge-compact. 

(13.12) If (T2, Ge) is the real line with the modulus topology, if F is 
G1-compact, and if f : Tı > Tz is continuous, then given e > 0, there 
is a finite cover @ of F such that if x,y € G € @, z € G* € @, where 
G, G* have a point in common, then 


ISIO- < 22, |fG)—fG)| 4e 


(13.13) If in (13.11), fis a bijection and continuous, (T1, G1) compact, 
and Tz = f (Tı) is Hausdorffian, then f -1 is also continuous. 

(13.11) is a generalization of the theorem that a continuous real- 
valued function on the real line is bounded on each finite interval, 
while (13.12) is a generalization of the uniformity of continuity of 
such functions. 

Proof. To prove (13.11) let Zs be á Go-cover of f (F), and let Gy be 
the corresponding family of f—1(G), for all G€ G3. By Theorem 
9.1 (9.1), Z4 is a Zy-cover of F, which is Gy-compact. Hence G4 
contains a finite Z1-cover of F. The corresponding finite family from 
Gs is a Ge-cover of f(F), giving the result. 

For (13.12), by definition of continuity there is a neighbourhood 
Ni(x) of each x € F such that if y € N(x) then 


IO- < e 


The neighbourhoods N(x) form a cover of F, so that a finite number 
form a cover of F with the given properties. 

For (13.13), if F € T, is Zi-closed, then by Theorem 13.3 (13.5), 
F is Gi-compact. By (13.11), f(F) is Ge-compact, so that it is 
@s-closed by Theorem 13.4 (13.8), since T> is Hausdorffian. As Jf 
is a bijection, if G € G1 then A(G) € Go, and f is open. Hence f~ is 
continuous, by Theorem 9.1 (9.1). 

A further result for pseudometric spaces comes from a property 
analogous to that of Theorem 13.4 (13.9). 


THEOREM 13.7. (13.14) If T is regular, F closed, C compact, and 
F, C disjoint, there are disjoint neighbourhoods of F and C. 
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(13.15) If in (13.14) the topology of T is given by a pseudometric o, 
then 
o(F, C) = inf (o(x, y) : x € F, y € C) = 0 


Proof. For (13.14), as T is regular, given x € C, then x ¢ F, and 
there are disjoint neighbourhoods M(x), N(F) of x and F. The N(x) 
form a cover of C, so that a finite number, with union Nx(C), cover 
C, and the intersection of the corresponding finite number of 
N(F) is a neighbourhood of F disjoint from the neighbourhood 
Nx(C) of C. 

For (13.15) we use Theorem 11.4 and the proof of Theorem 
11.5 (11.10) to find suitable 


N(x) = S(x; 48) S S(x; 4e) S S(x; e) S VF, MEF) = W(x; +ë) 


Taking ó = min 4e, for the S(x; +) of the finite cover of C, we have 


e(F, C) = ó > 0 
which gives the result. 


We now turn to the theorem of Tychonoff (1935) on the Cartesian 
product of compact spaces. 


THEOREM 13.8. The Cartesian product of a collection of compact 
topological spaces is compact relative to the product topology. 

When the Cartesian product is one of a countable number of 
spaces, the theorem has much the same effect as a method of proof 
as Cantor’s diagonal process. But when the product is one of anon- 
countable number of spaces, the theorem transcends Cantor’s method. 

Proof. We use a set A of suffixes a, a space Y, and coordinate 
topological spaces (Y,, @,) that are compact, with Y, S Y for all 
a € A, and we put 

ta Kato C = Kix, 


If X, = Y, forall a € A, e for a = b, when X, © Y,, we write 
Cas C(b; X,).Then the C for which X, = Y, for alla € A, except for 
@= b, Gan d, AS 


C = C(b; X) N Cle; X) N+. N OG; X) 
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Such sets C, with X. € @,(a € A), form a base for the product 
topology. 

Let B be a family of sets in T with the finite intersection property, 
and let (Z be the family of all subsets of T that are not in B. By axiom 
9.1 we can well order B, and then well order F, putting the sets of F 
after those of B. Let & denote the well ordering relation. We 
construct a family @ of subsets of T with the following property. 
A subset H of Tis in @ if, and only if, H, the sets of B, and all K € @ 
with K = H, together have the finite intersection property. Clearly 


(13.16) BTE 
(13.17) If Hi, H2€@, then! Hy Hee @ 


For let H3,..., H, € @ be before Hı N H in the well ordering. 
Then of the sets Hi, Hə, H3,..., Hp, of @, there is a last, say H,. 
Then H, € @ means in particular that 


(HN HAN H. D... H, = H, n... n E, 


is not empty. As H3,..., H, are arbitrary in @ and before Hı N Hə, 

then by construction (13.17) is true. 

(13.18) If H has a point in common with each member of @, then 

He@.Forby (13.17), H has a pointin common with each intersection 

of a finite number of members of @, so that by construction, H € @. 
If H € @ let proj (a; H) be the projection of H onto Y, i.e. 


proj (a; H) = { fla): all f€ H) 


Since @ has the finite intersection property by construction, the 
family of proj (a; H), for all H€ @, has the property. Hence since 
(Ya Z,) is compact, 


N Z, proj (a; H) 


is not empty, and so contains a point, say, g(a). Being true for each 
a € A, we can define a function g : A — Y, such that g takes the value 
g(a) for a € A. Then each neighbourhood X, of g(a) has a non- 
empty intersection with proj (a; H), for each H € @. Hence the set 
C(a; X.) has a non-empty intersection with each H € @, so that by 
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(13.18), C(a; X,) € @. By (13.17) each set of the base for the prod- 
uct topology, that is a neighbourhood of g, lies in @, and so has a 
non-empty intersection with each H € @. Hence by (13.18), 


g€ H(H c @), ee (18=e (lz 
€ 


Since @ is an arbitrary family of sets in T with the finite intersection 
property, and since there is a point in the intersection of the closures, 
it follows that Tis compact in its product topology, proving the theo- 
rem. 


THEOREM 13.9. If an infinite number of coordinate Hausdorff spaces 
of a Cartesian product are non-compact, then each compact subset of 
the product is nowhere dense. 

Proof. Let T have a compact subset D with an interior point f. Then 
D contains a neighbourhood H of f that is a member of the base for 
the product topology. Then for all but a finite number of suffixes we 
have proj (a; H) = Y,, so that proj (a; H) = Y.. By Ex. 9.6, 
proj (a;.) is continuous. Then by Theorems 13.6 (13.11) and 13.3 
(13.5), H S Dis compact, and Y, is compact. Thus all but a finite 
number of the coordinate spaces are compact, contradicting the 


_ hypothesis. Hence the result. 
” Ex. 13.1. A single point forms a compact set. 


Ex. 13.2. A compact set need not be closed. For if @ is the trivial 
topology, and if the non-empty X c T, then X is compact but not 
closed (Kelley (1955), p. 140). 

Ex. 13.3. Theorem 13.7 (13.15) can be false if C is replaced by a 
closed set. For in the Euclidean plane consider the example of a 
hyperbola and its asymptotes. 

Ex. 13.4. Let T be the space of real or complex sequences {x,} with 
|x, |< 1 (all n), or, more generally, the space of functions f : A > B, 
where B is the real line or complex plane, with | f(a)| = 1 (alla € A). 
Beginning with the modulus topology on’ B, define a topology for T 


such that T is compact, Hausdorffian, and normal. 
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14. Locally Compact Sets 


Not many spaces that are considered in practice are compact, but 
most, for example, the real line, are locally compact. A set X S Tis 
locally compact if for each x € X there is a neighbourhood G(x) of x 
such that G(x) N X is compact. 

A discrete set (i.e. a set having only isolated points) is locally com- 
pact. 

A compact set is locally compact (take G(x) =T), and many 
results for compact sets can be extended to locally compact sets. We 
extend Theorem 13.2 (13.4) and omit for simplicity the extension of 
(13.3). 


THEOREM 14.1. A set X S T is locally compact if, and only if, for each 
x € X there is a neighbourhood G(x) of x such that every family of 


closed sets, with the finite intersection property relative to G(x) N X, 
has an intersection containing a point of G(x) N X. 


THEOREM 14.2. (14.1) A closed subset of a locally compact set is 
locally compact. 
(14.2) The union of a finite number of locally compact sets is locally 
compact. 
(14.3) Let T be a locally compact Hausdorff space, and let X, Y be dis- 
joint compact sets in T. Then there are disjoint neighbourhoods of X, Y 
that have compact closures. 
(14.4) If T is locally compact, and Hausdor ffian, then T is regular. If T 
is locally compact and regular, then the open sets with compact closures 


form a base for the topology. 


Proof. For (14.1), the intersection of G(x) and the closed set, is a 
closed subset of G(x) N X, andso is compact by Theorem 13.3 (13.5). 
Hence the closed sèt is locally compact. For (14.2) we use Theorem 
13.3 (13.6). For (14.3), we modify the proof of Theorem 13.4 (13.9), 
taking neighbourhoods N(y), N(x) that have compact closures. Then 
N(Y) is a finite union of sets with compact closures, so that by 
Theorem 13.3 (13.6), the closure of Ni(Y) is compact. Similarly the 
closure of the cover of X is compact. For (14.4) we use Theorem 10.3. 
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Let x€ X and let G(x) be a neighbourhood of x with compact closure. 
If G is an arbitrary neighbourhood of x, C = GG is a closed sub- 
set of a compact set, and so is compact by Theorem 13.3 (13.5). Also 
x ¢ C. By Theorem 13.4 (13.7) there are disjoint neighbourhoods of 
x, C, and we can take the neighbourhood of x to lie in G(x); its 
closure will not intersect C, and so lies in G, proving that T is regular. 
Ifin turn T is locally compact and regular, there is a neighbourhood 
of x whose closure lies in G(x) N G, where G is an arbitrary neigh- 
bourhood of x. This proves the result. 

The study of locally compact sge is naa easier by the one-point 
compactification of Alexandroff. Eet p bé a point not contained in a 
topological space T,, Fhen the compactification of Ty is the topo 

(Togical Space (TU siis (p), G1), where @; is the family of G and 
Gı U sing (p), for all G € Z, and all Gi € G with IG Z -combact, 
where complements are relative to T. A 


THEOREM 14.3. (14.5) Ta is Z1i-compact. YI 

(14.6) (Tı, Z) is a Hausdorff space if, and only if, (T, @) is locally 
compact and Hausdor ffian. 

Proof. We first show that Z: is a topology. If the union H of mem- 
bers of GZ does not contain p, then H is a union of G-sets, so that 
He Z, He @.. If p€ H, then for some G1 € Gi, p € Gi, and 
Gi = G U sing (p) for some G € @ with \G G-compact. Then \H 
s a G-closed subset of XG, and so is also G-compact, and H € Gi 
again. If H is the intersection of two members of 41, each contain- 
ing p, then p € H, and by Theorem 13.3 (13.6), \H is the union of two 
G-compact sets, and so is G-compact, and H € 41. If at least one 
member of the intersection does not contain p, then p ¢ H, and H is 
the intersection of two G-sets, and so is in Z, and so in 41. Finally, 
\T is the empty set, compact, so that the empty set and T; are in Gi 

Now 71 is @i-compact, for if @ is a cover of Tı from @: then. 
one G € @ contains p, while XG is G@-compact, so that a finite famly 
from @ covers \G. This with G is a finite cover of Tı, proving (14.5)i. 

For (14.6), if (Tı, G1) is a Hausdorff space, then so is (T, @). 
If x € T, there are disjoint neighbourhoods of p and x, so that the 
neighbourhood G(x) of x lies in the complement of the neighbourhood 
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of p, which complement is a G-compact set. Thus G(x) is also G- 
compact, and T is locally @-compact. Conversely, if T is a locally 
G-compact Hausdorff space, then (T1, Z) is a Hausdorff space if 
we can show that there are disjoint -neighbourhoods of p and 


each x € T. But sing (p) U \G(x) and G(x) will suffice, provided that 


G(x) is G-compact. We can choose such a neighbourhood G(x) of 
each x € T since T is locally G-compact. 


THEOREM 14.4. (14.7) If Fy is a Gi-closed set, where (T, @) is 
locally compact and(T1, @1) is the one-point compactification by using 
p, then either Fı = F U sing (p) for a G-closed set F, or else Fi = C, 
G-compact. 

(14.8) If (T, @) is locally compact and Hausdorff, if CS T is 
compact, F < T is closed, and C, F disjoint, then there is a continuous 
function f on T to [0, 1], such that f = 0 on C and f = 1 on F. 

Proof. For (14.7), a Gi-set either lies in Z, or else is G U sing (p), 
where XG is compact. Now taking complements relative to Ty, 
instead of T, we have (14.7). For (14.8) we use Theorem 14.3 to show 
that (Tı, @,) is compact and Hausdorff. Thus it is normal by 
Theorem 13.4 (13.10). By Theorem 10.4 we have a result using two 
disjoint -closed sets. Both sets cannot include p, so that by (14.7) 
the best result is obtained when one is G-closed and the other « G- -com> > 


. pact, as written in (14.8). The other alternative is when both sets are 


G-compact, and Theorem 13.4 (13.8) shows that this case is included 
in (14.8). 

Ex. 14.1. An open set on the real line with the modulus topology is 
locally compact. Hence show that the analogues of Theorems 13.4 
(13.7; 13.8) are false. 

Ex. 14.2. Similarly show that an open set on the complex plane 
with the modulus topology, or on an n-dimensional space with the 
Euclidean metric, is locally compact. 
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15. Sequences, Completeness, and Semi-compact and Locally 
Semi-compact Sets 


To build up the collection of known examples of Baire spaces we 
consider sequences, and in particular their convergence, defined in 
section 9. A most useful connected idea is that of the completeness of 
spaces. 

If {x,} is a sequence of points of T, let 


Laney- Kerm n s = (ted) 


Then X S T is semi-compact (Bourbaki) if, for each sequence {xp} 
in X, XM L({x,}) is not empty. We can say that X is locally semi- 
compact, if each x € X has a neighbourhood G(x) with G(x) NA X 
semi-compact. 


THEOREM 15.1. (15.1) y € L({x,}), if and only if each neighbour- 
hood of y contains x, for an infinity of n. 
(15.2) If {x,} is a sequence of distinct points, with Y the derived set of 
Li({x,}), then L E Y. IT isa ‘Ox-space then L = Y. 
(15.3) If {x,} is convergent to x, then x € L({x,}), and LA((x,)) is 
semi-compact. If T is a “Os-space, then also L({x,}) = sing (x), and 
a sequence cannot be convergent to more than one point of T. 
(15.4) If x; € X for an infinity of j, and if {x,} converges to x, then 
x € X. 
(15.5) If {x,} contains an infinity of distinct points of X, and if {x,} 
converges to x, then x € X'. 
(15.6) Let Z have a countable local base. If {x,} is a sequence of 
points of T, with x € L({x,}), then a subsequence of the {x,} (con? 
verges to x. 
(15.7) Let G. have a countable local base; and let X € T. Then to each 
x € X’ there corresponds a sequence of points of X converging to x. 
(15.8) Let G, G* be consistent topologies in T. i.e. for each x # y 
in T, x has a G-neighbourhood disjoint froma G*-neighbourhood 
of y. If {x,} has a G-limit x, then the intersection of G.*-closures 


E 
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of Lin ({%,}) is either empty or contains x alone. In particular, if also 
{x,} has a G*-limit y, then x = y. 

Proof. (15.1) is obvious. For (15.2), let y € L. As the x, are distinct, 
thereis possibly anintegerm such that x, = y, and for n Z m, x, * Y. 
If Gis aneighbourhood of y, there isann > msuch that x,€G, x, # y, 
so that y € Y. Conversely, if Tis aOr-space, and y € Y, then for each 
n, where n # m if y = Xm there is a neighbourhood of y that does 
not contain x,. By finite intersection there is a neighbourhood of y 
that does not contain x1, ..., Xn» except possibly x,, = y, and so(cons 


(tains Xp, for some p > n. Hence y € L,, y € L. 


N 
Ex. 15.1 shows that sometimes L c Y. 


The first part of (15.3) is clear. The second part, and (15.8), follow 
from the fact that if x # y, there is a G-neighbourhood of x disjoint 
from a G-(or G*-)neighbourhood of y. In general the converse of 
(15.3) is false, for see Ex. 15.3. (15.4; 15.5) are obvious. For (15.6) 
we use (15.1). Let G,(x) @ = 1,2, ...) form the countable local 
base at x. By taking finite intersections we can assume that 


(15.9) Gi(x) 2 GAx) 2 ... 
Then there are integers m(j) with 
m(0) = i Xm(i) € L,,u—1(Xa)) N Gx) 


(mj) > m(j—1), j= | Bae eer 


and {Xm} converges to x since the G,(x) form a local base at x. For 
(15.7) we choose x, € X N G,(x), and x is the limit of {xn} 


THEOREM 15.2 (15.10) A set XS Tis semi-compact, if, and only if, 
every countable family of closed sets, with the finite intersection (prop} 
erty relative to X, has an intersection containing a point of X. E 
(15.11) If there is a neighbourhood of each x € X within the closure of 
which the closed sets property of (15.10) holds, then X is locally semi- 
compact, and conversely. 

The difference between Theorem 15.2 and Theorems 13.2, 14.1, is 
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that here the family of closed sets is countable, instead of having an 
arbitrary cardinal number. 

Proof. If X has the closed sets property of (15.10), and if {x,} is a 
sequence of points of X, then the family of closed sets L,,({x,}) is 
countable and has the finite intersection property relative to X, so 
that X  L({x,}) is not empty. Hence X is semi-compact. Conversely, 
if X is semi-compact, and if {F,} is a sequence of closed sets with the 
finite intersection property relative to X, then the sequence 


Fy, Fy: Fo, Fi- F2° F3, maag OL {F} 


is such that F* N Xis not empty (m = 1, 2, ...). Thus we can take 


x € FOV Kale 1,2,...). and ay € Eho (p= m) 


(15.12) L,((x)) S FZ = F2 


The first sets in (15.12), and so the Fž and the F,,, have intersection 
containing a point of X. Thus (15.10) is proved. Then (15.11) follows 
since a local condition is imposed on hypothesis and conclusion, in 
both the direct result and the converse, and the proof is clear. 

Result (15.13) gives an alternative definition of semi-compact sets. 
Also a set X S T is sequentially closed, if each sequence {x,} of 
points of X contains a subsequence {x,,} convergent to a point 
x € X 


THEOREM 15.3. (15.13) A set X S T is semi-compact, if, and only if, 
every countable cover of X contains a finite cover of x. 

(15.14) A compact and a sequentially closed set are semi-compact. 
(15.15) If Z has a countable local base, then a semi-compact set is 
sequentially closed. 

(15.16) If Z has a countable base, a semi-compact set is compact. 
(15.17) If Z has a countable base and is Hausdorffian, then a semi- 
compact or sequentially closed or compact set is closed. 

Proof. The proof of (15.13) follows from Theorem 15.2 (15.10) ina 
similar way as Theorem 13.2 (13.4) is proved. From (15.13), every 
compact set is semi-compact, giving the first part of (15.14), (15.16) is 
a partial converse, for let @ be a cover of the semi-compact set X, and 
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let @ have a countable base B. Then each member of @ is a union 
of members of B, and there is a cover @; of X that uses only mem- 
bers of B, so that @, is countable. Since X is semi-compact, @; 
contains a finite cover of X by (15.13), so that X is compact. For the 
second part of (15.14), if X is sequentially closed, let {x,} be a 
sequence of points of X. Then a subsequence (x, py converges to a 
point x € X, so that by (15.3), 


x € L((x,.p)) S L((x,)) 


and X is semi-compact. The partial converse here is (15.15), and it 
follows from (15.6). For (15.17) we use (15.14; 15.16) to show that the 
set is compact, and then Theorem 13.4 (13.8) shows that the set Is 
closed. 

In order to define a fundamental sequence we have to compare 
neighbourhoods at any two different points. An axiomatic theory of 
this comparison has been given by Weil (1937), who defines uniform 
spaces. However, the use of uniform spaces to prove such theorems as 
the Baire density theorem seems to be doubtful, since known condi- 
tions on the uniform space that give Baire’s theorem also imply the 
existence of a pseudometric. I have therefore considered fundamental 
sequences only in pseudometric spaces and groups. 

Let a pseudometric o be defined in T, with the following connection 
with @. 

(15.18) Given € > 0, x € T, there is a neighbourhood G of x such 
that if y € G then o(x, y) < €. 

An equivalent formulation is that 


S(x; e) € Z 


For (15.19) implies (15.18), while (15.18) implies that if y € S(x; 8), 
there are e1 > 0 and Gi €  satisfying 


y € Gi S SV; £1) S S(x; €) 


(15.19) each 


This proves (15.19). 
In most of the work we need not assume that Z is given by o, but 
only that (15.18) holds. A sequence {x,} in T is fundamental if, given 
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€ > 0, there is an integer m, depending on e, such that O(x;, x.) < E 
(j = m, k = m). 


THEOREM 15.4. (15.20) A subsequence of a fundamental sequence is 
fundamental. 
(15.21) Assuming (15.18), a convergent sequence is fundamental. 
Proof. (15.20) is obvious. To prove (15.21) we use (15.19). Then, 
given e > 0, there is by convergence an integer m such that if x is the 
limit, 


x, € S(x; +e) (all n= m), oC, x,) = oC, x) +0(x, x) — ë 


proving the result. 

The space T is complete, if each fundamental sequence in T is 
convergent. The space T can be called semi-complete, if every funda- 
mental sequence is a set with a semi-compact closure. By (15.20) 
and the definition of semi-compact sets, there is an alternative equi- 
valent definition. The space T is semi-complete, if each fundamental 
sequence {x,} in T is such that L({x,}) is not empty. We can also 
say that T is locally complete, if to each x€ T there corresponds a 
neighbourhood G(x) within the closure of which, each fundamental 
sequence is convergent. T is locally semi-complete, if to each x € T 
there corresponds a neighbourhood G(x) within the closure of which 
every fundamental sequence has a semi-compact closure. 


THEOREM 15.5. (15.22) A complete space is semi-complete. Let Z 
be the pseudometric topology given by o. Then 
(15.23) a fundamental sequence with a semi-compact closure is con- 
vergent 
(15.24) if T is semi-complete, it is complete. 

Proof. (15.22) follows from Theorem 15.1 (15.3), which shows 
that a convergent sequence has a semi-compact closure. For (15.23) 
let {x,} be a fundamental sequence with a semi-compact closure. 
Then, given e > 0, there is an integer m such that 


o(x;,x,)< Fe (allj,k = m) 
Also there is an x € L({x,}). By Theorem 15.1 (15.1), an infinity 
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of terms of the sequence lie in S(x; že), so that for some k = m, 
A(x, x) < Fe o %) = 0(x, XH x) <£ (all j= m) 


Hence {x,} is convergent to x, since @ is given by g. Then (15.24) 
follows. Thus the connection of completeness with semi-compact- 
ness is obscured if @ is the pseudometric topology. 

We can now give more results on the intersection of closed sets 
like those in Theorems 13.2, 14.1, 15.2. We shrink the family of 
closed sets with the finite intersection property and, as a result, the 
conditions imposed on the space are weakened. 


THEOREM 15.6. (15.25) Every monotone decreasing sequence {F,} 

of closed sets, with a fundamental sequence {x,\ such that x, € F, 
(n = 1, 2,...), has a non-empty intersection if, and only if, T is semi- 
complete. 
(15.26) If for each x € T there is a neighbourhood of x such that those 
(F) in the closure of the neighbourhood and satisfying the conditions 
of (15.25), have non-empty intersections, then T is locally semi- 
complete, and conversely. 

Proof. Clearly we need only prove (15.25). First suppose that 
every such {F,} has the given property, and let {x,} be a funda- 
mental sequence. Then 


F, = hte): | Ge = 1, 2,02) 


satisfies the given conditions, so that {x,} has a semi-compact 
closure, and T is semi-complete. Conversely, let Tbe semi-complete. 
The F, are monotone decreasing with x, € F,, so that x, € F,, (all 
n s= m), 


(15.27) Ln({Xn}) S Fy = F, 


By semi-completeness, the first sets in (15.27), and so the F,,, have 
a non-empty intersection, completing the proof of (15.25). 

If T is semi-compact, the closure of each sequence {x,} of points 
of T, whether fundamental or not, is semi-compact, so that T is 


> 


semi-complete for all pseudometrics o. But if T is only locally semi- 
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compact, it need not be semi-complete, for see Ex. 15.5; of course 
such a T is locally semi-complete for every ọ. 


Ex. 15.1. Let x € T be such that for some y = x in T, y is in every 
neighbourhood of x. If xı = y then x € Y. But if xe, xs, ... is a 
sequence of points lying outside some neighbourhood of x, then 
x çL, and L c Y. 

Ex. 15.2 (Kelley (1955), p. 163 (e)). Assuming the theory of ordinal 
numbers, let Qo be the set of all ordinals less than the first uncount- 
able ordinal 2, with topology the family of all unions of open 
intervals a < x < b, where a, x, b are ordinal numbers. Then Q 
cannot be the limit of any sequence of ordinals of Qo. If {x,} is a 
sequence of ordinals in Qo, show that the L,,({x,}) have a common 
ordinal, so that Qo is semi-compact. But show that Qo is not compact 
by observing that it is not countable and that each open interval 
contains a countable number of ordinals only. This space is locally 
compact, Hausdorff, and its topology has a countable local base. 

Ex. 15.3. Let x, = n{1+(—1)"}. Find L,,({x,}), and show that 
L({x,}) contains 0 alone, but that {x,} is not convergent to 0 in the 
modulus topology. 

Ex. 15.4. Prove that a convergent sequence and its limit form a 
compact set. 

Ex. 15.5. Let T be the set of positive real numbers, with topology 
given by unions of open intervals (a, b) in T. If x € T show that 
[$x, 2x] is semi-compact, so that T is locally semi-compact. For 
o(x, y) =|x—y|, and x, =1/n (n =1, 2, ...), show that {x,} 
is fundamental, but that the L,,({x,}) have no common point, so 
that T is not semi-complete. 

Ex. 15.6. Whatever the space T, we can define 


0 G=) 


gox, y) = | i 
1 (x= y) 


If {x,} is a fundamental sequence using oo, show that there is an 
integer N such that xy = x, (all n= N), so that {x,} is convergent. 
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Ex. 15.7. Let s be the space of all sequences of complex numbers. 
If x = {x,}, y = {y,}, x, y € s, let 


ieee |Xn—Jn| 
sy) = >, or 1+[|xn—Ynl 


Show that o is a metric for which s is complete. 
Ex. 15.8. Let m be the space of bounded sequences of complex 


numbers, with 
o(x, y) = sup |x, —),| 
n 


Show that ọ is a metric for which m is complete. 

Ex. 15.9. Let c be the space of convergent sequences of complex 
numbers, with metric as in Ex. 15.8. Show that c is complete for 
this metric. 


16. Contraction Maps 


One of the first uses of functional analysis was to unify proofs of 
‘fixed point’ theorems from various fields. One such result is an 
application of the property of completeness. Let T be a complete 
metric space with metric o, and let 4: T — T. Then A is a contrac- 
tion map, if there is a number a < 1 independent of x, y € T, such 
that 


(16.1) 0(A(x), AG) = a-o(x, y) (all x,y € T) 
It follows that 
(16.2) if y>x then A(y) > A(x) 


THEOREM 16.1. Each contraction map in a complete metric space 
T has one and only one fixed point, i.e. the equation A(x) = x has 
one, and only one, solution. 

Proof. Let xo € T be arbitrary, and set x, = A(x,_1) (n = 1), Le. 
v, = A"(xo). Then {x,} is a fundamental sequence. For by (16.1), 
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if m < n, 


O%m> Xn) = Xm Smt) F Omt Smt) E -o + 0(X, 1 X,) 
= d”. o(xo, xi) +a"*?- o(xo, x1) + ... +a" 1l.o(xo, x1) 
= d”. o(xo, X1)/(1—a) > 0 (m — œ) 

As T is complete, {x,} is convergent, say to x. Then by (16.2), 


AG) = A( lim x,) = lim AG) = lim xa, = x 


n—> co n —- co n —- co 


To show that x is unique, if A(x) = x, A(y) 
g(x, y) = 0(A(x), A(y)) Ss 
g(x, y) = 0, 


= y, then by (16.1), 
a-e(x,y) (a< 1), 
Ki y 


There is a more general result, + (¿hn 1 


A Lil 


l 
7 | 


THEOREM 16.2. If A is a, ‘map ie ihe complete metric space T 
into itself, with an integer n Such that A" is a contraction map, then 
A(x) = x has one, and only one, solution. 

Proof. As before, there is an a < 1, independent of k, m, such | 


OlXks Xm) = O(X0, xi) a*/(1 — a) 
and {x,} has a limit x. Further, 
o(A*"(A(x0)), A*"(x0)) = a*+0( A(X); o) +0 "(Kk > œ) | 


so that by continuity, | 


A(x) Al lim al a = lim A(A*"(x0)) = Jim. A*"( A(x0)) 


k— œ 


(k < m) 


lI 


lim A" (xo) = lim Xx, = x 


k> œ k— œ 


| Uniqueness follows from the previous theorem, since if 


T= 


A(y) = Xs then A"(x) = x, A"(y) == Vs x=y 
Note that by Theorem 15.5, semi-completetiess gives us nothing new 


here. The results of this section are used in sections 52 and 64. 
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17. Baire and Second Category Spaces 


If every non-empty open set of Tis of the second category, then T is 
a Baire space. In the notation of the end of Chapter 2, if p4 is the 
property of being of the first category, a Baire space is a pa-space. 

Further, an intersection of a countable number of open sets is 
called a Z,-set, so that a G-set is a G,-set. If each non-empty @,-set 
is of the second category in itself, we say that T is a second category 
space. Clearly it is then also a Baire space. 

We begin by giving equivalent conditions for T to be a Baire 
space, followed by properties of Baire and second category spaces, 
and then we show that many of the spaces mentioned in this chapter 
are second category spaces. 

Bourbaki (1958), p. 109, lists three equivalent conditions. 


‘THEOREM 17.1. T is a Baire space if, and only if, any one of the follow- 
ing three conditions is true. 
(17.1) Every countable intersection of open sets dense in T, is dense 
in T. 
(17.2) Every countable union of closed sets nowhere dense in T, has no 
interior point. 
(17.3) The complement of a first category set in T is dense in T. 

Proof. By complements, (17.1) is equivalent to (17.2). If T is a 
Baire space, then no non-empty G@-set can be contained in the union 
of a countable number of sets each nowhere dense in T, so that 
(17.2) is true. Conversely, if (17.2) is true, and if the non-empty 
G € G is contained in the union of a countable number of sets X,, 
then G is contained in the union of the X,, closed sets. By (17.2), 
nn X, and so X,, is dense in a portion of G, and G is of the second 
category. Hence T is a Baire space. Further, if T is a Baire space, no 
non-empty G € @ can lie ina first category set, and (17.3) follows. 
Conversely, if (17.3) is true, each non-empty G € @ contains points 
of the complement of each first category set, so that the open set 
must be of the second category. 


‘TmoreM 17.2. (17.4) T is a second category space if, and only if, 
given any non-empty @ -set H S T, with any set X of the first category 
in H, then H\X is dense in H. 


ú 71 


a 


LINEAR ANALYSIS 


(17.5) If each x € T has a neighbourhood G(x) that is a Baire (or 
second category) space under the relative topology of G(x) from Z, 
then T is also a Baire (or second category) space. 

(17.6) Let Tbe a Baire (or second category) space containing a non- 
empty G-(or G,-) set D. Then D is a Baire (or second category) 
space under the relative topology G1 of D from 6. 

(17.7) Let T be a Baire (or second category) space and let X be of the 
first category in T (or in each G,-set H S T). Then VX is a Baire 
(or second category) space. 

Proof. For (17.4) we follow the proof of the equivalence of (17.3) 
and the definition of a Baire space. For (17.5) let the union H of 
X,(m = 1,2, ...) be a non-empty G-(or @,-) set. If x € H, then 
G(x) N Hisa non-empty G-(or Z,-) set, the union of G(x) N Xm 
Hence for some integer m and some portion G1 of G(x), G(x) N Xm 
and so X,, itself, are dense in G: N H, and H is of the second 
category, giving (17.5). For (17.6) let H be a non-empty G,-(or G18) 
set in D. Then H is a G-(or @;-) set in T. (For the second case, H is 
the intersection of sets G} N D, for some G} € G(n= 1), while 
D is a G,-set, so that H isa set.) Hence H is of the second G- 
category in T. If H is the union of sets X,,(m = 1), then for some 
integer, m, and some G, € @, X,, N Gs is G-dense in the non-empty 
H N Go. As H © D, X„ Š D, then X,, Gais Gi-densein H N Ge, 
and H is of the second @-category in D. For (17.7) XX is dense in 
T. Let Y € \X be a first Zi-category set in VX (or in a Goset H\X, 
where H is a G,-set). Then Yis the union of sets nowhere -dense 
in \X (or H\X), and so nowhere G-dense in T (or H). (For the second 
case, if x€ HM X and x € G € G, then X is of the first G-category 
in G N H, so that G N (A\X) is not empty. Thus each portion of H 
contains a portion of H\X, so that for a further portion Gs  (H\X), 
Gs is free from points of the nowhere @i-dense set S Y S VX.) 
Since X is of the first -category relative to T (or H), the same is 
true of X U Y. Hence by (17.3) or (17.4), (X U Y) is -dense in 
T (or H), and so is -dense in XX (or H\X). Then (17.3) or (17.4) 
completes the proof. 

The known kinds of Baire spaces fall into two types, as (17.10) 
will show. First we can use a pseudometric o with (15.19), i.e. each 
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S(x; £) € Z. We say that T is locally half-complete, if to each x € T 
there is a neighbourhood G(x) such that every monotone decreasing 
sequence {G,} of closures of open sets in G(x), with a fundamental 
sequence {x,} such that x, € G,, has a non-empty intersection. Sec- 
ondly, omitting @ and the requirement of a fundamental sequence, 
if the property is still true we say that T is locally half-compact. 


THEOREM 17.3. (17.8) A locally half-complete space is locally 
complete. 
(17.9) A space T is locally half-compact, if for each x € T there is a 
neighbourhood G(x) for which from every countable cover of G(x), 
of sets consisting of interiors of closed sets, we can select a finite cover 
of G(x). 
(17.10) If T is compact, sequentially closed, semi-compact, locally 
compact, or locally semi-compact, then T is locally half-compact. 
If T is complete, semi-complete, locally complete, or locally semi- 
complete, then T is locally half-complete (and so locally complete). 
(17.11) For a regular @, if T is either locally half-compact, or locally 
half-complete for a pseudometric @ satisfying (15.19), then T is a 
second category space and so is a Baire space. 

Proof. For (17.8), if {x,} in G(x) is a fundamental sequence that 
does not have e(x,,, x,) = 0 (m, n = N), for some N, we take 


G, = G(x) N S(%w SUP o(x,, x) (n = 1525 556) 


a sequence of open sets by (15.19). As T is locally half-complete, 
the intersection of the @, contains a point z, and {x,} converges 
to z, for 
0(x,, Z) = sup o(x,,, X,) > 0 (n > œ). 
m>n 

(17.9) follows as in Theorem 13.2, and (17.10) from Theorems 13.2 
(13.4), 14.1, 15.2 (15.10; 15.11), 15.6 (15.25; 15.26), and 15.3 (15.13) 
with (17.9). 

It is curious that the construction of special sequences and series 
has been avoided in the proofs of many convergence factor theorems. 
by an appeal to the Banach-Steinhaus theorem in a form that uses 
lheorem 17.3 (17.11) or Theorem 31.1 later. The construction of 
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special sequences seems to be unavoidable in proving these results, 


however. 
For (17.11) let a @,-set H € T, sets G, „n € Z, and sets Xn S T, 


satisfy 
X. 


We look for a monotone decreasing sequence of G, , € Zw = 1, 
..), lying in a neighbourhood G(x) of some x e T, and for 


H = (Yen 


n=1 


(17.12) 


n= 1,2,..., with: 
/ 
(17.13) G, n N H is not empty; I 
(17.12) G, n S Gin N GX); 4 
f 
(17.15) G, , N U x, is empty; i 


and when we have to use a pseudometric o, 
(17.16) o(x,,y) < 1/n, for all y€G,,, and some x, € Gans 


If T is locally half-complete, or locally half-compact, the G(x) is 
that of the definitions. Then the G, „ are monotone decreasing, and — 
if they satisfy (17.13; ...; 17.16), by the definitions the Gə n havea | 4 
common point z. By (17.12; 17.14), z € H. By (17.12; 17.15), z ¢ H. | 
Thus the construction is impossible for locally half-complete and , fi 
half-compact spaces. To complete the proof of (17. 11) we show that | | 
when T is a regular space that is not a second category space, the | 4 
construction is possible. Í 

If the non-empty G,-set H, and X,, each nowhere dense in H, } 
satisfy (17.12), we choose x € H, so that G(x) N H is not empty. | | 
Let Ga € G(1 = n = N — 1) have been defined, satisfying (17.13; 

17.16). By (17.12), H € G,,(n > 1). Using x € H N G(x) if N = 1, I 
and by (17.13) if N > 1, the open sets i D 


j Ë 
(17.17) Gs = G(x) n Gi, Gzy = Gz y-1 a) Gin (N > 1) | Í 
contain a portion of H. By Theorem 12.1 (12.1; 12.2), i 
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is nowhere dense in H, so that there is an open set Gyy S Gzy with 
Gin N H not empty, but with Giy N XN empty. We choose, by 
(17.17), 
xy € Gn N H S Ggy S Go, y3 


if a pseudometric ọ is involved. By (17.8) and Theorem 10.3, there 
is a Gy satisfying 


(17.18) xy € Gay € Z, Gan E Giny N S(x; 1/N) S Gay, Xy € A, 
H AN Gy not empty 


which continues the sequence {G,,}. When o is not involved, or 
does not exist, we omit xy and S(x,; 1/N). Clearly (17.13) is true, 
and (17.14) by definition of G, y and (17.15) by (17.18), since 
Gin N X" is empty. If necessary, (17.16) follows from (17.18). 
Note that even if H is of the second category, it is conceivable 
that the sets X,, become dense so slowly in portions of H that the 
construction is still possible, so that it seems that the possibility 
of the construction, is not equivalent to T not being a second 


_ category space. 


Ex. 17.1. A countable number of isolated points form a second 
category space. 

Ex. 17.2. The set J of irrationals in (0, 1) is a second category 
space with the modulus topology. (Each rational forms a closed 
set, so that J is a countable intersection of open sets, i.e. a G,-set. 
Now use Theorem 17.2 (17.6).) This is a second category space 
that is not locally half-complete. 

Ex. 17.3. If T is a second category space, if D is open or a G,-set, 
and is not empty, and if X is of the first category in each G@,-set 
of T, show that DVX is a second category space. 
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18. Borel and Ailte (Souslin) Sets 


After Baire spaces there come Baire sets. In order to find which set 
operations leave the family of Baire sets invariant, we study general 
families of sets. First, if £ is a family of sets of T, then s, &, denote 
the respective sabia of la etos and unions of sequences {5 } 
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of sets of 2. Taking E, = E for all j, we see that 
BS ó, OSG, 


Let Z, F, Z, Ho be the respective families of open sets, closed 
sets, closures of open sets, and interiors of closed sets. By (7.2; 8.4), 


8, = Z, Fe =F 


But often we have (Z E Z, and Zs > ë, F2 (f. 
By the rules of de Morgan (Exs. 3.9, 3.10) and Theorem 8.1 


(82), 
ins 7 la; \Us = (w, \G=00F 


j=1 


so that by Theorem 8.2, the complement of a set in G, is a set in 
(f, and vice versa; and the complement of a set in Z is a set in Bo, 
and vice versa. 

By Ex. 4.6, (Ea) = Š> (Ende = &, But in general the family (£5). 
written &,,, and the family (Es Written Esa, are wider than Z, Co 
Thus we are led to the family B(2) of Borel sets constructed from the 
family &, the smallest family that contains 2, and the union and 


intersection of every sequence {E;} of sets of B(é). Compare Borel . | 


(1898), p. 46. Thus the families Ess Co Cso Coo Coos + + ATE all 
contained in B(é). 


Turorem 18.1. (18.1) B(BE)) = BO) 
(18.2) In order that BIF) =B@) = B(H) = B(Ho), it is necessary 
and sufficient that G S BH). 
(18.3) If Z is a pseudometric topology, then 4 S H, E BH). 


(18.4) Let @ be regular with a countable base A, and for each x€T 
let there be a neighbourhood G(x) of x. Let Hy, be the family of all 
G with G € A, and with an x € T such that x€ G S G(x). Then 
8 E Hy, BG) = BA). 
(18.5) If BF) = BA) and if X € BF), then VX € BF). 

Proof. (18.1) and the necessity of Z © @(@) in (18.2) are obvious. 
For sufficiency, from Z S @(@) and complements, F E B(Ho). 
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Then by (18.)), 
BH) S BAH) E BG) E BH) = BE) 


and all inclusions are equalities. 


__ For (18.3), Theorem 11.5 (11.10) shows that if x € G then(o(x, \G))> 
e set 


= 0. Thus G is the union of F,(n = 1, 2, ...), where F, is 


` of points x for which g(x, VG) > nt. In \F,, 0(x, VG) < nt, so 


that by Theorem 11.5 (11.11), VE, is open and F, closed. Further, if 
G,= (x: 0(x, XG) > nh F, = G 2 Fr Ey = Ga? Fpi 
4 


and \G, is closed by Theorem 11.5 (11.12), so that G, is open. Since 
Gis the union of the F, then G is the union of the G,, giving (18.3). 


zæ: 


< alternative conditions that~are-given in} 


| Theorem. 11.6; that-correspond to-G-being-given by p; the proo 

[f (18:3) is justas-easy.\For (18:4) let < ch, be the family of all G € c£ 
with an x € T such that x € G S G(x). By definition of a base we 
see that cf, is also a base. Since 41S A, then cA; is countable. By 
Ex. 11.2 (Urysohn’s theorem), G is pseudometrizable, and the 
proof follows as for (18.3). Alternatively we can omit Ex. 11.2 and 
prove the result directly, for each G-set Gris a countable union of 
GC Gi, with G € A. 

To prove (18.5) we need only note that complements change 
unions into intersections, intersections into unions, closed sets into 
open sets, and B(F) into BG) = BF). 

The direct study of BL) needs a succession of countable unions 
and intersections, and the use of atransfinite system of ordinal num- 
bers as far as the first uncountable ordinal. To avoid this, Souslin 
(1917) used analytic sets. See Lusin (1927) also. Here a single 
operation defines all Borel sets, and often other sets too. Further, the 
continuous image of even a G,-set need not be a B(G) set, even 
with Euclidean metric topology. But the continuous image of a 
B(G) set is an analytic set, under simple conditions on the transfor- 
mation. See section 19. Thus it is useful to study the family AIE) 
of analytic sets. 

Let 2 be the family of all infinite sequences n = {n,} of positive 
integers. We write 74, ..-, 74 as (n, j) and my, ..-, Hp n as (a, j; n). 
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If m € Z, we write np ..., Hp M1, ..., My as (n, j; m, k). There 
should be no confusion between the three types, as they have 
different numbers of letters. 


If for every finite sequence (n; j) of positive integers there is an 
X(n, -~ n) = X@, j) S T, 


the family of sets X(n, j) is called a determining system DS(X). 
The nucleus of DS(X) is the set 


A(x) = U N Xa, p 
3 i=l 


The step from DS(X) to A(X), is called the operation (ct) of Souslin, 
and the family of A(X) obtained from all D&(X) S ó, is called the 
family A(E) of analytic sets from ó. 

THEOREM 18.2. The operation (cA) includes countable unions and 
intersections, so that A(E) Ə s U Ce 

Proof. We write in turn 


Xa, j) = Y(n), A(X) = Y YG); 


Xa, j) =Y), A(X) = N ¥(j) 


THEOREM 18.3. A(ACE)) = A(E), BE) S A), A(B(C)) = AE) 
Proof. By Theorem 18.2, 


AE) E, ACA) 2 AC) 


In the second case we prove the opposite inclusion. For each fixed 
(m, k) let A(m, k; X) be the nucleus of the determining system 
of sets X(m, k; n, j), and let Y be the nucleus of the determining 
system of sets A(m, k; X). Then by Ex. 3.5, 


=U Nme m= U N Y [1x@s k; s, p) 


meg k 


-U t: A (YZ ein, 


meg mn(k)€2 (k=1, 2,...) k=1 j=l 
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From sequences m, n(k)(k = 1,2,...) we construct N = {Nj}, 
obtaining 


ma, n(1) me, n(2)1, n(1)ə, ms, n(3)1, n(2)2, n(1)s, ma, ..- 


by Cantor’s diagonal process. Then N € 2 if, and only if, m € Z, 
n(k)€A(k = 1,2, ...), so that the two unions can be replaced by 
a single union for all N € Z. Further, we can define 


X(m, k; a(k), j) (N, = 2) 


Y(N, D = 
ae tr (N, = m) 


Then for fixed N, and so fixed m, n(k) (k = 1, 2, ...) Y(N, [) runs 
through all the sets X(m, k; n(k), j) once and once only, with 
repetitions of T. Hence 


e° 


(1 YON, =) (1 xi, k; 0.) 


and Y is the nucleus of the determining system of sets Y(N, D, that 
are constructed from the X(m, k; n, j), thus proving the first result. 
The others follow using Theorem 18.2, for 
AC) D E U Eu AD = AIAC) 2 AE, U A) 
in 5, I Ong gy 24 
A) BE), AG) = AIAL) 2 ABO) = AE) 


In many cases, AE) > BL). 

TuroreM 18.4. (18.6) In order that ACF) = A(G) = A(H) = 
A. (Hv), it is necessary and sufficient that G. E AH), F E A(Ho). 
(18.7) If G is a pseudometric topology, then GSH, S Ad), 
F S Z S Ay). 


(18.8) For the conditions of (18.4), G E #(H), AG) = AHD) 
= ACF). 

Proof. The conditions in (18.6) are clearly necessary. We need 
two since the complement of a nucleus need not be another nucleus. 
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Sufficiency follows by using Theorem 18.3, and 
ACF) S A(A(Hy)) = A(Hy) E AG) E A(A(H)) 
= AD) SAF) 
Thus all inclusions are equalities. For (18.7) we use Theorems 18.1 
(18.3), 18.3, and take complements, obtaining the conditions in 


(18.6), 
g E BD) E AH), (Z S BB) SAH) 


For (18.8) we use Theorem 18.1 (18.4), putting Z as the family of 
complements of sets of Z. Then 
g S bis E 4(@, SAB), (Z Š Bas S AH) 
and the proof proceeds as usual. 
We denote by Ba(G@) the family of Baire sets (relative to @). 
THEOREM 18.5 (Nikodym (1925)). 
A(Ba(G)) = @(@a(@)) = Bal) 


Proof. If each X(n, j) € Ba(G), we show that the same is true of 
the nucleus. By Theorem 12.5 (12.21) we can replace each X(n, j) by 


j 
N Xa, k) 
k=1 
without altering A(X). Thus we suppose that D8&(X) satisfies 
(18.9) Xm, j) = X@, j+ 1) OQ, 1; 2; 22) 


Further, for each fixed (m, k) let A(m, k; X) be the nucleus of the 
determining system of sets X(m, k; n, j). From (18.9), 


(18.10) AG, k; X) S X(m, k) 


(18.11) 400 =U. N x0.) =U 4e; x) 
n=1 


neg j=2 


(18.12) Ames) = LJ [| xn, king) = U Alm, bs m 
n=1 


neg j=2 


By Theorem 12.6 (12.27) and A(X) T, there is a Baire set Y such 
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that 
(18.13) A(X) SY, MY) = I(A(X)) 
The X(m, k) are Baire sets with (18.10), so that similarly for each 
(m, k) there is a Baire set Y(m, k) with 
(18.14) Adm, k; X) S Y(m, k) S X(m, k), 
I(Y(m, k)) = I(A(m, k; X)) 


Let us now put 


(18.15) Z= U Yn, W=Y\Z 
n=1 


(18.16) Z(m, k) = Ü Y(m,k;m, Wm, k) = Y(m, k)\Z(m, k) 


(18.17) V=WUU wah 
(m, k) 

By Theorem 12.5 (12.22), Z and Z(m, k) are Baire sets. As Y and 
Ym, k) are Baire sets, then by (18.11; 18.13; 18.15) or (18.12; 18.14; 
18.16), respectively, and Theorem 12.6 (12.28), W and W(m, k) 
are of the first category. Hence by (18.17) and Ex. 4.10, V is of the 
first category, so that U = Y\V is a Baire set. We finally show that 
UC A(X). For if x€ U=Y\V, then x€ Y, x & V. Hence by 
(18.17) x ¢ W. By (18.15) x € Z, and there is an integer nı such 
that x € Y(nı). By (18.17), x € V gives x € Wm). Using (18.16), 


x$ Y(m1)\Z(m1), x€ Y(n), imply x € Z(n) 
By (18.16) there is an ng such that x € Y(nı, n2), and so on. Hence 
for an n € 2, x € YG, j) (j = 1, 2, ...). By (18.14), 
xe [l| X@,j) S AQ), US AG) S Y, AG@(Q@AU S Y(U S V 
j=1 


Since V is of the first category, so is A(X)\U, so that A(X) is a 
Baire set since U is a Baire set. 

Note that by Ex. 4.11, the set of n € Ais not countable, which 
explains why the operation (cË) does not usually lead to Borel sets 
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only. An example to the contrary is given in Theorem 18.6 (18.20) 
below. 

We say that DS(X) is degenerate, if there is a fixed m € 2 such 
that X(n, j) is empty when n; > mj. Let us put 


k 
A*(m, k) = U N Xa, j) 


m< m (I=1, 2, 0k) j=1 


THEOREM 18.6 (18.18) If DS(X) S £, then A*(m, k) € Ey 


(18.19) N A*(m, k) = U N X(n, j) S A(X) 


n <m (1=1,2,...) j=l 
(18.20) If DS(X) S & and is degenerate, then for some m € 2, 


A(X) = [) A*(m, k) € Zas 
k=1 


This is due to Sierpinski (1929). 

Proof. Clearly (18.18) is true, and the first term in (18.19) contains 
the second. To prove equality let x lie in the first term of (18.19). 
Then for a positive integer hı = mı, and each 1 = 2, 


¿ 
(18.2) x€ [Xl tae ch 
j=1 


for some n, = m, (j = 2, 3, ..., D. For if not, then for each n = mı 
we could define an integer q(n)°> 0, such that x belongs to no 


intersection 
a(n) 


n X(n, Mg, .. ., n) 
j=1 


for which n, = m, (j = 2, 3, ..., q(m)). If q = max (q(1), q(2), ..., 
q(mı)), then 


q 
x€ N Xa) (m=m,j=1,2,...,q), x ¢ A*(m, q) 
J= 


contrary to hypothesis. Hence (18.21) is true. Similarly there is an 
integer hg = mə, such that, for each 1= 3, and for some n; = m;, 
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for 3 = j= I, 
I 
x€ [| X(h,, ho, ns, .. ., n) 
j=1 


And so on. We thus determine h = {4} € Z with h; = m, (j = 1, 
..), and 


I °° 
xe [1 X@ j) (all), xe (1x0, p 


j=1 


This proves the equality in (18.19), and so the enclosure. Then (18.20) 
follows by definition of a degenerate family. 

We now show that each analytic set A(X) is the projection of a 
set Y in the space TX (0, 1), where Y can often be chosen to be of a 
more simple kind of set than A(X). Let J be the open interval (0, 1) 
on the real line, and let J(m, j) be a determining system consisting 
of intervals contained in (0, 1). Then the Y is defined to be 


Y=(N U x@,/)xJ@/) 
j=1 neg 
We still have a choice of J(m, j), one such system being defined by 
j 
sm f)=J+ n, u@,p = 2 DEQA-MHMDE ... 425 
k=1 


J@, j) = (u(n, j), u, j) +275) 


Let us say that a sequence {n(j)} of sequences of &, is tied to a 
sequence n € 3, if (n(j), j) = @, j) = 1, 2, ...), i.e. the first j terms 
of n(j) are the same as those of n. 


THEOREM 18.7. (18.22) The given determining system of J(n, j) is 
such that, for points 


y = ya) = PET 


j=l 


and for each sequence {n(j)} of sequences of 3, 
K= N J(a(j), j) 
J= 
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contains y(n) if {n(j)} is tied to n, and otherwise, if {n(j)} is tied to 
no n € Z, then K is empty. 
(18.23) Let J(u, j) have the property of (18.22), except possibly the 
value of y(n). Let proj: TX J > T send (t, u) € TX J into t € T. Then 
proj (Y) = A(X) 
(18.24) Let G be the product topology from G in T and open intervals 
in J. If each X(n, j) € Z, then Y € Gs. 


(18.25) More generally, if DS(X) S &, and if £ is the family of 
XX Jı, for each X € £, each open interval Jı S (0, 1), then Y € iso 
Proof. For (18.22), 
n=l (j=1,2,...) s@, 1) = 1+n > 2, 
sm, j+1)— s, j) = 1+7,,, > 2, 
u(n, j) < y(n) < u(n, j)+2-, ym) € J(a, j) 


and the conditions on K are satisfied. For (18.23) we have to invert 
the order of the intersection and union signs in the definition of Y. 


Y= U 1X). x Ja.) 
n(j) € 2,j=1,9,... j=1 

by Ex. 3.5. The inner intersection is contained in TX K and so is 

empty unless {n(j)} is tied to an n € &, in which case we can replace 

n(j) by n in X(n(j), j) also, and we obtain Y as the nucleus of a deter- 

mining system of sets X(n, j) X J(a, j). Since y(n) € K, we see that 

Exs. 3.19, 3.22 apply, and 


proj (Y) = proj i U ñ xe, px Ja, pJ 


€Z j=1 


U proj (A XG, j)x Ja, n) 


neg j= 


Y N proj (X(n, j)X Ja, p) = A(X) 


lI 


Further, (18.24) follows from (18.25), which is clear from the first 
definition of Y, since there the inner union is a countable union by 
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Ex. 4.10. Thus each analytic set in Euclidean n-dimensional space 
with the usual topology, is the projection of a @,-set in Euclidean 
(n+1)-dimensional space. 


19. Baire Functions* 


There are many ways of defining a limit function f of a sequence 
{f,\ of functions. One simple way is as follows. Let T1, T2 be spaces, 
T> having a topology G2. Let X S Tı and let fn: X > Te (n = 1, 2, 
...). If the sequence {f,(x)} converges to a limit f(x) in T>, for each 
fixed x € X, so that we have defined f: X — Ts, we say that {fn} 
is pointwise convergent to f in X, and that fis the pointwise limit of 
{f,} in X. If we can define a fundamental sequence in T>, e.g. by 
a pseudometric, and if {f,(x)} is fundamental in T> for each fixed 
x € X, we say that (f) is pointwise fundamental in X. When X = T. 
we can omit ‘in X°. 

If T; also has a topology £1, we define a family of functions anal- 
ogous to the family of Borel sets. Let @(T1) be the family of all 
continuous functions f: Tı — T>. Then the family BF (T1) of Baire 
functions (or analytically representable functions) is the smallest 
family of functions f: Tı> T2 that contains all continuous functions 


(ie. €T) S BF(T1)) and all pointwise limits of pointwise pirg at), 


vergent sequences of functions of BF(T1). (See Baire (1899). 

First we have conditions for which the pointwise limit of a con-/ 
vergent sequence of continuous functions is also continuous. The 
ideas are traceable to Ascoli (1883-4), pp. 545-9, and Arzela (1889), 
(1895), pp. 56-60. See, for example, Dunford and Schwartz (1958), 
pp. 382-3. 

Let (Tı, Z be a topological space, (T2, 02) a pseudometric space. 
We say that {f,} converges uniformly at x € T; if, given £ > 0, there 
are an integer n and a -neighbourhood G(x) of x with 


(19.1) (ROSO) <£ (EGW). 


* This section is very technical and need only be used for reference in a first 
reading. 
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The functions f of a family D of functions are equicontinuous at the 
point x € Tt if, given s > 0, there is a -neighbourhood G(x) 
of x such that y € Gi(x) implies 


(19.2) e(O) <= (all fe D) 


Then each f€ D is continuous at x. Such f are equicontinuous 
in X S Ti, if equicontinuous at each x € X. If also a pseudo- 
metric 0; gives Zx, if G1(x) is or includes the set of y with g(x, y) < ô, 
and if ó > 0 can be chosen independently of x € X, we say that the 
equicontinuity is uniform in X. If X = Tı, we omit ‘in X°. 


THEOREM 19.1 (19.3) Let {f,} be pointwise convergent to f, and every 
f, continuous at x € Tı. Then f is continuous at x if and only if {fa} 
converges uniformly at x. 


(19.4) The set of points of uniform convergence of {f,} is a GZ -set. 


(19.5) Let {f,} be pointwise convergent to f in a Gy-neighbourhood 
G(x) of x € Tı. Then f is continuous at x if, but not only if, the family 
of functions f, (n = 1, 2,...) is equicontinuous at x. 


(19.6) Jf in (19.5) the equicontinuity is uniform in a set X, then f is 
uniformly continuous in X. 


(19.7) Let (Tı, G1) be a topological space, (T2, 02) a pseudometric 
space, let X S Ty, Y S Ty, and let {f,} be pointwise fundamental in 
X, a set Gy-dense in Y. If the fi, fo, ... are equicontinuous in Y, then 
{f,} is pointwise fundamental in Y. 


(19.8) Even for continuous f, in (19.7) we cannot put Y for the final Y. 


(19.9) If in (19.7) the f, are continuous in Y and uniformly equi- 
continuous in Y, we can replace the final Y by Y. 


Proof. If {f,} converges uniformly at x, we have (19.1) for suitable 
n, G(x). As f, is continuous at x we can choose G(x) also to satisfy 


of), fi”) <£ (y€G(x)). Then 
eel f,(x), S) < š, gə2(f,(y), f()) < ë, o2( f(x), fO) < 3e 
(y € G(x) 


and fis continuous at x. Conversely, if fis continuous at x we first 
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choose n so that 


os(f,G), f(x) < = 
Next, using the continuity of both f and f,, we choose a @r-neigh- 
bourhood G(x) of x for which 


lD) < &  02( f(x), f0)) < = 
Hence (19.1) with 3e for e, proving (19.3). 
For (19.4) let G3(e) be the set of x for which (19.1) is true for some 
integer n and some G;-neighbourhood G(x) of x. Then G(x) S Gs (e), 
so that Gs(e) is a Gi-set. The set of points of uniform convergence 
is the intersection of the G3(1/f), for j = 1, 2, . . „giving (19.4). 


(19.3) can be compared with (19.5), in which there is a G1-neigh- 
bourhood G(x) of x with (19.2) for f replaced by f, Then letting 
n> co, 


(y € G(x)) 


o2( f(x), f0)) == (yE G) N Gal) 


which gives the continuity of f since e > 0 is arbitrary. To show that 
equicontinuity at x is not necessary, let Tı = Tz = [0,1], let f,(1/n) 
= 1, f(x) = 0 for x = 0 and for x > 2/n, and let f, be linear 
in [0,1/n] and in [1/n, 2/n]. Then (£) is pointwise convergent to 0, 
but {f,} is not equicontinuous at 0. 

After (19.5), then (19.6) is an obvious step. To prove (19.7), let 
y € Y, e > 0. By equicontinuity at y, there is a Gi-neighbourhood 
G of y for which 


AKOA) < 2/3 (EG, n=1,2,...) 
Since X is Gi-dense in Y we can take x € X, so that {f,(x)} is 
fundamental. Thus there is an N, depending on x, e, such that 


02( fn()» In) < €/3 


(SmO) Sn) < = 


and {f,(y)} is a fundamental sequence, proving (19.7). To prove 
(19.8) we need some care in the construction. We use the set G2 of 
Ex. 12.4 with measure or variation not greater than i, the intervals 
of which are dense in (0,1), and we define a sequence of continuous 


functions constant in each interval, so that they are equicontinuous in 


(m > n => N), 


(m > n = N) 
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X = Gs. The constants converge to 0 in Y = Ge. But at one point 
in (0,1) the sequence tends to infinity even though Y contains that 
point. This will prove (19.8). 

Let g(y) = V((0, Y)\G3}, where V denotes the measure or variation. 
Then g(0) = 0, g(1) => >, and g is continuous, monotone increasing 
and constant over the a Wa m e The values g(r,,) for the intervals are 
countable in number, and (g(0), g(1)) is not countable, so that we 
can choose a fixed 7 unequal to any g(r,), and so a fixed š that is 
notin Ge, but with g(£) = m. Let n(N) (j = 1, 2) be the two values 
g(r,) (or g(0), g(1) where necessary) for which z = N, that are 
nearest to ? and satisfy 


(N) < +?) =< nN) 


Let f(y) = 0 for y = m (N), y = mə(N), let fyn) = N, and let fy 
be linear in [y1(N),n] and in [n, mə(N)]. Then the fy are continuous, so 
that fy(g(x)) is continuous, constant in the intervals of G2, tends to 
0 in Gz as N > co, but with 


AEE) =Sy(n) = N > co 


Finally, to prove (19.9) we need only observe that from the 
continuity of the separate f, and the uniform equicontinuity in Y, 
there follows the uniform equicontinuity in Y, with the ‘< æ in 
(19.2) replaced by ‘= e’. 

Result (19.8) was made necessary by statement (1.3) of Alexiewicz 
(1950), p. 5, which is as follows. 

‘The space Y being complete, suppose the sequence of operations 
{U,(x)} to be equicontinuous and convergent in a set D dense in the 
space X; then the sequence {U,(x)} converges in the whole of X. 

Through lack of punctuation this statement is ambiguous. If the 
equicontinuity is restricted to D, the statement is false by (19.8). 
If the equicontinuity is in all X, the statement is correct by (19.7). 
Uniform equicontinuity in D is probably too strong a requirement, 
it is enough to ensure convergence in X, by (19.9). Possibly Alexiewicz 
only needs the statement with equicontinuity in X. f 

Next we have two theorems on neighbourhoods of the graphs of 
fand f lin relation to the graphs of the f,, fr (n = 1,2,...). 
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THEOREM 19.2. Let T: be a space and (Ts, os) a pseudometric space. 
Let f,:T; > Tz (n = 1,2,...), and let f be the pointwise limit of {fp} in 
Tı, which is supposed to exist. Then for each e > 0, 


{(x, y) : e(O, y) < e} = UU A te»: oo( f(x), y) < e—d} 


m=1 n=m, 


Proof. For (x, y) in the left side, then for some 6 > 0, 
es í lim f), ») = o2( f(x), y) < e—4 


n— œ 


and there is an integer m with 


e(a), y) < s—ó 
and (x, y) is in the right side. Conversely, if (x, y) is in the right side 
there are a ë => 0 and an integer m, such that, for all n = m, 

02 f,(x), y) = e—ò, e2( f(x), y) = e—-d < E 
by convergence, and (x, y) is in the left side. 

THEOREM 19.3. Let Tı be a space and (Tz, 02) a pseudometric space. 
Let f, : Ti > T,. Iff is the pointwise limit of {fna} in T1, and if G is open 
in T,, there is a sequence {G} of open sets in To, with union G, with 
G, S G (all j), and with 

r=) = Ú Ü NFO 
j=im=1 n>m 

Proof. The existence of {G,} uses os as in the proof of Theorem 
18.1 (18.3). If x € f -1(G), then for some j, m, and alln =m, 

OEG, FAEG, FEG x€Yfc (G) 
and x lies in the right side. Conversely, if x lies in the right side, then 
for some j, m, and all n = m, 
xE G) fQ)€ G, AMEGSE xEf XG) 

In a useful and precise sense each f € BF (T) is almost continuous 

when Tı, T> satisfy reasonable conditions. 


(alln = m) 


TuEOoREM 19.4. If (Tx, Gi) is a Baire space, (T2, 02) a pseudometric 
space, and f € BF (T, there is a Z S Tı of the first Zi-category such 
that f is continuous in \Z. 

Proof. For f continuous we take Z empty. Further, if {f,}-is 
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pointwise convergent to some f as n — co, and if f, is continuous 
in\Z,, where Z, is of the first Gi-category (n = 1, 2,...) then for 
each n, f, is continuous in \Zo, where Zo is the union of the Z, 
(j =1,2,...), so that Zo is of the first @1-category. 

For each e > 0, let X,,,, (£) be the set of x€ Ti with os(/;,,£,) = & 
This set is -closed in \Zo as f,, and f, are continuous there. Hence 


Xn) = [1 X,,(e) = (x: 2 Sins f) = ° (all n > my} 
n>m 

is also -closed in \Zo. As {f,} is pointwise convergent in 71, then 
Tı is the union of X,,(e) for m = 1,2,... Tı being a Baire space, 
given an arbitrary non-empty G € GQ, there is an integer m such that 
X,,(€) is Gi-dense in a portion G1 of G. Then G1\Zo S X,,(e) since 
X,,(€) is Zi-closed in \Zo. Further, we have os(/,,, f) = £ in X,,(e) on 
lettingn — co. As f„ is continuous in \Zo, there is a neighbourhood 
G(x) S Gi, of each x € Gi\Zo, such that the oscillation of f on 
G(x)\Zo is less than 3e. The complement of the union of all such Gi, 
is a nowhere G@-dense set Z(e), since there is a G1 in each GE Gi. 
Taking e =j~1(j = 1,2,...), we have f continuous in \Z, where 
Zis the union of Zo and the Z(j—}), of the first G1-category. Thus the 
property of the theorem holds for the pointwise limit of every point- 
wise convergent sequence of functions having the property. Hence 
the family of Baire functions is contained in the family of functions 
with the property of the theorem. 

Corollary. The continuity in \Z can be taken relative to \Zo, since the 
oscillation on G(x)\Zo is small. 

As in the case of second category spaces, the use of uniform spaces 
does not result in a greater generality, since the imposed conditions 
lead to the pseudometrizability of the uniform space. 

Let f: T; > T,,. If Æ is a family of sets X S T}, we denote by 
(®) the family of (X), for all X € W. If Æ is a family of sets X S To, 
we denote by f2) the family of f -1(X) for all X € ®. 


THEOREM 19.5. (19.10) ff: Tı > To, and if is a family of X S To, 
then 


SBD) = BEO) SAAD) = AFH) 
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(19.11) Let (T,, Z) be a topological space with the family F,, of 
G,-closed sets in T,, for j = 1, 2. If f : T, — To is continuous, 


SBG) E B, f-“A(G2)) S AG), 
f-\BGF2)) E BF), SAF) S AF) 


(19.12) Jf in (19.11) f is a Baire function while Ge is given by a 
pseudometric os, then the conclusions of (19.11) still hold. 
Part of (19.12) is given by Banach (1932), p. 17, Théoréme 6. 


Proof. For (19.10) use Ex. 3.24. For (19.11) also use Theorem 9.1 
(9.1; 9.3). For (19.12) use Exs. 2.7, 3.24, and Theorems 8.2, 18.1 
(18.1), 18.3 with 


(19.13) f (Z) E BCs) 


Thus we only have to prove this last result. Theorem 19.3 shows that if 
each member of a sequence {fp} has the property then the limit (if it 
exists) also has the property, and Theorem 9.1 (9.1) shows that every 
continuous function has the property. 

Images of analytic, Borel, and even @1,-sets, are more difficult to 
study. If fis a bijection, Theorem 19.5 can be applied to f -1 since 
f = (f `> `. If fis not a bijection all such images are analytic sets. 
But even if fis continuous and X a set, A(X) can be an arbitrary 
set from (Z2). For we can apply Theorem 18.7 (18.23). To prove 
that images of analytic sets are analytic, we begin with continuous 
functions and a preliminary result. 


THEOREM 19.6. Let (T, 01) be a pseudometric space, To a Hausdorff 
space. Let X, S T. with diameter tending to 0 as n > œ, and let Xj, 
Xə, ... intersect in one point, x. If f: Tı > Tə is continuous, and if 
x € A S Tai then the intersection of Zof(AX1), Gof(AXe), ... contains 
y = f(x) and no other point. 

Proof. As x € AX, then y = f(x) € f(AX,), and y is in the final 
intersection. If z is in the intersection and z Z y, there are disjoint 
G>-neighbourhoods G, G, of y, z, respectively. For each n, 
z€ Go f(AX,), so that Gy contains a point y, of f(AX,), and an 
x, € AX, satisfies f(x,) = y,,. Since x, x, € Xp, 01(x, x,) is at most the 
diameter of X,, and x, > x as n > oo. Since fis continuous, y, > y, 
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and there is an integer N with y, € G(n >= N). This contradicts 
y, € G. since G, Gi are disjoint. Hence the result. 

By a similar method, if (17.16) is true in Theorem 17.3, the sequence 
{Gn} can have at most one point of intersection. 


THEOREM 19.7. Let (Ta, 01) be a locally complete metric space, the 
topology & having a countable base, and let Tz be a Hausdorff space. 
If f: TA > T is continuous and A S T. an analytic set, then f(A) is 
analytic. 

Proof. For each x € T; there isa @;,-neighbourhood, fundamental 
sequences within which are convergent. By Theorem 18.4 (18.8) we 
can suppose that A is the nucleus of a determining system of sets 
X(n, j), each being the closure of an open set of the base and lying 
in one of these neighbourhoods. Further, we can suppose that in 
(18.4) the Gi-neighbourhood of x has diameter less than 1/j, obtain- 
ing new Z, that we can denote by H,, and we still have GZ, © Z;;;- 
It follows that each X(n, j) is the union of an at most countable 
number of sets of Hy, of diameter less than 1/j. By Theorem 18.3 
we can assume that the diameter of X(n, j) itself is less than 1/j. As 
usual, we can also assume that X(n, j) is monotone decreasing in j. 

If, for given n € 2, no X(n, j) is empty, then as Tz is locally complete, 
the intersection of the X(a, j) is not empty. It can have only one 
point, x, as g1 is a metric. By Theorem 19.6 f(x) is the only common 
point of sets Gof(X(a, j)). Hence if the latter intersection is empty, 
so is the former, and X(n, j) is empty for some value of j onwards. 
Hence by Ex. 3.19. 


f(A) - [U n xs p) = un asp) 


neg j=l 
=U N @f(X@ J) 
neg j=l 
and f(A) is an analytic set in T2 from a determining system of closed 
sets. 
The family 2 of sequences of positive integers has the metric 

J j, n)" (m = n) 
oÍ (m, n) = 

a: (m = n) 
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where j(m, n) is the integer j such that m, =n, for all k < j, but 
m; = n, Then (2, oo) is called the Baire null space. 


THEOREM 19.8. Let (T, o) be a locally complete metric space with a 
countable base. If A is an analytic set in T, and if (A, oo) is the Baire 
null space, there is a continuous function f: Z >T with f(A) = A. 

Proof. As in Theorem 19.7, A is the nucleus of a determining 
system X@, j), 


Xn, j) S X@,j+1) (j> 1), diam X@, j) > 0(j +0) (alln € 2), 
X@) = N X, j) 


and either X(n) = sing(x) for some x € A, or X(n, j) is empty for 
some j onwards. In the first case we put f(n) = x, so that f(Z) = A. 
To ensure equality we first choose fixed points 


Xo € A, x(a, j) € A N X(a, j) 


for all j such that the last intersection does not vanish. If X(m) is 
empty, X(n, k) is empty for k large enough. If A N X(n, 1) is empty 
we put /(n) = xo, while if A N XQ, j) is the last non-empty set of the 
sequence for increasing j, we put f(n) = x(n, j). Then f() = A, and 
we only have to prove f continuous. Let m > n, y = f(m), x = f@), 
and let k be an integer. Then for m near enough to m, m, = n, 
(I= k). If X@) is not empty then x, y belong to the same XG, k), 
with diameter tending to 0 as k — œ, so that o(y, x) — 0. If X@) 
is empty, then y = x as soon as k > h, or even for all k > 0, 
depending on whether 4 N X(a, A) is the last non-empty set, or 
A N Xm, 1) is empty. Hence the result. 


THEOREM 19.9. Let f be a Baire function f : Tı > Ts, where Ty, T2 
are locally complete metric spaces with countable bases. If A is an 
analytic set of Tı, then f(A) is an analytic set of T2. 

Proof. If the metric in T, is o; (j = 1, 2), a suitable metric on 
TiX T> is 

el y), (Z, y)) = (o1i(x, xe, yF 
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The Cartesian product of the countable bases for T1, T2, is a count- 
able base for T1XT2; while Ti X T> is a locally complete space. For 
if {(Xp Vad} is a fundamental sequence in 71X72, then {x,} and {Yn} 
are fundamental sequences in Ty Tə, respectively. If, further, 
{(Xp» Vn} lies in some Gi(x)XGa(y), where Gx(x), Ga(y) are the 
neighbourhoods of x € Ty, y € Tə, respectively, that occur in the 
definition of local completeness, then x, € G(x), Yn € G20) (all n), 
and the sequences are convergent. Hence so is the sequence {(x,; y,))- 
Further, we consider the set in TX T>, 


XF; ə) = ((x, y) : os(f@), y) < €} 


If fis continuous this is open. By Theorem 19.2, Xi (f; g) is a Borel set 
when fis a Baire function. (Naturally we take 6 = 1/j for integers j 
that are large enough.) Since ge is a metric, 


XA) = ((x, y) : JG) = y) = Ë X(f; 1[j) 


is a Borel set. Its intersection with the analytic set AXT% is the 
analytic set 


((x, y) : x € A, y = fG@)) 


and the projection of this set on to Tə, is the set f(A). This is analytic 
by Theorem 19.7, since the projection function is continuous. 


THEOREM 19.10. (Banach (1932), p. 18, Théorème 8). If o2 is a 
pseudometric in Ty and if. f:Ti>T (j = 1, 2) are Baire functions, then 
oo fal), fo.)): Ti > R is a Baire function, where R is the real line. 


Proof. If fi, fz ate continuous, so is o> (fı, f2). Also by (11.5), 
02(x, y) = e20; x) 
is continuous in y, so that 
e lim fa, lim Za) = lim lim o(fn> 8n) 


m -> co n-> œ m — œ n — co 
Hence the result. 
THEOREM 19.11. (Banach (1932), p. 18, Théorème 9). Let os be a 


pseudometric in T>, and let f, : Tı — T> be Baire functions for n = i; 
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2,... Then the set X of points where the sequence is fundamental, is 
a Borel set. 


Proof. As in Theorem 19.2, if f is the pointwise limit of {fa} where 
the values of each £, are real and non-negative, then 


(x: fo <3 =U Ú N e:e) 


6>0 m=1 n=m 


It follows that if fis a non-negative Baire function, the set of points 
where f < e, is a Borel set. Hence by Theorem 19.10, 


Xu = (K AOT) Gkl= 2... 3 
is a Borel set. Hence the result, since 
X= N U N Xiri 
I=1 j=1 k=j 
THEOREM 19.12. (Banach (1932), p. 18, Théorème 10). If {fn} and 
{g,} are sequences of Baire functions, and if, for each x € Ti, 


h(x) = lim sup Qo fa) g,@0)) < © 


n — œ 
then h is a Baire function. 
Proof. For integers j, k we put 
hO = SUP (fy s) AGH) = Hm lm GO 
j<n<j+k j— e° k — e° 
Thus we need only show that each hy, is a Baire function. By Theorem 
19.10, h(x) is a Baire function. Further, 


hy, ka (2) = + (h; (2) +hyzx, 1x) + | h; (x) —hyzx, s(x) |} 


so that by using induction, and o> as the modulus in Theorem 19.10, 
we prove the result. 


THeorEM 19.13. Let (Tı, G1) be a Baire space, and (T2, 02) 4 
complete metric space, and f,: Tı > Ta (n = 1, 2, ...) Baire functions. 
If {f,} is convergent in a set X of the second Gr-category, and diver- 
gent outside X, then {fa} is equicontinuous relative to Y ina set Y of the 
second G-category, with X\Y of the first Gi-category. If the f, are 
continuous in Tı, the equicontinuity is relative to T1. 
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This is a generalization of Alexiewicz (1950), Theorem 1, p. 5, 
the proof there being suggested by S. Mazur. 

Proof. By Theorem 19.11, and since T> is complete, X is a Borel set. 
By Theorems 18.3, 18.5, X isa Baire set, so that there is a non-empty 
G € G, with X\G and G\X of the first Gi-category. By Theorem 
19.4, each f, is continuous in G\Z for some Z independent of n and 
of the first Z1-category. By including G\X in Z we have the following 
result. 

(19.14) Each f, (n = 1,2, ...) is continuous in G\Z, and {fa} is 
pointwise convergent in G\Z, where G € £1 is not empty, with Z of 
the first GZ-category. 

Following S. Mazur, we use the space c of convergent sequences 
y = {y,} of elements of T>, but using the simpler metric 


0(y,, Yo) = SUP Qo(Vin» Von) 
n>1 


The sequence {f,} may now be considered as a function f: Tı > c, 
and the continuity of f at xo € Tx, is clearly equivalent to the equi- 
continuity of the f, at xo, where both continuity and equicontinuity 
are taken relative to G\Z. However, if in (19.14) each f, is continuous 
in Ta, and not just in G\Z, the continuity of f and equicontinuity of 
the f, are taken relative to T1. For each fixed j we now put 


fix) G=) 
Jf (x) = f =. jn 
fe) @=D (x) = {Fn} 


By finite intersection of open sets, each f; is continuous in G\Z (or 
in T). Applying Theorem 19.4 again, as in the last statement of the 
proof of the theorem, we see that f = lim f, is continuous relative to 


j— °° 
G\Z (or Tı) in a set Y € G with G Y of the first G1-category. As 
X\Y is also then of the first G,-category, we have proved the result. 


The characteristic function ch(X; x) of a set X € T has been defin- 
ed in Ex. 4.14 as the function that takes the value 1 in X and Oin VX. 


Turorem 19.14. If T is a pseudometric space, the characteristic 
function of each Borel set is a Baire function. 
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Proof. From Theorem 11.5 (11.13), a pseudometric space is nor- 
mal. From Theorem 10.4 (Urysohn), if F,, Fare disjoint closed sets, 
there is a continuous function fon T to [0, 1], with f = 0 on Fi, f=1 
on Fz. From Theorem 18.1 (18.3), every open set in Tis the union ofa 
countable number of closed sets. If G is the open set and {F,} the 
sequence of closed sets, we can assume thé sequence monotone in- 
creasing. Then \G and F, are disjoint closed sets, so that there is a 
continuous function f, with value 0 on \G and 1 on F, Thus the 
characteristic function of G is lim f(x), a Baire function. By con- 


n— œ 
struction of the Borel sets, it follows that the characteristic function 
of each Borel set is a Baire function. 


Ex. 19.1. If Ta is locally compact with a countable base, and if A is 
an analytic set of Tı, show that A can be given by a determining 
system of sets whose closures are compact. If fis continuous and X 
compact, show that /(X) is closed. If also f is a bijection, show that 


HAG) = AKD) = (AA) = ALA) = AF) = AZ) 


Ex. 19.2. Extend Ex. 19.1. to Baire bijections f: 


Ex. 19.3. Show that in Theorem 19.9, instead of f : Ti — T> being a 
Baire function, we need only assume that 


{(x, y) : JG) = y) 
is analytic. 
Ex. 19.4. Define fto be an (cf) function, when for each e > 0, 


{(x, y) : e(O) y) < e} 


is analytic, where @2 is a metric in Tp. Show that every pointwise limit 
of a pointwise convergent sequence of (A) functions is an (c#) func- 
tion, so that every Baire function is an (A) function. Show also that 
every (o£) function satisfies the condition of Ex. 19.3. 


Ex. 19.5. Let T1, Ta be locally complete metric spaces with count- 
able bases. If fis an (o£) function or, more generally, a function satis- 
fying Ex. 19.3, show that the relations between families given in the 
last line of Ex. 19.1 still holds. 
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THE PRINCIPLES OF UPPER 
BOUNDEDNESS AND UNIFORM 
CONVERGENCE 


20. Upper Boundedness and Upper Limits in a Topological Space 


udi 
We continue the study of the upper boundedness theorem, konak 
ingin the topology @ of T, and assuming throughout the notation of 
Chapter 2. In particular, 0 is the function in TXT to T. Sometimes 
we have: 


(20.1) Every non-empty open set G is a 0-base for T. 


But in any case TA(G) is usually a substantial part of T. Let Zo be the 
family of all pinned G € G, i.e. GE @ is not empty, and x € A(x, G) 
(x € G). Then an X € T is a Th,-G-set, if Th,(X) 2 G for some 
G € Go; and X S Tis a Th-G-set, if X is a Th,-G-set for some 
integer n. By Theorem 6.1 (6.2), a Th-G-set X has Th(X) = T, if 
(20.1) is true, and this explains the usefulness of the definition. 

Let L(A) be the function of section 5, i.e. it is finite, real, and mono- 
tone increasing in A= 0, with a conventional L(+ oo) = +00, and 


(20.2) LA)=Lo(4)= 4, Lagi) =L(L,(A)=L,0)=0 (n=0) 


A function N on T to the extended real line (i.e. — oo and +œ are 
allowed) is a 0-L convex function if 


(20.3) N(0Gx,jy)) = L (sup {M(@%)3.NO);0}) — @ y €T) 
(20.4) e.g. N(0(x, y)) = NG) +N())), LA) = 22 
Theorem 5.1 on upper boundedness now takes a more special form. 


98 


THE PRINCIPLES OF UPPER BOUNDEDNESS 


THEOREM 20.1. If N is a 0-L convex function, and if, for some real 
À = 0, the set P(A), of x where N(x) = 2, is a T h,-G-set, then a 


GE Go has 


(20.5) ND =M =L) (x€ G 
(20.6) N(0(x,y)) = L (sup {M; NOX) (€ G) 
(20.7) N(x) < +o in P(A) U Th(P(A)) 


(20.8) If (20.1)is true, or, more generally, if P(A) is a 6-base for T, then 
N(x) < +0 (all x € T). 
(20.9) If X is the set where N(x) < +œ, then X 2 Th(X). 
(20.10) If L(0) = 0, and if N(x) = 0 in X, then N(x) < 0 in Th(X). 
The proofs are straightforward. 
A modification deals with uniform upper limits. If (20.3) is not 


necessarily true, but is true for all x, y € P(e), for some £ > 0, we can 
say that Nis a restricted 0-L convex function. 


THEOREM 20.2. Let N be a restricted 0-L convex function, and let n 
(e.g. n = 1) be independent of À), in 0 < À = e, such that, for all these 
4, P(A) is a Th,-G-set. If L(0+) = 0, then for each A>0,N<Ain 
some G € Go. In some sense this implies that lim sup N(x) = 0. If 
each G € Go contains a point u independent of G, and if each neigh- 
bourhood of u is in@ o, then the ‘lim sup’ occurs as x— wu in the 
topology G. If N = 0 in T, then ‘lim sup’ can be replaced by ‘lim’. 

The proof uses (20.5) since L4(0+) = 0, L,(0+) = 0; 2. 

We can now add a few results to Theorem 5.3. 


THEOREM 20.3. If in Theorem 5.3, P,(A) is closed for each a € A, 
then P°(A) is closed. If A is countable, and P(A) a Borel or analytic 
set, then P°(A) is a Borel or analytic set, respectively. In the three cases 
P(A) is an F,5-set, a Borel set, and an analytic set, respectively. Here, 
P(A), P°(A), P(A) are the respective sets where 
Na, x) <4, supN(a,x)<4, lim sup Na, x) = À (a=O0in A) 

A 


a — œ 


ae 
The results follow from (5.21). 
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When N(a, x) is monotone increasing in a for each fixed x, then 
(5.15; 5.16; 5.17) coincide. But otherwise (5.16) need not give a 
closed set even when each P,(A) is closed. (See Ex. 20.1.) 

Theorems 20.1, 20.2 can be generalized to cover mappings from 
one topological space to another, esults in this direction are 
omitted. 

Historical Notes. The Th,-G-sets and Th-G-sets generalize the 
H,-sets and H-sets of Henstock (1963a), p. 307. The case n = 1 of 
Theorem 20.2 generalizes Pettis (1950), p. 296, Theorem 1, Corol- 
lary 1.2, and p. 305, concluding remark (2). 

Alexiewicz (1950a;-b;-195t4;-b) gives a general theory based on a 
rather different plan from that adopted here. First, Alexiewicz defines 
the equicontinuity of the functions f of a family D at a point 
x € Ty, as at the beginning of section 19. Note that as in Mazur’s 
proof of part of Theorem 19.13, we can put 


N(x, y) = sup o( f(x), f()) 
SED 


Then N(x, y) is continuous in x at x = y if and only if D is equicon- 
tinuous at y, for N(y, y) = 0. Theorem 20.2 gives results in connec- 
tion with this. 

The essential plan of Alexiewicz is that he omits any connection, 
such as are supplied by 0(x, y) and 7h,(X), between certain subsets 
of T, and larger subsets such as Ty itself, and he postulates what is 
required. The postulates, for sequences of functions, have—been 
altered by errata facing Alexiewicz (1950), p. 1, and are as follows: 


(rı) Equicontinuity in a residual implies equicontinuity, 

(r2) Equicontinuity in a second category set implies equicontinuity, 

(rs) Equicontinuity in a second category set implies uniform equi- 
continuity, 

(c) Convergence in a sphere implies convergence everywhere. 


We can still use (r1, re, c) if we replace the pseudometric space (71, 
01) of Alexiewicz by a Baire space (T1, G1). But, as shown in Chapter 
2, the arguments used in proceeding from a subset X to a larger sub- 
set possibly equal to Tı, are independent of the topology, although 
topological properties give the strongest results found so far. If we 
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drop topology from the postulates of Alexiewicz it would be difficult 
to decide what to put in its place. For that reason I have kept to my 
original plan of using 0 and Th,-sets, specializing the results of 
Alexiewicz in one direction in order to generalize in another direc- 
tion by making the topology unnecessary but very useful. 

Ex. 20.1. Let T' be the space of reals, with 0(x, y) = x—y, and put 


L, ees 
jx+2 (—Jj' = x= 0 
2 (x = 0) 


NG, x) = 


Show that each N(J, x) satisfies (20.4), and that, for each fixed x, 
N(j, x) is monotone decreasing as j — co. Find lim N(j, x) and show 


J — œ 
that the set where the limit is not greater than 1, is not closed in the 
modulus topology. 


21. The Thickness of a Set in a Topological Space 


The results of section 6 can in turn be made richer on supposing 
that the space T has a topology @. For simplicity we assume that for 
each fixed y, 0(x, y) is an injection. Then there is a single point in the 
inverse image 0~1(v, y) for each v € A(T, y), so that we can define 
an inverse function, and we can use the same notation 6~*(v, y). The 
family © of Theorem 6.2 is taken to be the family Go of pinned 
open sets, and we can sometimes weaken (20.1) to the requirement 
(21.1) each G € Go is a 0-base for T. 

A set X © Tis now a strong 6-base for T, if there is a G € Go with 


Th(X? = T@ € G), X? = X N dQ, xX) 


identity if, given a non-empty G € @, there-are a y € G, 
such that (v, y) is in Z and f(v, y) in G, for each v € G1. If this occurs 
for all y € G, we say that f is strongly continuous in x to the identity. 
Also f(x, y) is open in y for each fixed x € T, if f(x, G) € @ for each 
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G € G. If f(x, y) is continuous in x to the identity, and open in y 
for each fixed x € T, we say that fis stable. 

If x € 0(x, X) for some X S T and each x € T, and not just each 
x € X, we say that X is strongly pinned. 

T is connected if no closed non-empty Xc T can be open. 


THEOREM 21.1. (21.2) If 0-1(x, y) is continuous in x for each fixed 
y € T, then 0(G, G) € Z, Th(G) € Z (GE ©). 


(21.3) If each non-empty G € @ is a Th,-G-set, (21.1) implies (20.1). 


(21.4) 0-4(x, y) is continuous in x to the identity if and only if, for each 
non-empty G € G, there“are ye G and G1 € Go with Gi S 0(G, y), 
and then Gi S 0(G, G). 


(21.5) Let each Gi€ Go be strongly pinned, and let 6-*(x, y) be 
continuous in x for each y € T, and stable. If G € G then Th(G) is 
open and closed. If also T is connected, then either G is empty or 
Th(G) = 


(21.6) If 0-1 is stable, and G € G not empty, there is a G1 € Go 
such that the non-empty G° € G (w € Gi). 


(21.7) In (21.6), (21.1) implies that each non-empty open set is a strong 
6-base for T. 

Aset X S Tis aThy-G-set if 0“1(x, y) is continuous in x to the iden- 
tity, and if any one of the following hold: 


(21.8) X contains a non-empty G € G, 
(21.9) G\X is nowhere dense in T, for some non-empty G € G, 


(21.10) X is closed, and is either dense in some non-empty G € G, or is 
of the second category. 


Proof. For (21.2) we use Theorem 9.1 (9.1). If 


GEG, 0(G,y) € Z, 
0(G,G) = JaGyeG. TAG = UJ Th,(G) € 8 
y€ G n=1 
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For (21.3) we use (21.1) and Theorem 6.1 (6.2). If G € @ is not 
empty, 
Th,(G) 2 G, € Go, Th(G) 2 Th(Th,(G)) 2 Th(Gy = T, 
THG) = T 

For (21.4) let the non-empty G € @, with 0-1 continuous in xto the 
identity. Then there are y € G and G1 € @ə such that, for each 
vE Gi, o € OT, y), x = O70, y) € G. Then v = 0 (x, y) € 0 (G, y) 
€ 0(G, G). Conversely, if there are y € G and G1 € Go such that 
Gi S 0(G, y), then 


v =0(x,y) WEG, some x€ G) x = 01(@,y) 


and 6-1 is continuous in x to the identity. 

For (21.5) let G € Z be non-empty. From (21.2), Th(G) € Z, and 
from (21.4), G: S 0(G, G) for some Gi € Go. Let x € TH(G)’. Then 
x € 0-"(x, Gy) since G. is strongly pinned. Also Gy € Z and 071 
is open in y, so that 6~*(x, Gi) € Æ. Hence there are y, g satisfying 


y € T(G) N Ox, G), g€GiS 0(G,G), y = 0-1(<, g), 
x = OY, g) 


As y € Th(G), there is an integer m with y € Th,,(G). As G1 is pinned, 
{Th,(G1)} is monotone increasing. Also Th,,_,(G1) S Th,,(G). Hence 
g€ G, S Th, 1(Gi)3 g, VE Th, (O); x € Thy (G) Th(G), and 
TAG) is closed. Thus if G € £, Th(G) is open and closed. If T 
is also connected and G not empty, Th(G) is not empty since 
(x, y) is defined in TXT, and Th(G) = T. (By Ex. 21.3 it is not 
enough to have G1 pinned.) 

For (21.6), 01w, G) contains 6~*(v, y) € G, for some y € G and 
all v € Gi, and G° is not empty. As 0-1 is open in y for each fixed 
x, 0w, G) € GZ, G° € G. For (21.7) we use (21.3; 21.4; 21.6). 
For (21.8) we use (21.4). In (21.9) we use Theorem 12.1 (12.1). 
Each non-empty G € @ contains a non-empty G> € @ free from 
points of the closure of G\X, G N X contains G>, and we use (21.8). 
In (21.10) a set of the second category is dense in some non-empty 
open set, and in both cases since X is closed, X contains a non- 
empty open set and we use (21.8). 
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Using @ with section 6, we examine properties of sets in more 
detail, D denoting the family of sets X C T with property p. If p 
is p; we put PD; for @. We also note definitions (6.9; ...; 6.17) 
and add the following: 

(21.11) We call T a p-@-space if each G € GMD is empty, ie. if 
each non-empty open set is ‘thick’. 

(21.12) A set X S Tis a p-G-Baire set if G\X € D for some non- 
empty G € @. In (6.11; 6.12) we also substitute GZ, for O. 


THEOREM 21.2 (21.13) If p is shrinkable and finitely additive, if T 
is a p-G-space, and if XST is a p-@-Baire set, then X € PD. 
(21.14) If 0-1 is stable, and T a p-G-space, then each non-empty 
G € @ is strongly-p, and each p-G-Baire set X is a p-Baire set. 
(21.15) Jf in (21.14) p is shrinkable, 6-1-invariant and finitely additive, 
then X is a Th,-G-set. 


Proof. If in (21.13), G € Z is non-empty and G\X €P, then 
GN XED implies that GED, which is false. Hence G n xt, 
X 4 D. (21.14) follows from (21.6), and (21.15) from (21.14) and 
Theorem 6.3, as O = Gy here. 

In the case of (21.14) we restrict our study of p-Baire sets to 
the p-@-Baire sets. 

By using the topology @ we can define the property ps of being 
nowhere dense. We use continuity of 01 and three other properties 
that are sufficient to ensure that ps is 6-1 -invariant. 

(21.16) For each fixed x € T, 0—lis open in y, using Tı = T, Tz = 
6-1 (x, T), Gi = G, and Gs the relative topology of Tz from Z. 


(21.17) For each fixed x € T, 9-1 is an injection in y. 
(21.18) For each fixed x € T, 6-1(x, T) is closed. 


(21.17; 21.16) give the existence and continuity of an inverse 
function of 6~7(x, y) relative to y. 


THEOREM 21.3. (21.19) If 0-1 satisfies (21.16; ...; 21.18), then for 
X.= T, x € TT; 
0_1(x, X) 2 @0_`(x, X) 
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(21.20) If 0 (x, y) is continuous in y, then 
0—1(x, X) € 4071x, X) 

(21.21) If (21.19; 21.20) hold, and if X is nowhere dense (or of the 
first category) in Xi, then 0~*(x, X) is nowhere dense (or of the first 
category) in 0~1(x, X1). 

Proof. For (21.19) we use Theorem 8.2 and (21.16; ...; 21.18). 
Then 

\X¥eG, 0-1(x,X) = G N 0x, T) (some G € @), 


0_1(x, X) S 0_1(x, X) = 0_1(x, T) \O-*,|X) = 0—(x, T)\G, 


an intersection of closed sets, and so closed. Hence the result. 
Theorem 9.1 (9.2) gives (21.20). If (21.19; 21.20) are true, then 


(21.22) 6-"x, X) = @0-16(x, X) 


Thus in (21.21), if 0—1(x, X) is not nowhere dense in 0_1(x, X1), then 
6-1(x, X) contains the non-empty G N 0 1(x, Xi), for some G € GZ, 
and for a y € X, 0-1(x, y) € GN O71, X1), y € X.. 

By continuity, openness, and (21.17), there are G; € @ (j = 1, 2) 
with 


y€G, O(x,G)SG, 0-l(x, G) = Gs N 0,7), G> € G 

or else we can replace G> by Ga N G. Hence 

0-1(x, X)Ə GN O-(x, X1) 2 GaN 07x, X1) = 0-1(x, GN O-*(x, X1) 
= 0-(x,G, 1 X), X2GN0X 


and X is dense in G; N Xı. This set contains y and so is not empty, 
giving a contradiction. Hence the first result, and so the second. 
They show that ps and the property p4 of being of the first category, 
are 0-l-invariant if 6-1 is continuousin y and satisfies (21.16; ...; 
21.18). 

A ps-G-Baire set X is trivial as G\X is nowhere dense for some 
non-empty G € @, giving (21.9). But pa is important. A pa-G-space 
is a Baire space, so that a ps-G-Baire set in such a space is a 
set containing a Baire set of the second category in a Baire space. 
Most applications of the Hahn—Banach-Steinhaus theorem use this. 
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THEOREM 21.4 (21.23) ps and pa are finitely additive and shrinkable. 
(21.24) If 0-1 is stable, and a continuous injection in y, with 0~*(x, T) 
closed, and if E S T contains a Baire set of the second category in 
the Baire space T, then ThE) Ə G for some G € Go, so that G € Z 
is non-empty. 

Proof. Theorem 12.1 (12.2) and Ex. 12.9 give (21.23). For (21.24) 
we use the previous remarks with Theorem 21.2 (21.14), and E is a 
pa-Baire set. As 0-1 is open in y with T, = T, @, = GU = 1,2), 
6-1(x, T) is open and (21.16) is true. Thus (21.19; 21.20) hold and 
pais 0~1-invariant by (21.21). Using (21.23), E satisfies the conditions 
of Theorem 6.3, E € &, and ThE) Ə G for some G € Gp, since 
@ = G, here. Hence (21.24). 


It may happen that some non-empty open sets are of the first 
category, and then Theorem 21.4 (21.24) is useless, so that we 
consider definitions (6.15; ...; 6.17). Neither ps nor pa is hereditary 
in general, for see Ex. 21.5. But p; = h(ps) and p, = h(p,) are 
hereditary; and so are pç = th(ps), ps = th(p,), if each 0-sequence 
of sets is monotone increasing, for Theorem 6.1 (6.4) follows. Here 
we omit (ps) from the terms «(ps)-set, B(ps)-set so that a set satisfy- 
ing ps is called an a-set, other sets of T being f-sets. As D; E Ps, 
a ps-G-Baire set is a p3-G-Baire set and so is trivial. But from 
Theorem 6.4 (6.19) we obtain two results. 


THEOREM 21.5 (21.25). If Th(X) =T, a B-set, then for some n, 

Th,(X) is dense in some non-empty G € G. 
(21.26) If Th(X) = T, of the second category, Th (X) is of the second 
category for some n, and in particular it is dense in some non-empty 
G € G. If Th (X) is closed it contains a non-empty G € @, in (21.25) 
or (21.26). 

If X is an w-set, TA(X) is called an «-sub-union. All other 0-sub- 
unions can be called f-sub-unions. If X is an «-set and Th(X) = T, 
we can call T an «-union. If T is a 0-union but not an «-union for 
any X, we can say that T is a B-union. Note that T is a 0-union if 
and only if TA(T) = T, and that an «-sub-union is a ĝ-set if it is 
dense in some non-empty open set. 
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A p,-G-Baire set X is called an «-Baire set, and there is a non- 
empty G € @ with G\X contained in an «-sub-union of T. 


THEOREM 21.6. Let 0(x, y) be continuous in x for each fixed y, 
with 6-1 strongly continuous in x to the identity, and let each pair of 
sets from G, have a point in common. In order that Tı = Th(X) is a 
$-sub-union it is necessary and sufficient that T, is a B-union under the 
relative topology G, of T, from G, that is G-dense in a set of Go. 

Proof. If Tı is a B-sub-union of T, then for some n = 1, Th,(X) 
is dense in some non-empty G € @. If y € G N Th,(X), using 
Theorem 9.1 (9.2) we have 


0(Th,(X), y) = 0(Th,(X), Th,{X)) m Th, (X), 


By Theorem 21.1 (21.4), as 0-1 is continuous in x to the identity, 
6(G, y) contains a Gy € G,. Hence Th(X) is G-dense in Gi, while 
Th,41(X) is the same, and so is G-dense in Th(X) N Gi, and @:- 
dense in Tı N G1 € 41. For fixed T; the X in Th(X) = T. is other- 
wise arbitrary, so that T; is a B-union for £1. 

Conversely, if Tı = Th(X) is a B-union for G@ that is G-dense 
in G2 € Gy, then for some integer n and some Gs € @, with points 
in common with 71, Th,(X) is G1-dense in T; N Gg. Hence by Theo- 
rem 9.1 (9.2) applied to (Tı, G1), and by a similar argument to that 
in the first part, there is a G, € Gp with Th,,,(X)@,-dense in 
T, Gy. Hence Th,,,(X) is Zi-dense in Ti N G2 N Ga, while T3 is 
G@-dense in Gz. Hence Th,,,,(X) is G-dense in G2 M G4, which is in 
G, and is not empty by hypothesis. As X is arbitrary, apart from 
Th(X) = Tı, Tı is a B-sub-union in T. 


THEOREM 21.7. 


(21.27) Let 6-1(x, y) be continuous in x to the identity. If X is a B-set, 
and if a sequence {F,\ of closed sets is such that F, 2 Th,(X), then 
for some integer n, F, is a Thy-G-set. 

Let 6(x, y) be continuous in (x, y). Then the following hold: 


(21.28) Th (X) © GTh (X) 
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(21.29) if (Th,) is a 8-sequence, so is {GTh,}, 
(21.30) the property of being sequentially closed, is hereditary. 


(21.31) If 0—* is continuous in x to the identity, if 0 is continuous in 
(x, y), and if Z is Hausdor fian with a countable base, then every set 
containing a sequentially closed B-set X is a Th-G-set. 

Proof. In (21.27), X is a B-set, so that there is an integer n such 
that Th (X), and so F,, are dense in a non-empty G@-set. Then 
Theorem 21.1 (21.10) completes the result. (21.28) follows from 
the two-dimensional case of Theorem 9.1 (9.2). Hence also (21.29). 
For (21.30) we need the definition in section 15 of a sequentially 
closed set. An arbitrary sequence {z(n)} in Thi(X. ) has 


z(n) = 6(x(n), y(m) (x(n), y(n) € X) 
so that for a subsequence {n,} of integers, {x(n,)} converges to an 
x € X. In turn, {y(n} contains a subsequence {y(m,)} convergent 
to a y € X. As A(x, y) is continuous in (x, y), we obtain 


2(m,) = O(x(m,), y(mj)) — 0(x, y) € T: h (X) 

proving (21.30). Note that Ex. 21.9 shows that we cannot replace 
‘sequentially closed’ by ‘closed’ in this result. Now for (21.31) we 
use (21.30) to show that Th,(X) is sequentially closed, for each 
integer n. Then Theorem 15.3 (15.17) shows that Th,(X) is closed, 
so that it can be put as the F, of (21.27). 

Properties pg, Pz, paseemto need asimple 0 such as can be obtained 
from a group operation. 

If in a topological space an outer measure is defined, it can some- 
times be used to distinguish between ‘thick’ and ‘thin’ sets. First, 
a real-valued set function u on sets of T, is sub-additive, if 


w(XUY)<u(X)+u(Y) ` (all X,Y ST) 


Also u is monotone increasing, if u(X) = w(Y) when X CY. An 
outer measure is a non-negative sub-additive and monotone increas- 
ing set function. Further, w is §-1-invariant, if 


u(O-1(x, X)) = MX) G € T, XST) 


Often the variation of Chapter 10 is such a set function. 
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THEOREM 21.8. Let u be a 0~*-invariant outer measure, let u (X\E) = 
=0, and let u(X°) # 0, for some G € Go, and all v € G. Then 
Th(E) 2 G. 

Proof. For, by the hypotheses, 


u(X,) = n(XVE)+ u(07"0, X\E)) = 24(X\E) = 0, XE X, 


The result now follows from Theorem 6.2. 

Usually we suppose that u(G) > 0 for each non-empty G € G, 
and then Theorem 21.1 (21.6) is relevant if 0—1 is stable, so that we 
can take X = G. Thus omitting a set of outer measure Zero from a 
non-empty open set, leaves us with a Th,-G-set, if 9-1 is stable. 
However, this is usually rather trivial. 

We can go further by defining ps(6), relative to a set X with 
p(X) finite, and to ë in (0, 1), to be the property of E such that 
u(E) < 6+u(X). Then po(6) is shrinkable, and finitely additive except 
that 5 is replaced by nó when there is a union of n sets E. The 07t- 
invariance of po(6) is replaced by the 6-1-invariance of u. To obtain 
non-trivial results we need X to be strongly-p (0) relative to itself, 
i.e. there is a G(S) € Go such that 


(21.32) p(X*) = u(X N 0, X)) = ô-u(X) (€ Gd) 
THEOREM 21.9. Let u be a 6-1-invariant outer measure of sets 


of T. If a set E is such that for some q in (0, +) we can find a strongly- 
po(2n) set X relative to itself, with 


(21.33) w(X\E) < n-u(X) 


then E is a Thy-G-set. 
Proof. From (21.33) we have 


uX) = ul(X\E)UO1, X\E)] < w(X\E)+ u(0 (o, X\E)) 
= 2u(X\E) < 20: u(X) 
By (21.32) with 6 = 2n, and then Theorem 6.2, 
MD > W(X), X°EX, ThE) 2 Gn) 


Usually the non-empty sets of @ are strongly-p9(6), relative to 
themselves, when we apply Theorem 21.9. But in the case of the 
infinite-dimensional cube of section 61, no open set has this property 
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and there seems to be no way of using a theorem of Hahn—Banach— 
Steinhaus type. We have to prove the results another way. One could 
conjecture that if T is not a finite-dimensional space, T is not 
strongly-p9(6) relative to itself, or relative to a non-empty member 
of Z, unless T has infinite measure. But this is an unsolved problem. 

An E C T is -measurable in the sense of Carathéodory, if, for 

each X < T, 
u(X N E) + u(XVE) = u) 
For such E the metric density theorem can sometimes be proved, 
that 
u(GVE)lu(G) > 0 

as the neighbourhood G of the point x shrinks in some sense about 
x, for all x € E, except for a set X, S E of x with u(X1) = 0. In this 
case (21.32) is satisfied with X = G, for all u-measurable sets E of 
T with u(E) > 0, since we can use any point x of E that is not in 
the exceptional set X1. 

For example, T can be the Euclidean n-dimensional space with 
the usual metric topology, with Lebesgue n-dimensional measure u, 
and with 0-1(x, y) denoting vector addition. Then the metric density 
theorem holds, while each non-empty open set is strongly-po(4), 
relative to itself, and u is 0 1-invariant. It follows that: 


THEOREM 21.10. The set of vector differences between points of a set 
of positive measure in Euclidean n-dimensional space includes a sphere 
with centre the origin. 

Historical Notes. In Bourbaki (1958), Livre 3, Chapitre 9, p. 109, 
(EB”), a pa-G-space is called a Baire space. Theorems 21.1 (21.5) 
and 21.4 (21.24) together form a generalization of Banach (1932), 
pp. 21-22, Théorémes 1, 2. The «-sets and B-sets are found in Sargent 
(1950), (1953), pp. 439-440, and Henstock (1963a), p. 314. The 
a-Baire sets are in Henstock (1963a), p. 316. Theorem 21.6 gen- 
eralizes Sargent (1953), pp. 440-1, Lemma 2, while in Theorem 
21.7, (21.28; 21.29) generalize Sargent (1953), p. 440, Lemma 1, 
and (21.27; 21.30; 21.31) generalize Henstock (1963a), p. 315, 
(58; 56; 57). 

Steinhaus (1919), p. 99, Theorem 8, states that the set of distances 
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between points of a set of positive Lebesgue measure on the real 
axis contains an interval [0, a], for some a > 0. This is generalized 
in Henstock (1963a), p. 318, (67), and in Theorems 21.9, 21.10 here. 
If we replace 0(x, y) = x—) by (x, y) = 4(x +y), vector addition, 
we have part of a theorem of Ostrowski (1929) on convex functions. 
For this result see section 32 and Theorem 32.10. 0(x, y) =x/y 
gives Ray (1962-65), Theorem 3. 


Ex. 21.1. Each set containing a Th,-G-set, is also a Th,-G-set. 


Ex. 21.2. If no -set is countable, and if X is countable, prove 
that X cannot be a Th-G-set (Henstock (1963a), p. 312, (42)). 


Ex. 21.3. In Theorem 21.1 (21.5) it is not enough to have Gi 
pinned but not strongly pinned. For let T be the real line with the 
modulus topology, and take A(x, y) = $(x+ y). Then 6-1(x, y) = 
2x —y, continuous in x for each y € T, and stable, with gy, = 8, 
so that all conditions are satisfied except that each G € Gp is pinned 
but not strongly pinned. Prove these results. Also show that if 
X = (0, 1) then X = 6(X, X) = Th(X), which is not closed. 


Ex. 21.4. If 07} is stable, and if EST, a non-empty G € Z, and 
G. € Gp, are such that 
E”? = (G\E) U 9", G\E) 
does not contain the whole of any non-empty G-set, for each 


v € Gi, prove that Th(E) = Th(G3). The case 6~*(x, y) = x+y is 
given in Henstock (1963a), p. 312, Theorem 10. 


Ex. 21.5. If 67? is vector addition in the Euclidean plane T with 
the metric topology, show that the union X of two non-parallel 
lines 14, l2, is nowhere dense, but Th(X) = T, of the second category 
(see Henstock (1963a), p. 316, (59)). 


Ex. 21.6. If X € De, show that Th(X) € Da, and conversely. 


Ex. 21.7. If 0 satisfies X S 0(X, X) (all X C T), prove that ps = pe: 
(if X€ PD, then X Th(Y), where Th,(Y) € D, (n= 1), so that 
THY) € Da. By Theorem 6.1 (6.4), 


Th (X) S Th,(Th(Y)) = TAY), Th(K)e Q, Mel), XE De 
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Conversely, if 
XED, then Th(X)€Ds, Th,(Th(X)) = THX) € Da, 
XCTHX) ie. XEDs) 


Ex. 21.8. Each «-sub-union is of the first category in T, and each 
set of the second category in T is a A-set that cannot be contained 
in an a-sub-union. 


Ex. 21.9. Let T be the set of reals with the modulus topology, and 
with 0-1(x,y) = x+y. If X is the closed set of points n+n™* 
(n = 1,2,...), show that 1 is a limit-point, but not a point, of 
Th,(X), so that Thi(X) is not closed. 


Ex. 21.10. Let X € Y ST. If Y is an @-set, so is X. If X is a B-set, 
so is Y. 


22. Category, B-sets, and Measure in Upper Boundedness Theorems 


By using section 21 we can now clothe the skeletal schemes of 
Chapter 2 and section 20 with topological flesh. There are many com- 
binations of details, but the following are typical. 


THEOREM 22.1. 


(22.1) Let T be a Baire space, let 6-1 be stable, and a continuous 
injection in y, with 6-"(x, T) closed, let N be a 0 — L convex function, 
and let N(x) be bounded in a Baire set of the second category. Then Nis 
bounded in a set of Go. 


(22.2) If in (22.1) every set of Go is a 0-base for T, then N < co in T. 


(22.3) If in (22.1), 6-1 is continuous in x, T is connected, and each set 
of Go is strongly pinned, then N < oo in T. 


Proof, Use Theorems 20.1 (20.5), 21.1 (21.5), 21.4 (21.24). 


THEOREM 22.2. Let T, 0-1, Go satisfy the conditions of (22.1; 22.2) 
or (22.1; 22.3). Let N(n, x) be a 0 —L convex function for an L inde- 
pendent of n, and for each À = 0, let the set of points where N(n, x) = À 
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be a Baire set, for n =1,2,...7f, for a sequence {x,} of points of T, 


(22.4) N(n, x,) = +œ (n = 1,2, ...) 
then the set of points x where 
(22.5) N(n, x) = +0 (n= Ay 2, 654) 


is of the second category, with its complement of the first category. 
Proof. Use Theorems 5.2, 22.1. 


THEOREM 22.3. Let T, 0-1, Go satisfy the conditions of (22.1; 22.2) 
or (22.1; 22.3). Let N(n, x) be a 0 — L convex function for an L inde- 
pendent of n, and continuous on the right. If, for a Baire set X of the 


second category, 
(22.6) lim sup Nnm, x) < © (x€ X) 


n -> oo 


then (22.6) is true in all T. 
Proof. Use Theorems 5.4, 21.1 (21.5), 21.4 (21.24). 


THEOREM 22.4. Let T, 01 satisfy the conditions of (22.1), let N be a 
restricted 0—L convex function, and for each À > 0, let N = Aina 
Baire set of the second category. If LO+) = 0, then to each i> 0 
there is a G € Go with N = 2 in G. 


Proof. Use Theorems 20.2, 21.4 (21.24). 


THEOREM 22.5. Let 0~1(x, y) be continuous in x to the identity, and 
let N be a 0 — L convex function. 
(22.7) If the set of points where N = 2, is closed for each à > 0, and 
if it is a B-set for some 2) > 0, then N is bounded in a set of Go. 
(22.8) Alternatively, if 6 is continuous in (x, y), if Z is Hausdor ffian 
with a countable base, and if there is a sequentially closed B-set in 
which N is bounded, then N is again bounded in a set of Go. 
(22.9) If also each set of Go is a 0-base for T, or if T is connected, if 
each G € @ is strongly pinned, and if 01 is continuous in x and stable, 
then in either case, N < co in T. 


Proof. Use Theorems 20.1 (20.5), 21.1 (21.5), 21.7 (21.27; 21.31). 
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THEOREM 22.6. Let 6~*(x, y) be continuous in x to the identity, let 
N be a 0— L convex function for an L independent of n and continuous 
on the right, and let P1(2) be the set where 


(22.10) lim sup N(n, x) = 2 


(22.11) If P(A) is closed for each 4 > 0, and is a B-set for some 
A > 0, then (22.6) holds in a set of Go. 


(22.12) If, for some À > 0, P(A) contains a sequentially closed B-set, 
if 0 is continuous in (x, y), and if G is Hausdorffian with a countable 
base, then again (22.6) holds in a set of Go. 


(22.13) If the conditions in (22.9) are also true, then (22.6) holds in T. 
Proof. Use Theorems 5.1, 5.3, 21.1 (21.5), 21.7 (21.27; 21.31). 


THEOREM 22.7. Let u be a 0~*-invariant outer measure of sets of T, 
and let every non-empty G € @ be strongly-p,(6) relative to itself, for 


each 6 € (0, 1). If N(x) is a 0—L convex function bounded in a set E 
for which there are an m € (0, +) and a non-empty G € G, with 


(22.14) M(G\E) < n:u(G) 


then N is bounded in a set of Go. If also one set of conditions in (22.9) 
holds, then N < œ in T. 


Proof. Use Theorems 20.1 (20.5), 21.1 (21.5), 21.9. 

We can say that a function N is almost continuous if, for each 
4 > 0, the condition on E involving (22.14), is true for E = P(A), or 
else u(P(A)) = 0. Also u is countably sub-additive, if, for every 
sequence {X,} of sets, 


u | Ux, < = u(X,) 


THEOREM 22.8. Let u be a countably sub-additive 0~'-invariant outer 
measure of sets of T, for which every non-empty G € @ is strongly- 
D,(6) relative to itself, for each ë € (0, 1). Let one set of the conditions 
in (22.9) hold. Let N(n, x) be an almost continuous 0 — L convex func- 
tion for an L independent of n, for n = 1,2, ... If (22.4) is true for a 
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sequence {x,} of points of T, then the set of points x where (22.5) is 
false, has outer measure zero. 


Proof. Use Theorems 5.2, 22.7, and the definitions. 


THEOREM 22.9. Let u, G satisfy the conditions in Theorem 22.7, 
with one set of conditions from (22.9). Let N(n, x) be a 0—L convex 
function for an L independent of n, and continuous on the right, for 
n = 1,2, ... If (22.6) is true ina set E that satisfies the conditions in 
Theorem 22.7 involving (22.14) (which usually occurs if w(E) > 0, 
and if each N(n, x) is almost continuous), then (22.6) is true inall T. 


THEOREM 22.10. Let u, G. satisfy the conditions in Theorem 22.7, 
let N be an almost continuous restricted 0—L convex function, let 
L(+) = 0, and for each À > 0, let N = À ina set E with u(E) > 0. 
Then for each À > 0 there is a G € Go with N = À in G. 


Proof. Use Theorems 20.2, 21.9. 
Next we have a theorem that does not involve 0, so that we cannot 
use Theorem 20.1. 


THEOREM 22.11. Let (Tı, G1) be a Baire space and (Ts, os) a 
pseudometric space. If f, : Tı> Ts is a Baire function, for n =1, 2,..., 
and if 


(22.15) lim sup 02(f,(x), 0) < co 

for each x ina set X of the second G1-category, there are a non-empty 
G € Gi, a set Z S T; of the first Gr-category, and an integer N, 
with 


(22.16) olf(x),0)=N (x€G\Z,n =1,2,...) 
If all the f, are continuous, Z is empty. 


Proof. Let X;, be the set of points x with 02(f,(x), 0) = j, and let 
X; be the intersection of X;,, Xj» ... From (22.15), the union of the 
X; contains X, while by Theorem 19.4 there is a set Z of the first 

category with each f, continuous in VZ. Clearly Z can be empty if 
the f, are already continuous. As X\Z is of the second @y-category, 
there are a non-empty G € @ and some integer N, for which Xy 
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is dense in G\Z. Now Xy, is closed in \Z since f, is continuous in 
VZ. Hence Xy is closed in VZ, and G\Z © Xy, proving the result. 


THEOREM 22.12. Let (T1, G1) be a Baire space, (T2, 02) a pseudo- 
metric space. Let 0-1 be a continuous injection in y, and stable, with 
6-"(x, T1) closed. Let {f,} be a sequence of Baire functions such that 
for an L with L(0) = 0, 

(22.17) N(x) = lim sup 02( F(x), f) 

n— ceo j>k>n 
is a 0 —L convex function. Then the set X of points where {f,(x)} is a 
fundamental sequence, is either of the first category, or contains a non- 
empty G1-set. In the latter case we can proceed to T, as usual. 


Proof. By Theorem 20.1 (20.10), X contains Th(X). By Theorem 
19.11, X is a Borel set, and so a Baire set by Theorem 18.5. If X is 
of the second G-category, we use Theorem 21.4 (21.24). 

A particular case is when T> is an additive group with pseudo- 
norm || . || and with 

FAO, y)) = SiC) +S) 


In this case we have 
IEO »)) —A(0G, 2))|| = OHO KO) -AO 
= ||) A.C) I+ GO) -ROI 
N(0(x, y)) = N@)+NO) 


THEOREM 22.13. Let (Tı, G1) be a Baire space, (T2, Q2) a pseudo- 
metric space, and let 0-1 be stable, and a continuous injection in y, 
with 0-(x, Tı) closed, and with Th(G) = T. for each non-empty 
G € G4. Let {fun(x)} be a double sequence of Baire functions such 
that 
(22.18) Nm, x) = lim Rs 02( fini), Fine) 

n— ce j> n 
is a 0 — L convex function. If, for a sequence {Xm} of points of Ta, the 
sequence {f Xm} (2 =1,2,...) is not fundamental for any 
m =1,2,..., then the set X of points x for which the sequence 
(f, QO) @ = 1,2, ...) is not fundamental for each m = 1, 2, ..., 
is of the second category, and \X is of the first category. 
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Proof. Let X„ be the set of points where {fm} (n = 1,2, -- .) 
is a fandamental sequence. By Theorem 22.12, and the existence of 
Xm € Ti, Xm must be of the first category. Hence the result since 
T. is a Baire space. 

Historical Notes. Theorems 22.11, 22.12 generalize Banach (1932), 
p. 19, Théoréme 11, and p. 24, Théorème 5. Theorem 22.13 generalizes 
the famous theorem on the condensation of singularities, Banach 
(1932), p. 24, Théorème 6. We have already had similar theorems. 
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23. Basic Definitions 


IN order to define some useful special operators 0(x, y) we now sup- 
pose that the space T of Chapter 2 has an algebraic structure. T is 
a semigroup, if there is a mapping m: TXT > T, called multiplica- 
tion, and usually written m(x, y) = x-y, the product of x and y, such 
that 


(23.1) x+(yez) =(x-y)-z (all x, y, 2 € T) 


T is a group, if it is a semigroup with product satisfying: 
(23.2) there is an element z € T, called the identity(unit) of T, such 
that 
xu=ux=x (allx€T) 


(23.3) to each x € T there is an element x`! € T, called the inverse 
of x, with 


T is a commutative (Abelian) group, if it is a group with product 
obeying 


(23.4) x-y =y:x (allx,y€T) 


The product m(x, y) in a group is written x+y only if the group is 
commutative, and then x+y is the sum of x and y, and m(x, y) is the 
operation of addition, and we say that T is an additive group. The 
unit is called the zero, the inverse of x is written — x, and we write 
x—y for x+(— y). : 
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THEOREM 23.1 
(23.5) The unit u and inverse x71 in a group are uniquely defined. 
(23.6) Gy Sy 
(23.7) (ey ees 
Proof. If x, v € T satisfy x = x-v, then by (23.1; 23.2; 23.3), 
u = xt. x = xix) = (xx) v = uy =0 


Similarly, if x, v € T satisfy x = v-x, then v = u, and u is unique. 
Further, if x-y = u, then by the group axioms, 


gs gen = xy) = x) = WY = y 
Similarly, if y-x = u, then y = x *, Hence (23.5). For (23.6), 
QET (ery) = yx Oey} = TAG x) YW} 
=y" (u-y) = yy =u 
Hence (23.5) gives (23.6). For (23.7), if y = (x757? then 
y. l = u, x sux = (yx) =ye(x ex) = ypu = y 
Let x, y € T and X, Y € T. As usual for functions, we then write 
X= {z l:z€ X} x-X=(xziz€ X}, Ky =(zy:z€ X) 
x.X.y = (x-z.y: z€ X), X.Y = (o.w:i% € X,w € Y} 
For additive groups we use the corresponding notation 


—X, x+X, X+y, x+X+y, X+Y 


By induction we can define x° = u, and xti = x".x (n = 0,1, 
Dees.) 

Sometimes we suppose that there is a root function r : T > T that 
satisfies 


(23.8) r(x)-r(x) = x 
and that is uniquely defined. 


THEOREM 23.2. If the root function r can be defined in the group T; 
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then 
(23.9) r(u) =u 
(23.10) r(x71) ens "1 


(23.11) If T is also a commutative group, then 
rxy) = r(x)-r(y) 
Proof. For (23.9), u? = u. For (23.10), by (23.6), 
r(x)7? r(x)? = {r(x)-r(x)}-? = x? 
For (23.11) we have 
{r(x) -rO)} EO rO) = PeO) = x+y 
We define r,(x) by the recurrence relation 
nO) =r@), tr) =r(r,0)) a> 


In all groups we can say that a set X is symmetric, if x71! € X 
when x € X. 

Using the group structure we give three examples of the 0 of 
Chapter 2. First, in section 24 we consider 0(x, y) = x-y~1, 071w, y) 
=v-y. Secondly we consider O(x, y) = x.y, 07(v, y) = v-y7? 
in section 32. Thirdly, in section 32 we need the root function, 
and we consider 0(x, y) = r(x-y), 01w, y) = v?-y71, in connection 
with ordinary convex functions. 


24. Difference Sets in a Group 


A subgroup To of a group T, isa subset of T that is itself a group with 
the group operation of T. If To T, then To is called a proper sub- 
group. We consider a subgroup (Th(X) constructed from a set X < T 
by using a special 0. 

Throughout this section we assume that 

A(x, y) = xy, 672, y) =V} 

Given X © T, the sets D, S T form a difference sequence, if 
(24.1) D, I 2 Dp Dz’ (m=0), Do=X 
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This is precisely a 6-sequence for the given 0. The name ‘difference 
sequence’ is given because of the form in which it occurs in an 
additive group, since then 


0(D,, D,) aa D,— b, 
We write D for the union of the D,(n > 1). If equality in (24.1), 


then {D,} is a minimal difference sequence, and we write DX), 
D(X), for D,, D, respectively. 


THEOREM 24.1. If {D,} is a difference sequence in T with X not 


empty, then 
(24.2) u€ D, and if x€ D, then x€ Dpp x 1 € Days (n > 1), 
so that {D,} is monotone increasing; 


(24.3) D is a subgroup of T. 


(24.4) If {D,} is a minimal difference sequence in T, then the D, 
(n > 1) are symmetric. 


(24.5) D(X) is the smallest subgroup of T containing D(X). 
(24.6) Each subgroup of T is the union of a difference sequence. 
Proof. For (24.2), let x € X. Then by induction, 


u=x-xt€D, u=uuteD, (n>1) 

so that if y € D, for some n > 1, then 

YSU E Day Y= Uy Dass 
For (24.3), u € D. If x, y € D, there are integers m, n, with 

x€ D, ved, YED Y ED 
using (24.2). Also, if r = max (m, n+ 1), 

x yle D, xey =x (y7 E Dy S€ D 
Thus (24.3) is true. For (24.4), with n = 1, if 

x€D, then x =y-z7"y,z€D,_1), x! = z+y"1 € D, 

If Tı is a subgroup of T containing D,(X), then by induction, each 
D,(X), and so D(X), are in Ti, so that a subgroup of T that contains 


D,(X), must, at least, be as great as D(X). Then (24.3) completes the 
proof of (24.5). (24.6) is trivial but interesting, since we tan take 
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Tı as the subgroup, and 
Xx =T,, D (K)=T, D(X) = T, 


From Ex. 24.1, X need not lie in D(X), and X U D(X) need not be 
a group, and X need not be symmetric. This is the anomalous behav- 
iour of X mentioned in section 5. Further, we have no need of the 
notation {X} for the smallest subgroup containing X, for such a 
subgroup contains X and the unit u, and so 


Xi = XU sing (u); andis D(X) as D((X) 2 X 


A set X S T is a generating system in T, if no proper subgroup of 
T contains X, and this is true if, and only if, X is not empty and 
D(X1) = T, i.e. Xı is a 0-base for T. It should be an important 
algebraic problem to give suitable conditions on X in order that 
D(X1) = T, or even that D(X) = T. If T has a finite number of 
generators, we can consider each generator in turn, to find whether 
it is in the subgroup. But if T has an infinity of generators the prob- 
lem is more difficult and seems to be almost untouched. For example, 
there seems to be nothing in Fuchs (1958). However, the Th(P(A)) 
of Theorem 5.1 is here written D(P(A)), a subgroup of T, and condi- 
tions on P(A) that make it a 0-base for T, throw light on the question 
of when is a subgroup a proper subgroup, and when is it the whole 
group? The given conditions usually involve a topology, so that one 
possible way of tackling the problem when a topology is not given 
in a group, is to construct a topology from the group elements. See, 
for example, Kaloujnine (1947). In this connection the Cauchy 
sequences of Fuchs (1958), p. 114 seem to have a definition that 
does not agree with any reasonable extension of the definition of a 
fundamental sequence, since g, —g,,1 iS involved, and not g,— 8m 
But this may be taken care of in the algebraic theory. 

In connection with the property th(p) we need the following result. 


THEOREM 24.2. If T is a commutative group, then 
j 
D(X U(X) = U DD G = 2 !,n>1) 


m=-j 
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Proof. We use induction and the commutativity. First, 
Di(X U(x-X)) ={y-z 1 : y, z€ X, or y € X, z€ x: Xor ye x+ X, z€X} 
= D(X) U [< 1. D,(X2)] U [x-D:(2)1 
By commutativity the fourth case, when y, z € x» X, reduces to the 
first case. Thus the theorem is true for n = 1. If true for n, then 
D, (X U (x+X)) = (yz ty Ex D(X), z € x*-D,(X); 
rs =O0,+1,... +7} 
For fixed r, s we use the commutativity to obtain 
y=X Yo, Z = xX*+Z0(Yo, Zo € D,(X)), 
yez = XI .yo Zo E x .D, . (2) 
and each point in the last set can be obtained in this way. As 
p 6 SOE, yn cg HED 


the theorem is true for z+ 1. Hence the result. 


Here, a set X is pinned, if x € 0(x, X) (all x € X), so thatfor some 
VEX, 


from Theorem 23.1 (23.5). Thus u € X. Conversely, if u € X, then X 
is pinned, and in fact X is strongly pinned. Also 6~1-invariance can 
be calied Jeft-translation-invariance, and we can put Theorems 6.2, 
6.3, 6.4 into the present language. In connection with definition (6.16) 
we can also say that D(X) is an «(p)-group, if D,(X) € D(n = 0). All 
other subgroups of T can be called 8 (p)-groups. Note that we need 
not have D(X) € P. 

A theorem using th(p) depends heavily on results like Theorem 
24.2, so that we only give the theorem in the forms of Theorems 
24.3, 29.7, 32.3. The difficulty is that th(p) need not be finitely additive, 
even if p is. See Ex. 21.5. 


THEOREM 24.3, (24.7) If T is a commutative group, if p is finitely 


additive and left-translation-invariant, if ps = th(p), and if X c Do, 
then 


XU (x X) € P2 
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(24.8) If in (24.7), E is a pə-Baire set, then E € ¿. 

Proof. As p is left-translation-invariant and finitely additive, and 
as there is a set Y€ x, where pi = A(p), such that X S D(Y), 
Theorem 24.2 gives 


DY Uœ) = U xD) EP, 


XU (x-X) S D(¥) U (x: D(X) S D(Y U (x-Y)) 


and (24.7). For (24.8), a strongly-p2 set X exists with X \E€ Da, so 
that there is a set Y € T with 


XW S DY), DYED M=0) 


By (24.7), X, € Da, so that X, N X” € Da since th( p) is shrinkable. But, 

for some VEO, X° g @ə(o € V), X° E X,. Theorem 6.2 completes 

the proof. : 
There is a simple result for functions satisfying (5.7) for this 8. 


THEOREM 24.4. Let N be a function on a group T to the extended 
real line, that satisfies 
(24.9) Ney) = NANO YET) 

If N is finite for a point of T, then 
(24.10) O<N(u)< +0, 4NW<NQX)< +o (ET) 

Proof. Let y € T, N(y) finite. By (24.9), for all x € T, 

NO) = N((y-u) -u 1) = N(y-u) +NU) =NO)+NY, NU) >= 0 
N(u) = N(x:x 1) = 2N(x) 

For x = y, N(u) is finite and non-negative, and (24.10) follows. 
In particular, N = 0. We can have N(u) > 0, since N(x)+C satisfies 
(24.9) if N does, and if C = 0, constant. Then N(u)+C = C. 

Historical Note: The {D,} were effectively in Sargent (1953) and as 
(HY in Henstock (1963a). 

Ex. 24.1. I£ X contains a single element x # u, then Di(X )contains 
u alone. 


Ex. 24.2. Let T be the set of real numbers, with addition, and let 
X be the set of +1, —1. Find D,(X), D(X). 
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25. The Hahn—Banach Theorem for Additive Groups 


Let R, C be the respective spaces of real and complex numbers. A 
functional f in a group T, is a function fin Y € T to R or C. A func- 


tional f is multiplicative, if oft 
$! 


Q5. xy EY, fey) =S- @ €D 


If the values of such an f are known on a set X ET, then by using 
(25.1), the values of f can be found on D(X), a subgroup of T that 
is sometimes T itself. For example, if X contains a point y, we put 
x = y in (25.1) to show that f(u) exists with value 0. Putting x = u, 
then fD) =— f(y), and we obtain 


(25.2) fy) =f@)+/O), fw) = 0, f(x) =-JO@) 


A real functional fis submultiplicative, if 


(25.3) xyeY, fæ =f @yYEY) 


If f(u) exists, x = u = y gives f(u) = 0. 

When the group T is additive, we replace ‘multiplicative’ and 
‘submultiplicative’ by ‘additive’ and ‘subadditive’, respectively. 
Then we say that a functional fis homogeneous for positive integers, 
if f(tx) = tf(x) for each positive integer t, where tx € Y when x € Y. 
Here, as for the power notation, 


Ox =u, Ix=x, 2e=x+x, 3x =x+x+x, 
4x = x4+x+x4+x,... 


Naturally an additive functional is homogeneous for positive 
integers. 


THEOREM 25.1. Let g be a subadditive functional, homogeneous for 
positive integers, on the additive group T, and let f be a real additive 
functional defined on D(X) # T, with f(x) = g(x) on D(X). Then there 
is a real additive functional h on T, with h(x) < g(x) on T, and h(x) = 
= f(x) on D(X). 

Proof. Letz€\D(X), Y = X Using (z). Then we extend the 
definition of f to D(Y). 
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Let t, v be positive integers, and x, y € D(X). Then 
fO) of) = Sty) Fox) = fiye) < gly —0*) 
= g((ty+ tuz) —(x+ tuz)) = g(ty+ tuz) -g( —tx — tuz) 
= tg(y+%z)+%8(— x— tz) 
Hence —vg(—x—tz)—vf(x) = tg(y+ z) —Lf(y) 
Thusif the sup and inf are for all x € D(X) and all positive integers t, 
m = sup [—t7{g(—x—12z) +f(@)}] = inf Hela tz) -—f()}] = M 


where m, M are finite. Let r be any number in m = r = M. Then for 
all x € D(X) and all positive integers £, 


(25.4) —g(—x—tz) —f(x) = tr = g(x+ tz) —/(x) 


Ify € D(X), then y = x+tz, where x € D(X) and tis a real integer, 
and we can define h(y) to be f(x)+tr. Then h is real and additive on 
D(Y), with h(x) = f(x) when x € D(X). If t is positive, h(y) = gy) 
from the second inequality in (25.4). If ¢ is negative, we use the first 
inequality in (25.4), with —x for x, obtaining 


ho) =f)—Itlr = fo@)+g(z—It|z2)+f(—>) = g(x+ tz) = 80) 


Hence we can extend the definition of f from D(X) to D(X U sing (2), 
for each z € \D(X). 

To conclude the proof we assume that \D(X) is well ordered, by 
Axiom 9.1 if necessary. Then we can define a subset Z of \D(X), 
such that z € Z, if and only if z does not lie in D(Z(z)), where Z(z) is 
the set of X and all w € \D(X) with w < z in the well ordering. Then 
Z is well ordered, and by transfinite induction the process can be 
extended to all Z, and so to all T. 

Note that if at any stage we have m < M, then h cannot be uniquely 
defined. 


THEOREM 25.2. Let g be a subadditive functional, homogeneous for 
positive integers, on the additive group T. Then there is a real additive 
functional f that satisfies g(x) = f(x) for all x € T. 

Proof. Taking an arbitrary z € T, we define f(tz) = tg(z) for each 
integer t. Then f is defined on the group Tı of all such tz with the 
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fixed z. If t= 0, f(tz) = g(z2), since g is homogeneous for positive . 


integers. Also ,, 


y u ; 
Mi =0< 2, st) O= O 


where Dis the zero in T. Hence for t < 0, 


f(tz) = tge) =—tg(—z) = att) 


so that f(x) = g(x) in Ti. Applying Theorem 25.1 we obtain the 
result. 

Note that if T, U are groups and f : T > U, we can say that f is 
multiplicative, if 


(25.5) fey) = FASO 


If necessary, we could restrict the domain of definition of f to be a 
subset of T. 
Historical Note. Theorem 25.1 was proved for linear vector spaces by 
Banach (1929a, b), and is the algebraic half of the Hahn-Banach 
theorem. See also Banach (1932), pp. 27-9. 


26. Bimultiplicative Functionals and an Inequality 


A two-yariable functional f in T, is a function fin Z € TXF to R or 
C. A bimultiplicative functional f in T, is a two-variable functional 
in T that is multiplicative in each variable separately. If T is an 
additive group we replace ‘bimultiplicative’ by ‘biadditive’. A two- 
variable functional f in T, is non-negitive definite, if f(x, x) = 0 for 
all x € T for which it is defined. f is positive definite, if f(x, x) > 0 
for all x € T, x # u, for which it is defined. 


THEOREM 26.1. Let f be bimultiplicative and non-negative definite in 


T, such that f(x, x), f(x; y), fO, x), f(y, y) are defined, for certain 
x, y € T. Then 


(26.1) f(x, Y)+fO, x) is real, 

(26.2) (f(x, +0, OY = 4f(x, x) fO, y), 

(26.3) Pacey, xy) = fP D+F"; y). 
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When f(x, y) = f(y, x), (26.2) can be called the Cauchy—Schwarz-— 
Buniakowsky inequality, for functionals on a group. This can be 
traced back to Cauchy (1821), for a finite sum, to Buniakowsky 
(1859), for integrals, and to Schwarfz (1885). Theorem 26.1 is an 
extension from linear spaces to groups. Also (26.3) shows that 
F "h(x, x) can sometimes be used as a norm to construct a metric, called 
a quadratic metric, in at least part of T. The norm is then called a 
Hilbert norm, and the subset of T is called a Hilbert space. 


Proof. By existence, bimultiplicativity, and non-negative definite- 
ness, 


f(x, x) +f(x, y) +f(y,x) +f(y, y) = f@ xy) = 0 
which gives (26.1), and also 
Sx, x) +f(y, y) = f, y) FO x) 


Substituting x 1 for x, does not alter the left side, but changes the 
sign of the right side. Hence 


f(x, x) +f(y, y) = |f(x, y) +f(y, x) 
Replacing x by x”, y by y", for positive integers m, n, we have 
f(x, DENA, y) = f(x”, YAS", y) = NF y') FLO", x 
= mn! f(x, y)+f0; x)| 
If f(x, x) = 0, then for n = 1, m > œ, 
fx, D+ )|<f0, yim > 0, fx, y) +f(y, x) = 0 
and (26.2) is true in this case. If f(x, x) > 0, we complete the square. 
{mf(x, inl f(x, y) +f(y, PHR, DSO, y) 
— Ff, y) +f, x) /?} = 0 
We have (26.2) on dividing by n? and letting 
mln > F1f(%, y) +f(y, DIA, x) 
For (26.3), 
f(x-y, xy) = f(x, x) +f(y, +S y) +f(y, x) 
< f(x, +f, y) +2(f(x, x) (y, y): = (f(x, x) + fü(y, vy? 
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27. The Displacement of Neighbourhoods in a Group with a Topology 


WHEN the group T of Chapter 6 has a topology 4 we can specialize the 
results of Chapter 5. We link the algebraic and topological structures 
by considering continuity properties of 0-l(x,y) = x+y, using 
section 9. Here, x-y is continuous in x at xo, for a fixed y € T, if, 
given G € G with xo-y € G, there is a Gi€ G. with xo € Gi, such 
that for each point v € Gi, v-y € G. Since x-y is the group multipli- 
cation, which always exists as a single value, we could have written 
the condition as Gi-y S G. If true for all xo € T, we omit the phrase, 
‘at xo’. A similar definition holds for the continuity in y at yo, of 
x-y for a fixed x € T. 


THEOREM 27.1. Let x-y be continuous in x for a fixed y € T. 


(27.1) GEG, then Gy’ EG, 
(27.2) (GX) y E GZ(X-y); 
(27.3) if F is closed, then so is F eyt, 
(27.4) (GX) 2 GAT) 
(27.5) If F is compact, so is F-y. 


If x-y and x: yt are continuous in x for a fixed y € T, then 
(27.6) (GX)-y = Z(X-y), 
(27.1) if X is nowhere dense in Xi, then X-y is nowhere dense in Xi y, 
(27.8) if X is of the first category in Xi, then X-y is of the first 
category in X1-y, 
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(27.9) if X is of the second category in Xi, then Xy is of the second 
category in X1+y. 


Proof. (27.1; ... ; 27.4) follow directly from Theorem 9.1, since, 
for a fixed y, x+y is a bijection from T to T. For (27.5) let F-y have a 
cover consisting of open sets G. Then F has a cover consisting of 
sets G-y~* that are open by (27.1), so that a finite number cover F. 
Thus the corresponding finite number of G cover F+y, which is 
therefore compact. (27.6) follows from (27.2; 27.4), and (27.7) from 
Theorem 12.1 (12.1) and (27.1; 27.6). Then (27.8; 27.9) are easy 
deductions. Note that (27.7) cannot be proved if x-y is continuous 
in x, but not x-y~*. For if 


MNES G(X-y-), then (X, D G).y S X 


by (27.2), but G-y need not be in £ unless x-y 1 is continuous. See 
Ex. 27.1. 


THEOREM 27.2. Let x+y be continuous in y for a fixed x € T. 


(27.10) I GEG, then x}-Ge G, 
(27.11) x-GX S G(x-X), 
(27.12) if F is closed, then so is x`. F, 
(27.13) =. OX 2 G(x-1-¥), 
(27.14) if F is compact, so is x+ F. 


Let x-y and x 1.y be continuous in y for a fixed x € T. Then 
(27.15) x GX = G(x-X), 
(27.16) if X is nowhere dense in X1, then x- X is nowhere dense in x +X, 


(27.17) if X is of the first category in Xi, then x+X is of the first 
category in x° X1, 
(27.18) if X is of the second category in X1, then x-X is of the second 
category in x-X}. 

Ex. 27.1. Let T be the real line with topology consisting of T, the 


empty set, and unions of open intervals (—n—}, —n++), for 
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n=0,1,2,... Show that x+1 is continuous in x, and that the closure 
of sing (1—1) = sing (0) contains (—4,+), but (4, $) is not an open 
set, though it is in the closure of sing (1). Further, if X = sing (1), 
X. = sing (0), then X is nowhere dense in X;. But X+1 is dense in 


Xı+1. 


Ex. 27.2. Show that 0-1(x, y) = x+y satisfies (21.16;21.17;21.18), 
if x-y is continuous in y for each fixed x € T. Thus give another 
proof of (27.16; 27.17), under slightly stronger conditions. 


Ex. 27.3. If x-y is continuous in x for each y € T, or in y for each 
x € T, and if Gi, Gs € Z, prove that G1- G2 € @. If x-y is continuous 
in x for each y € T, then Gi: X € G(Gi € ea Gy 

(For the first, Gi-Ge = U Gry € Z (y EAN s 


Ex. 27.4. If x-y is continuous in x for each y € T, and if some 
G € Gis of the second category in T, then G-y is of the second 
category for all y € T. By using Theorem 12.4 (12.12), show that as 
T is of the second category, then II(T) is not empty. Hence prove 
that every non-empty open set in T'is of the second category, and T 
is a Baire space. (Compare Mehdi (1964), p. 324, Lemma 1). 


28. Two-variable Continuity of the Ratio x-y—! 


By definition of the product topology in TXT, the function x: y lis 
continuous in (x, y) at (xo, yo) if, given G € Z with xo-yo lec G, 
there are Gi, Go € g with xo € Gi, yo € Go, and G1-Gz? CG. 
If this is true for all (xo, yo) and if Tis a Oo-space, T is called a 
topological group. 


THEOREM 28.1. (28.1) x-y 1 is continuous in (x, y) at all (xo, yo) 
(i.e. continuous in TXT) if, and only if, x+y is continuous in x for fixed 
y, and in y for fixed x, with x-y 1 continuous at a point (xo, yo). 


(28.2) Ifx-y~1is continuous in TXT, then T is a regular space. 


(28.3) Let p € T(e.g. p = u) be such that, for each z # p, there is 
either a neighbourhood of p excluding z, or a neighbourhood of z 
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-1 


excluding p. If x-y~* is continuous in TXT then T is a topological 


group. 


Proof. For (28.1) we need only prove the ‘if’ part. Let G be a neigh- 
bourhood of a point xi:yr l. Since x.y is continuous in x,y 
separately, (27.1; 27.10) give 


Gi = xox Geyr yt € G, xi3T16€ G, xo-yote Gi 
Thus there are neighbourhoods G> of xo, Gs of yo, such that 
Gs.G+çl C Gi, Xií€ xx G2 € G, yieyvieyoGeg 
If xə, yə lie in the respective neighbourhoods of xı, yı, then 
Xa-V_* € X1:X2 Ga Gz yoyr! S x1-x91+Gi-yoryyt = G 


proving the continuity at (x1, y1). 

For (28.2) we prove that @ satisfies the condition in Theorem 10.3 
when x = u. Other points are similar. Let Gy be a neighbourhood 
of u. As u-u~* = u, and as an intersection of two @-sets is a G-set, 
there is a neighbourhood G; of u with Gs-Gy1 C G4. Let x € Gs. 
Then by (27.10), x-Gs is a G-set er daa x, So that x+ G; contains 


oye RES SF Prsomege Ts, 26.9 = lJ 
T aa Gs.G-lC Gi, G; G, 

For (28.3) let x # y, and put z = x-y7). p Z p. If a neighbour- 
hood Gs of z excludes p, then by continuity of x-y 1 there are 
neighbourhoods G; of x and Gs of (y“1.p) 1 = p”1.y with Gz-Gy1 
€ Ge. Hence G7 is disjoint from p: Gs, which is a @-set by Theorem 
27.2 (27.10). For x-y = x-(u-y~+)~ is continuous in (x, y) and so 
in y. Thus p: Gs is a neighbourhood of y disjoint from the neighbour- 
hood G, of x. If, on the other hand, a neighbourhood G, of p 
excluded z, then by the continuity of x-y~1 at (p, u) there are neigh- 
bourhoods Gio of p and Gy; of u with Gio-G;,1 S Go. Then Gio 
and z-Gi, are disjoint, so that Gio:p 1. y and z-Gi,-p~++y are 
disjoint. The former contains y, the latter x, and the two sets are in 
Z by the continuity of x-yin x, y separately, and by Theorems 27.1 
(27.1), 27.2 (27.10). Hence (28.3). 
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In Banach (1932), p. 21, an additive group that is a complete metric 
space, is called a space of type (G) if it satisfies the axioms 


(28.4) lim x, = x implies lim (—x,) = —x 
(28.5) 

limx,=x and limy,=y imply lim (x,+y,) = x+y 
n — oo n — ° T — co 


THEOREM 28.2. A space of type (G) is a topological group. 


Proof. By Theorem 11.3 (11.9) a metric space has a countable local 
base, so that by Theorem 15.1 (15.7), to each x € X’ there corresponds 
a sequence of points of X converging to x. Hence by (28.4; 28.5), 


lim x,=x and lim y, = y imply lim (x,—y,) = x—y 


H — oo n> co Hñ -> co 
x€ X, y€Y, imply x—y€(X-YY 
x€X, y€Y, imply x-y G(xX-Y) X-Y S @(X—Y) 
and Theorem 9.1(9.2) is true for f(x, y) = x—y. As f: TXT >T, 
we have the continuity of x—y in TXT. A metric space is Hausdorf- 


fian, completing the proof. Thus we can include many results of 
Banach (1932). 


Ellis (1957) has given the following theorem. 
Let x-y be continuous in TXT, and let T be a locally compact 
To- space 2 Then T is a topological group. 
he proof has been deleted through lack of space. 


Ex. 28.1. If x-y~ is continuous in TXT, and Ge 8, XST, 
thenG-X¥ = G. X. 


(Ify€G-X then y=g-2(¢€G,z¢€X), ueg GEG. 
Thus there are a neighbourhood Gi of u, and a point x, with 
GIŻE g-1.G, x€ XD (Giz), y= hex, 

h = yx = g-z-x'€g-G71CG y=h-x€G-X) 
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29. Difference Sets and D-G-sets 


Throughout this section we assume that 0-1(x, y) = x-y, and we 
consider the difference sets of section 24, specializing results in sec- 
tion 21. Here, a pinned set is strongly pinned, and is precisely a set 
containing the unit u, while £o is the family of neighbourhoods of u. 
With the special 0, Go, (20.1; 21.1) become, 


(29.1) Each non-empty G € Gis a 6-base for T 
(29.2) each neighbourhood of z is a 0-base for T. 


THEOREM 29. (29.3) 071 is strongly £0 Ous th 


d only if, x-y is nm 2 us in x 
Tse ati s y Conus sok tt “Q W 


res Tre Sdi (j =°1,2). The) vg- is open in y for each 
fixed x € T, i. fe A if, x+y is continuous in y for each fixed x. 


to the identity, 


(29.5) 0-1 is stable, if x+y Ë is continuous in x at u, for an everywhere 
dense set of y, and continuous in y for each x. 

(29.6) 0-1(x, T) = T, closed, while 0-1 is an injection in y; and 
(21.16) is true, if, and only if, x+y is continuous in y for each fixed x. 

Thus the hypotheses in section 21 reduce considerably in this 
case. For proofs we need only examine the definitions. 

A set X © Tis a strong 0-base for T, if, for some G € Go, D(X”) = 
= Tw € G). A set XS Tis a D,—G-set, if D(X) 2 G for some 
G € Go, while X is a D— G-set, if it is a D,—G-set for some in- 
teger n. 


THEOREM 29.2. (29.7) If x+y is continuous in x for each fixed y € T, 
then D(G)€ Go, D(G) € Go, for each non-empty G € Z, and 
(29.2) implies (29.1)\ 25.8) If x-y is continuous in x and y separately, 

then D(G) is open and closed, for each G € G. If also G is not empty, 
there is a G1 € Go such that the non-empty G° € G, for each v € Gi. 
If also (29.2) holds, then each non-empty G € @ is a strong 6-base 
for T. 

A set X S T is aD,— G-set, if x-y is continuous in x at u, for each 
fixed y € T, and if one of the following holds: 


(29.9) X contains a non-empty G € G; 


134 


tu, for He i y € T. B` E "A 
am T. 


GROUP AND TOPOLOGICAL STRUCTURES 


(29.10) G\X is nowhere dense in T, for some non-empty G € G; 
(29.11) X is closed, and is either dense in some non-empty G € G, or 
is of the second category. 


Proof. Use Theorems 21.1, 29.1. 


THEOREM 29.3. If x-y is continuous in x, y separately, and if T is 
a p—-G-space then each non-empty G € @ is strongly-p, and each 
p—G-Baire set X is a p-Baire set. If also p is shrinkable, left-trans- 
lation-invariant, and finitely additive, then X is a Di — G-set. 

Proof. Use Theorems 21.2, 29.1. 


THEOREM 29.4. If x+y is continuous in x, y separately, and ifE S T 
contains a Baire set of the second category, then E is a D,— G-set. 

Proof. First, T contains an open set of the second category, so that 
by Ex. 27.4, Tis a Baire space. We now use Theorems 21.4, 29.1. 

When some, and so all, non-empty open sets are of the first cate- 
gory, we need deeper theorems. We use the same notation as in 
section 21, except that by Theorem 24.1 the D(X) are subgroups. 
Thus if X is an «-set, D(X) is called an «-subgroup, while if the sub- 
group T; is not an a-subgroup we call it a B-subgroup. If T = Tı, 
then ‘sub’ is dropped, so that if X is an «-set and D(X) = T, then 
T is an a-group, all other groups T being f-groups. 


THEOREM 29.5. Let x-y be continuous in x for each fixed y. Then 
in order that a subgroup D should be a B-subgroup of T, it is necessary 
and sufficient that D be a B-group, under the relative topology Ga of 
D from G, that is G-dense in a G-neighbourhood of u. 

Proof. We use Theorems 21.6, 29.1. 


THEOREM 29.6. 


(29.12) Let x-y be continuous in x for each fixed y. If X is a B-set, 
and if a sequence {F,} of closed sets is such that F, > D,(X), then 
there is an integer n such that F, is a Di— G-set. 


Let x-y~* be continuous in TXT. Then the following hold: 
(29.13) D(X) S D(X), 
(29.14) if{D,} is a difference sequence, so is {D,}, 
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(29.15) the property of being sequentially closed, is hereditary. 
(29.16) If T is a topological group, Z having a countable base, then 
every set containing a sequentially closed B-set X is a D — G-set. 

Proof. Use Theorems 21.7, 29.1. 

A set X is an «-Baire set, if there is a non-empty G € G such that 
G\X is contained in an a-subgroup of T. An «-Baire set is a p7— G- 
Baire set, where p+ = th(ps), and where ps is the property that a set 
is nowhere dense. 

Ex. 21.5 shows that the union of two a-sets can be a 6-base for T. 
This causes some difficulty, but we can at least have Theorem 29.7. 


THEOREM 29.7. 
(29.17) If T is a commutative group, if x+y is continuous in y, for each 
fixed x, and if X is contained in an a-subgroup, then so is 


XU (x-X) 


(29.18) If in (29.17) no non-empty @-set can be contained in an 


b> subgroup, and if X is an «-Baire set, then X is a D1— G-set. 


wo 


w 


Proof. By Theorem 27.2 (27.16), the continuity of x-y in y for each 
fixed x, implies that the property ps, of being nowhere dense, is 
left-translation-invariant. It is finitely additive, by Theorem 12.1 
(12.2), so that all the conditions of Theorem 24.3 are’ satisfied, 
with O = Go, giving the result. 

As an «subgroup of T is of the first category, (29.18) is included 
in Thorem 29.4, unless all -sets are of the first category. Similarly, 
for some integer n, the F, of Theorem 29.6 (29.12) contains a G- 
set, and so is of the second category if every G-set has this property. 
There is an advance on Theorem 29.4, in that D,(X), and not Di(X), 
is mn z But (29.12; 29.16; 29.18) form a significant advance 
when all G-sets are of the first category, since Theorem 29.4 is then 
void. 

However, Ex. 21.5 shows that we cannot take even finite unions of 
@sets except in special circumstances. It also shows that we cannot 
replace G in Ex. 21.4 by a general D;— G-set, since h Ul isa 
D,—G-set, l is an a-set, and (lL U l)Vi is an e-set contained in b, 
and so cannot be a D: — @-set. Thus it seems unlikely that (29.12; 
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29.16; 29.18) could be combined into one result, so that we look for 
other criteria that give Di — G-sets. 
One criterion can be furnished by the cardinal number, card (X), 
of X S T. As f(y) = x-yisa bijection, 
(29.19) card (x- X) = card (X) 
By cardinal multiplication, and x- yl for fixed y € X, 
card (X) = card (D:(X)) = card (X)° 


Assuming card (X) infinite, the multiplicative axiom shows that the 
two extreme terms are equal, so that 


(29.20) card (D(X)) = card (D(X )) = card (X) 

By addition of cardinal numbers, 

(29.21) max (card (X), card (Y)) = card (X U Y) = card (X ) 
+card (Y) 


Let card (T) > &o. Then the property pio, that card (X) < card (T), 
is shrinkable, left-translation-invariant by (29.19), hereditary by 
(29.20), and finitely additive by (29.21), while py = Pio = A(Pio) 
th(pi0). Thus by (29.20) and Theorem 6.4, 

(29.22) if card(T)>o, card (X) < card (T), 


D(Y) =T, then D(X) # T, card (Y) = card (7) 


a 
maa If T has a topology Z with a countable base, and if card (T) > 


© 


So then Tis a P1o— -G-space, assuming that x-y is continuous in y for 
each x € T, and that Tis a O space. We use an argument similar to 
that of Ex. 27.4. Since T is the union of the countable number of 
sets of the base B, then one set G: at least of B does not lie in 
Pio. There is a sequence (Gy SB of neighbourhoods of u, 
with intersection containing only u, since T is a “Oz-space. We 
can choose a point x in each set G € @, and then by left- 
translation we can move x to u, and so G to G(x), a neigh- 
bourhood of u. Let us now discard from B all G for which G(x) € 
G(x) N GY, where G(x) is the corresponding displacement 
of G1. Then the family Bı of all remaining G€G@ is also a base 
for G, and by the same argument there is a G> € Bi\Pio0, and we 
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can define Be, and so on. By (29.19) we see that a monotone de- 
creasing sequence of neighbourhoods of u, with intersection con- 
taining only u, is not in Dio. Hence every neighbourhood of u, and 
so every non-empty G € £, is not in Dio. 

A strongly-P1o set X is such that, for some G € Go, 


(29.24) card (X N (v-X)) = card (T) w € G) 


Thus card (X) = card (T), but (29.24) implies more than this, and 
depends on the positions of points of X. The situation is easier if 
we take X € G. When the conditions of (29.23) hold, or when (29.1) 
holds with card (T) > Xo so that we can apply (29.22), then T is 
a pio— G-space. Then we can apply Theorem 29.2 (29.8) to show 
that if the non-empty G € Z, there is a G1 € Go such that the non- 
empty G° € G(v € Gi), provided that x-y is continuous in x andy 
separately, i.e. each non-empty G € @ is strongly-Pio. Each pio— G- 
Baire set is now a pio-Baire set, and Theorem 6.3 shows that itisa 
D,—@-set. A pıo— G-Baire set is such that there is a non-empty 
G € G with the property that G\X is contained in the given set, where 
card (X) < card (T). Thus we can put together the foregoing results 
to obtain: 


THEOREM 29.8. Let (T, G) be a group and a topological space, in 
which x+y is continuous in x, y separately. If card (T) > Xo, if a 
set E and a non-empty G € @ are such that card (G\E) < card (T), 
and if either T is a O2-space and @ has a countable base, or each non- 
empty G € Go is a 0-base for T, then E is a Di — G-set. 

We could now proceed to consider outer measure and the prop- 
erty po(6). But after section 21 and Theorems 21.8, 21.9, we need 
only add here that for 0 1(x, y) = x-y, a 6~*-invariant outer meas- 
ure, for which pu(x-X) = u(X), is called a (left-invariant) Haar 
outer measure. In section 49 it will be shown that for certain topo- 
logical groups a Haar measure always exists. 

Historical Notes. Theorem 29.4 and the first result in (29.8) con- 
tain Banach (1932), p. 21, Théoréme 21. Theorem 29.5 is a general- 
ization to groups of Sargent (1953), pp. 440-1, Lemma 2. Also see 
Henstock (1963a). 
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Ex. 29.1. A D,—G-set is a D, — 8-set, for each integer m > n. 

Ex. 29.2. There is a closed set in [0, 1] that is nowhere dense in 
[0,1], and that has measure zero, and yet that is a Di — G@-set, sd 
that neither Theorem 29.4 nor Theorem 21.9 for 6-*(x, y) = x+y, 
nor both together, are sufficient to give all D1— @-sets even for the 
real line. 
(The Cantor ternary set F of Ex. 12.6 is closed and nowhere dense, 
while in its construction, removing the inner thirds of the intervals 


at the nth stage reduces the measure to (2/3)", where n tends to 


infinity. Thus the measure is 0. 76 show that D(F) = [0, 1] we take 
O<k<1. If k € F we take y =k and x = 0 € F. Then y—x = 
k € Di(F). If k € VF we use an argument similar to that of Bary 
(1964), p. 296, considering FXF in the compact space C = [0, 1]x 
[0, 1]. Let F, be the closed set obtained on removing the middle 
thirds of intervals to the nth stage, so that F is the intersection of 
all F,. Let F,, = F,XF,. By considering the open rectangles of 
C\F,m show that the line y = x+k meets Fr, in at least one point, 
and so in a non-empty closed set F,,. Show that for n = 1, 2,...., 
the F,, have a non-empty intersection, and so find x, y € F with 
y—x =k. Thus prove that Di(F) = [— 1, 1]. Also look for an alter- 
native proof based on the expression of k as a ternary decimal 
O-kiks...k,... Is there a rule that gives the nth decimal places of 
x, yin terms of k,,?) 


30. Group-invariant Pseudometric 


A group T can be a pseudometric space with pseudometric o. We 
say that o is group-invariant, if 


(30.1) o(x, y) = o(x-y~*, u) 


where u is the unit of T. Then (x, u) is called the pseudonorm ||x|| 
of x, and the axioms for a pseudometric space, (11.1; 11.2), become 
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the following: 

(30.2) ixl =0 if x=u 

(30.3) xl] = ixt = 0, for all x€ T 
(30.4) lx-yll<Ilxll+Ilyl] forall x, y¢T 


Conversely, if || x|| is given satisfying (30.2; 30.3; 30.4), then 
(30.5) elx, y) = Ilx-y* Il 


is a group-invariant pseudometric for T. 


THEOREM 30.1. If the pseudometric o is group-invariant, then x-y 
is continuous in x for each fixed y. 


Proof. 0(x+¥, x °y) = Ilx- y yix || = lxx ll = OC xo) 
In general, x-y need not be continuous in y for each fixed x, since 
x-yeyo xt, yeyo ll 
need bear no relation to each other. 


THEOREM 30.2. (30.6) If o is a group-invariant pseudometric for a 
commutative group T, then x-y~* is continuous in (x, y). 
(30.7) If in (30.6), o is a metric, T is a topological group. 


Proof. o(x+y71, xayz} = Ilx yt yoxa || = lxx yoy 
= |[x-xo7Il+lly-yo ll = a(x, +00; y) 


giving (30.6). Then (30.7) follows since a metric space is Hausdorf- 
fian. 

In some problems a conventional pseudonorm || x|| is defined that 
satisfies (30.2; 30.3; 30.4), but that can sometimes take the value 
+ co. Then if X is a known set on which ||x|| is finite, we can use 


llx-y t|] = lx+ 


to show that ||x]| is finite at all points of D(X), by Theorem 5.1, so 
that sections 24, 29 are relevant here, giving various conditions for 
which D(X) = T, when we prove that the pseudonorm is finite in 
T. Such a pseudonorm can be constructed as in section 26 from a 
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bimultiplicative non-negative definite functional f, and cases are 
considered in Chapter 9. 

We define a norm to be a pseudonorm ||- || that has ||x|| = 0 
only if x = u. This corresponds to a group-invariant metric. 


THEOREM 30.3. Let T be an additive group with a pseudonorm || - ||, 
under which T is a Baire space, and let the r(x) = ix of section 23 
exist for each x € T, with 


(30.8) $x >*0 as x> 0, 


where 0 is the zero of T. Let X be a space, R* the set of non-negative 
reals, and f: X — R*. If, for each a € A, the function V,:T > X 
satisfies 


(30.9) /(V,G+y)) = f(V,G))+/(V,O0)) (al x, y € T), 

(30.10) for each £ > 0, the set of x where f(V,(x)) = £, is closed, 

(30.11) #here is an integer ko, depending on x, 8 > 0, such that 
sup f( V,Q2-*x))<e (allx € T,al k= ko), 


where 2~*x is the r,(x), then as x > 0, S(Va(x)) > O uniformly for 
aca. 
Proof. By (30.9), for 


N,(2) = ap {f(V,(2-*x)) +f(V,(—27*x))} 


J(V., z—y)) +f(V,(y—>x) = f(V,G))+/f(V,(—x)) + (Va) 
+f(Va(—Y)), N,(x—y) = N, (2 +N, O) > 

Further, given z > 0, by (30.11) there is an integer kı depending on 
x, €, such that 

(30.12) N,(x) = = (all k = ky) 

Thus T is the union for k = 1, 2,..., of sets P,(e) of those x satis- 
fying (30.12), so that since T is of the second category, there is an 
integer k, depending on s, such that P,(e) is dense in some sphere S. 


By Theorem 30.2 (30.6), x—y is continuous in (x, y), so that if 
x > xo then x—xo > 0. Thus using Theorem 23.2 (23.10; 23.11) 
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with (30.8), 
r(x) —r(x0) = r(x—X0) + 0, r(x) > r(x), 4x > #Xo 
pa DKA 


Hence by (30.10), and then by arbitrary intersections, the sets where 
f(V,(2-*x)) = s, sup f(V,(2-*x)) = ë 
aca 


are closed; and we have a similar result with — x for x. Hence if the 
sets involving the two suprema, for x and — x, are F, F*, we have 


P(e) E FM F* < Pe) 
and P,(2e) contains the sphere S. Hence by Theorems 5.1 (5.8) and 
29.2 (29.7), there is a ó > 0 such that if x € T, ||x|| < ó, 
N,(x) = Li(2e) = 4e 


Putting y = 2-*x, then for ||x|| < ó, where k, ó depend on g, but 
not ona € A, 


(30.13) f(Va())+f(Val-y)) < 4e (ac A) 


Now let y be an arbitrary point of T in ||y|| < 6-2—*, Then if x = 
2*y, so that 2-*x = y, we have by (30.4) used repeatedly, 


xl] = N2*yll =< 2* Ilyll< ó, Ixl e ô 
and (30.13) follows when || y|| < 6-2~*. Hence the theorem. 


For example, X could be a group with pseudonorm f, and for 
(30.10) we could assume each V, continuous. 


N dG ow Bumlord ay Wi án 


31. B-groups* 


Sargent (1953), pp. 443-7 has constructed examples of normed vec- 
tor B-spaces, some of which are of the first category, and so are p7— G- 
spaces that are not j4— G-spaces. She uses four axioms, the fourth of 
which can, in her notation, be replaced by the following, in which the 


* This rather technical section may be omitted on a first reading. 
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I„ are intervals. 


(31.1) If x,, € GG), with I, N Inga 8 Single point, and Z, N In+e 
empty, for m = 1, 2,..., and if {s(m)} is a fundamental 
sequence, where s(n) = }, Xm then it is convergent. 

m=1 
‘Sargent’s axiom 4 follows easily from (31.1). Conversely, if Sargent’s 
axiom 4 is true, and if (s(n)) is fundamental, then for a strictly in- 
creasing sequence {m(j)} of positive integers, 
lim sup ||s(&)—s@)|| =0, sup || s(&)—s(m()) || < 27 
k>mU) 


n— e kən 
È lls(mG+ D) =s) = 1 


Since 
m(j+1) 


s(m(j+ 1)) —s(m(j)) € GY), J; = Wapa 


n=m(j)+1 
where J, is another interval and {J;} a sequence of intervals satisfying 
the conditions of Sargent’s axiom 4, then {s(m(j))} is convergent. 
Hence the fundamental {s(n)} is also convergent, and (31.1) is true. 
Thus the way is opened for us to generalize Sargent’s construction. 
The intervals and their division can be replaced by intervals and con- 
tinued bisection, and so by a repeated choice of 0 (for the left half) or 


1 (for theright half). Similarly, divisions of an n-dimensional rectangle 


with sides parallel to the coordinate axes, can be replaced by 2”-section, 
and so by a bisection relative to each coordinate in turn. For a rec- 
tangle with a countable infinity of dimensions and with sides parallel 
to the coordinate axes, suitable bisections can be put in sequence by 
Cantor’s diagonal process. It follows that the use of 0,1 sequences 
covers many cases. 

We can also generalize from a normed vector space to a commuta- 
tive topological group, with a pseudometric such that all spheres are 
open sets. It is likely that the theory may be generalized further, to 
more general 0, but for simplicity I have limited the generality. 

Let T be an additive topological group, with a subgroup T: dense 
in T. Let A be the set of all finite ordered sets d” = (dh, ..., dp) of 
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0’s and 1’s, including the empty set, i.e. let 4 be the set of all finite 
0, 1 sequences. We put 


OP Atha ty waa d, 9) (j = 90, 1) 
If also c” € A, then d” S c™ is to denote that n = m and that 
OF = (dy; uy duy Oruro On) 
Axiom 31.1 If x € T, d” € A, then there is an x(d") € T. 


AXIOM 31.2 If x€ Ty, then x(d e Ti, x(d" —x(e"”) € Ty (dr S c"; 
d", c” eâ). 


AXIOM 31.3. (x+y) (d) = x(d")+y(d"). 

AXIOM 31.4. [x(c™)] (d") = x(c") (d" S cm; d", c™ € A). 
Axiom 31.5. [x(d")] (d"—/)) = 0 (G = 0, 1). 

Axiom 31.6. x(d"0)+x(d" 1) = x(d’). 


Axiom 31.7. Given G € Go, d" € A, there is a Gi € Go such that if 
x €T, c” € A, d” S c™, x(d”) € Gi, then x(c™) € G. 
This corresponds to Sargent’s axiom 2. 


AXIOM 31.8. If xe T, and if {d„} is an arbitrary infinite 0, 1 
sequence, then 
lim —x(d") = 0 


n — oo 


AXIOM 31.9. There is a pseudometric o in T such that, for each e — 0, 


und í each x € T, the sphere S(x, €) € Z. 


If X € T, d” S c™, and d”, c” € A, let X(d"), X(d", c”) be the sets of 
all x € X with x = x(d") and x = x(d")— x(c”), respectively. 


Axiom 31.10. There is a neighbourhood G(x) of each x € T with the 
following property. For each infinite 0, 1 sequence {d,,}, with d(m) de- 
noting d"—1j, each strictly increasing sequence (mix) of integers m for 
which d,, = j, and each fundamental sequence {x,} in G(x), using o, 
that satisfies 


(31.2) Kg 20; Xk Xen € T (d (m; ,_), L, x) 
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for either j = 0 or j = 1, independent of k, the closure of the set of x, 
(k = 1, 2, ...) is semi-compact. 

This corresponds to Sargent’s axiom 4, with the change from spaces 
that are like complete spaces, to spaces that are like locally semi- 
complete spaces. The proliferation of axioms here is necessary to 
ensure that Sargent’s methods carry through. We prove that T isa 
8-group, in easy stages. 


Lemma 31.1. 0(d") = 0, (—x) (d) = —(x(d")), and T(d"), Ti(@”), 
T(d", c”), Ti(d", c") are groups with T,(d") E T(a” S T, Tı(d”, e) 
€ T(d", c") C T, where d" S c” and da", e” € A. 

Proof. By axioms 31.1, 31.3, if x € T then 
o(d, x(d€T, x=x+0, x(a") = x(d")+0@"), 0@") =0 

x(d")+(—x) (g?) = (x—x) a") = 0@") = 0 
Using axiom 31.2, the rest now follow. 

LEMMA 31.2. If X S T, and d”, c” € A, d" S c”, then X(d"y’ S X'(a"), 
X(d", ey C X'(d", e”), so that if X is closed, so are X (d"), X(d", c™). 

Proof. If y € X(d")’, G € Go, there is an x such that 

x = x(d € X(d) S X, xe ytG 


so that y € X’. To show that y = y(d") we first find a G2 € Go such 
that Gə— G> S G, and then let Gs be the G; of axiom 31.7 for G> 
replacing G, for d” empty, and for c” replaced by d”. Then in the 
previous result we can replace G by Gs N Gs, assuming that 


x—y€G N Gz E Gz; x—y(d") = x(d")—y(d”) 
= (x— y) (d") € Ga 
y—y(d") = (x—y(d")) —(x—y) € Gs— Ga S G, 
y = ya") € X'(d”) 
We have used axiom 31.3, Lemma 31.1, being Hausdorffian, and 
G € Go arbitrary. Similarly for X’(@", c™), Then if X is closed. 
x' yx, MY S X'(d®) SA), 
X(d", c") S X'(d", c") S XA", c”), 
and X(d"), X(d*, e”) are closed. 
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LEMMA 31.3. 71(d"), T1(d”, e) are dense in T(d"), T(d", e), respec- 
tively. 

Let y € T(d”), so that y = y(d”). As Ti is dense in T, given G € Go, 
there is an x € T O (y+ G1), where G; is as in axiom 31.7 with d” 
empty and c” replaced by d”. By Lemma 31.1 and axioms 31.2-4, 
31.7, 


x(a") € Ti, x(d") = x(d") (d") € T a(d"), x(d")—y = x(d") —y(a") 
= (x—y) (d) E€ G, x(d"” € y+G 


As GE Go is arbitrary, y € Tı(d")', and the result is proved for 
Tı(d"). Similarly for Tı(d”, e), also using axioms 31.5, 31.6. 


LEMMA 31.4. If {F,} is a difference sequence of closed sets, so are 
{F(a}, (E(ds amy, for d, eA, d'G cen. 
Proof These follow from axioms 31.1, 31.3, and Lemmas 31.1, 31.2. 


LEMMA 31.5. If {F,} is a difference sequence of closed sets, with 
F (d") nowhere dense in T(d”) (k = 1), then F,(d"j) is nowhere dense 
in T(d"j)(k = 1), either for j = 0 or for j = 1, independent of k. 

Proof. By Lemma 31.4, {F,(d")} is monotone increasing in k. If 
the result is false there are an integer k and G; € £, such that if 


x € GA), x; = x(d') € G, then x; EF (dj (j= 0, 1) 

Since the latter set is closed. As x+y is continuous in y for each 
x € T, there are G} € Go with x+G,, G (j =0, 1). By 
axiom 31.7 there is a Ga € £o such that if x(d”) € Gs, then x(d"j) € 
G> N Gs. By axioms 31.3-7, if 


x = xo+xı then x(d*j) = xóə(g"j))+xi(dgd") = x(g'j) = x, 
x(d”) = x(d"0)+x(d"1) = xo+xı =x. If y € x+Gáéd, 
then y=y@"), y—-x€ GQ"), (-x) (T) € Gye, 
ILI) € x+ G, (gj S FAT) S Aa"), y = y(d") = ydo) 
+y(a"1) € FG") + F(a") S Fy (g")— F, (gr) S F, (g). 
Hence F, .(d”) contains x+ G,(d”), a portion of T(d”), contrary to 


hypothesis. Hence the lemma. 
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THEOREM 31.1. If T is an additive topological group, with a subgroup 
T; dense in T, and obeying axioms 31.1 to 31.10, then T is a B-group. 

Proof. If false, then by Theorem 29.6 (29.14), T is the union of a 
difference sequence {F,} of closed sets each of which is nowhere 
densein T. By Lemmas 31.4, 31.5, there is an infinite 0, 1 sequence {dp} 
such that, for each fixed n, {F,(d”)} is a difference sequence of closed 
sets each nowhere dense in T(d"). In axiom 31.10, (m, ,} is an arbi- 
trary strictly increasing sequence. Hence if d,, = 0 for an infinity of 
m, we can assume, without loss of generality, that d,, = 0 for all m. 
(A similar proof holds when d,, = 1 for all but a finite number of m.) 
Then we can simplify the symbols, replacing d”, d,(mo, ,) by n, my, 
so that, for example, we write X(n) for X(d"). 

By Lemma 31.2, Fi(1) is closed, and it is nowhere dense in T(1), so 
that there are yı and G; € G, such that 


yı € T(1), yı € Gi, Gi n F(1) empty, GiS G01) 


the G(y1) being the set of axiom 31.10. By axiom 31.8 there is an 
integer mı with 


—yilmr) € —y1+ G((€ Go), yı—yı(mı) € G1 
By Lemma 31.3, T1(1, mı) is dense in T(1, mı). Hence there is an 
x1€7T10,m)NGi, sothat xı¢ F(1) x F, 
This begins an inductive process. Suppose that 
Xç = 0, X, + ees Xas My = 1, mM, ..-, Mp3 Gy ...,G, 


respectively points of T, positive integers, and sets of £, have been 
defined with the following properties. For j = 1, 2, ...,n. 


(31.3) x, € (%1+G)\F, the sets x;_i+G; 
being monotone decreasing 

(31.4) Xj— X; € Tin; mj) 

(31.5) e x< 1 G< k=m 


(31.6) G; N F,(m,_,)isempty, forsome k =j+1, while 
j KU G-1 
Xj © Fy (j > 1) 
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By (31.5) with k = n, and axiom 31.9, there is a non-empty 
(31.7) GL = (z: 0(z+x,, x) < 1/j A = j= n)) 


n 
= [1 SG; 1) — € Go 

j= 
Since {F} is monotone increasing with union T, there is a k >n+2, 
with x, € F,_,. Since F,(m,) is nowhere dense in T(m,), there is a 
(31.8) Ings € GEN (x,_,—x,+ Gn) O T(m,)VE,(m,) 
for by (31.3; 31.7) 

G! € Go, X,-1— X + G, € Go 


But F,(m,) is closed, and @ is regular, by Theorem 28.1 (28.2), so 
that there is a G,,, € G with 


(31.9) Ynga € Guay E EN (x,_,—x,+ Gn)» 
Gat n F,(m,) empty, Xn + Gra = Xn- + G, 


and (31.6) and the second part of (31.3) are true for j = n+ 1. By 
axiom 31.8 there is an m,,,, such that 
—VngtMng a € Vni t GrevlE Go) Yagi —In410Mn+d € Gna 
Hence by (31.8; 31.9), 
Yat Yny My41) € Gaga N T(m,, Mn DVF,(m,) 
As T.(m,,, m,,1) is dense in T(m,, Mp1), there is an 
(31.10) xpp = X +z with z€T,(m,, Mpy) N Gry Ek) S @ 


so that (31.4) is true for j = n+ 1. Also, by (31.7), (31.5) is true with 
n+1 for n. By (31.10), as (F) is a monotone increasing difference 
sequence, 


HC Peas Aar Xat Fes hence X%y49 $ Fk-1s Mana $ Fig 


and (31.3) follows. Thus we have continued the induction. 
By (31.5), {x;} is a fundamental sequence, which by (31.3) lies in 


xot Gi = Gi S Gyi) 
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Also (31.4) shows that (31.2) is satisfied. Hence we can apply axiom 
31.10 and find a w € T that satisfies 


w € L, ((x,)) S x, +G, W—x, EFM), Xn E Fy-as 
wF, w&F, (somek=n+2) 


The other steps follow from (31.3; 31.6 (j = n+1)). As wisindepen- 
dent of n, it follows that w is not in the union T of the F,,contrary to 
hypothesis. Hence the theorem. 

Ex. 31.1. Let Te be the space of functions 


x(t) = [ rm (a<t<b) 


where 0 < b—a < œ, m(u,v) = v—u, and where the integration is 
the generalized Riemann integration of Chapter 10, which is equi- 
valent to Denjoy integration. As x(t) is continuous we can define a 
norm on T> by 
lx]. = sup |x(¢)| 
a<t<b 
Then Ts is a B-group. 
(Take T = Tı = Ts, and for each closed interval J and each d” write 


E=1U [e010 (0, x50 = | xa, 
E 
x(a"; t) = x([c, c+27-"]; t), 


c = a+(b—a) X 27 d, 
j=l 


Axioms 31.1-6, 31.8-9 are easily proved. For axiom 31.7 show that all 
non-zero x(c"; t) are differences of x(d”; u) relative to u, so that 


rel 


Ilx(c™; I] = sup |x(c";t)|<2- sup |x(@";2)] = 2i|x@"; .)Il 
a<t<b a<t<b ‘ 


Axiom 31.10 follows by Henstock (1963c), p. 113, Theorem 46.1 for 
the ordinary Riemann-complete integral, and a similar result for 
the integrals resulting from Ex. 43.9, 43.11, that include Burkill’s 
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approximate Perron integral and Denjoy’s general integral. The results 
can also be extended to infinite intervals.) Ex. 31.1 includes the first and 
third examples of Sargent (1953), the latter being the space of func- 
tions f that are ACG on [a, b], with the same norm. For every such f 
is approximately derivable almost everywhere in [a, b], and f+ con- 
stant is the general Denjoy integral of the approximate derivative of 
f. (Saks (1937), p. 115, Theorem (5.4), p. 222, Theorems (4.2), (4.3), 
the bottom of p. 223, and p. 241, the definition of the general Denjoy 
integral.) By Tolstov (1939) the general Denjoy integral is equivalent 
to a Perron integral using perfect sets as in Ex. 43.9, and by a stan- 
dard method such a Perron integral can be proved equivalent to 
the generalized Riemann integral of Ex. 43.9. Thus general Denjoy 
theory comes under that of our integral. 


Ex. 31.2 Let Tz be the space of functions f integrable in the Cauchy- 

Lebesgue sense in [a, b], 0 < b—a < oo. In the notation of gener- 
alized Riemann integration, f is integrable relative to m(v, 1) = 
v—u, using Ex. 43.3 with n = 1. Also there is a finite number of 
points xı, ..., x, round which we can fit open intervals as small as 
we please, of union G, and |f] is integrable relative to m on [a, b]/G. 
Then Ts is a -group with the same norm. 
(A limit of a general sequence of members of Ts would involve an in- 
« finity of points over which | f| is not integrable relative to m. To avoid 
this, Sargent takes T = Ts, and T; the subgroup of step functions in 
Ts. Show that T; is dense in Ts, and prove all axioms.) 


Ex. 31.3 With the same norm let Tbe the space of functions f con- 
tinuous on [a, b], with finite derivatives of all orders except at a 
countable set in (a, b). Taking T = Tı = T, show that Ty, is a 


f-group. 
Ex. 31.2, 31.3 are not so important for our purpose. 


Ex. 31.4 Let Tsbe the space of functions f absolutely continuous 
on [a, b] with the same norm. Show that 7; is an «-group, and an 
-subgroup of the space C of all continuous functions on [a, b]. 

The indirect proof of Sargent (1953), pp. 448-9, may be found in 
this book, Theorem 63.4. 
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32. Sum Sets and Averaging Sets 


In sections 24, 29 we dealt with 


A(x, y) = xey, Oio, y) = vey 


Here we deal with two more pairs of functions. Throughout this 
section we use 6,, 67" (j = 1, 2) to denote 

0,(x, y) = xX), Orto, y) = vey}, 

bax, y) = r(x-y), 0; (v, y) E= v. yT! 
where for the latter pair we suppose that the root function r(-) exists 
in T. When Tis an additive group these formulae become 

(x, y) = x+y, O75", y) = v-y, 


0,(x, y) = $(x+y), 0; (0, y) = 2v—y 
A real function N of a real variable x, is convex if 
(32.1) N($(x+y)) = HNO HNO) 


in the domain of definition of N. We can generalize this idea by using 
N: T > R, where R, is the set of all real numbers, together with the 
conventional + co, — co. Then we say that N is convex, if 


(32.2) N(0ə(x, y)) = HNE) +NO)Y 
This immediately implies the inequality 
(32.3) N(92(x, y)) = sup {N(x); NO); 0} 


and (5.6) is a generalization of this inequality, which explains the 
name, 6-L-convex function. 

We use the following descriptive notation. Given XST, a 
sequence {S} of sets of Tis a sum sequence, if 


(32.4) Saya = S,°S, (n=0), So=X 
A sequence {A,} of sets of Tis an averaging sequence, if 
(32.5) An+1 Ə Ay As) (n=0) Ap =X 


These are precisely 6,-sequences (j = 1, 2). The further definitions 
of S,(X), S(X), A,(X), A(X), are as usual. 
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A set X is pinned, and strongly pinned, using 41, if, and only if, 
u € X. (x € O1(x, X), x € x-X, UE X) A set X is pinned, using 02, 
if and only if Xis not empty, since 
= r(x- x) € r(x: X) = 0x, X) (x € X) 
But Xis strongly pinned, using 02, if, and only if, X = T. 


THEOREM 32.1. (32.6) If {Sn} is a sum sequence in T, and if x € Sy» 
then x? € Spyr 
(32.7) If Si(X) is symmetric, i.e. x € S,(X) implies x~* € Si(X), then 
{S,(X)} is a difference sequence, and the results of sections 24, 29 apply. 


(32.8) Every averaging sequence is monotone increasing. 

Proof. (32.6; 32.8) are obvious, while for (32.7), if x, y € Si(X) 
then 
xt, pte SX), xy"? € SAX), (xy! = yx € SAX) 


and the result follows by induction. 


THEOREM 32.2. If T is a commutative group, then 


N 
(32.9) S,(X U («-X)) = y xS (N= 2”) 


N 
(32.10) A(X U (%-X)) = Ur) (Ñ = 2") 
j=0 
Easy proofs follow by induction. 
We could now proceed to specializations of the theorems of Chap- 


ter 2 that involve a property p. But instead we shall be content to. ~ 


consider a theorem involving th(p) analogous to Theorem 24.3, in 
the proof of which we use Theorem 32.2. 


THEOREM 32.3. If T is a commutative group, and if E is a po-Baire 
set, where po = th(p), using 6;, with finitely additive and 0;- 
invariant p, then E € £. (j = 1,2). 

The proof follows that of Theorem 24.3. 


We now suppose that T has a topology G, proceeding as in section 
29. Then the family £o of pinned sets of Gis the family of neighbour- 


152 


wpa 


GROUP AND TOPOLOGICAL STRUCTURES 


hoods of u, when we use 63, and is £, less the empty set, when we 
use 03. Thus in the second case the conditions that correspond to 
(29.1; 29.2) are the same. 


THEOREM 32.4 (32.11) If 671 is continuous in x to the identity 
then each non-empty G € G contains a point y and also yo. 


(32.12) 651 is continuous in x to the identity, if, and only if, in each 
non-empty G € G there is a point y for which r(G-y) contains an inte- 
rior point. In particular, 051 is continuous in x to the identity if 
x+y is continuous in (x, y). 

(32.13) 6; is open in y, for each fixed x, if, and only if, yo! and x-y 
are continuous in y for each fixed x (j = 1, 2). 

(32.14) 0; 1 is stable, if x-y~* is continuous in (x, y). 

(32.15) 6; (x, T) = T, closed; 0; * is an injection in y; while for (21.16) 
we use (32.13) (j = 1, 2). 


Proof. If 6,1 is continuous in x to the identity, and if the non- 

empty G € G, then there are a y € Ganda G1 € Go, such that 
ONG, CG, Gy lC G, yl =u." e€ Gey! 

since the sets of £o here are the neighbourhoods of u. Hence the re- 
sult, (32.11). It shows that either 07* is not continuous in x to the 
identity, or the topology is specialized. For (32.12), 63 1 is contin- 
uous in x to the identity, if, and only if, given a non-empty G € @. 
thereareay € G and a non-empty Gi € @, such that 0; (Gi, y) SG. 
Hence Gi © r(G-y), and the first result. For the second, if 
x+y is continuous in (x, y), then G-y is a neighbourhood of y?. Thus 
there is a neighbourhood G> of y for which 


GE G,-G, E Gy, G,“ (Gy) 
giving the second result. Note that X? is the set of x? for x € X, 


whereas X. X is the set of x-y for x, y € X. For (32.13), 0;* is open 
in y, for each fixed x, if, and only if 


o, G) EG, xG EG (€T, GEG, j=l, 2) 
In particular, taking x = u, and since y = x 1implies x = y 1, we 


have the continuity of y 1 by Theorem 9.1 (9.1), and similarly, tak- 
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ing arbitrary x € T we have the continuity of x/-y in y. The con- 
verse now follows easily. From (32.12; 32.13), 65+ is stable if x-y 
is continuous in (x, y) and y 1is continuous in y, which is equivalent 
to the continuity of x-y ~1 in (x, y), giving (32.14). (32.15) is trivial. 
Thus again the hypotheses in section 21 can be simplified. 
A set X S Tis a strong 01-base for T, if, for some neighbourhood 


G of u, 
S(X°) = (X N Ov, X) =T Wes) 


A set X S Tis a strong 0s-base for T, if, for some non-empty G € @, 
A(X9 = A(X N 03w, X) =T WE G) 


Note that of course the set X? changes since its definition uses the 
particular 07+ in question. 

Aset X € Tisan S;—G-set, if Si(X) = G for some neighbourhood 
G of u. A set X € T is an Ai1—G-set, if Ax(X) = G for some non- 
empty G € G. The S—G-sets and A—G-sets follow as usual. 


THEOREM 32.5 (32.16) If x? -y is continuous in x for each y € T, then 
for each non-empty G € G, 


G=1) SIGE Go, SQEG G=) AGEG AG(G)€ Z 


(32.17) If y~! and x-y are continuous in y for each fixed x, and if x-y is 
continuous in x for each fixed y, then to each G € G that contains a 
point w, and w 1, there is a neighbourhood G1 of u, such that (using 
071) G° € G is non-empty for eachv € Gi. 
(32.18) If x-y 1 is continuous in (x, y), and if G € @ is not empty, 
there is a non-empty Gs € G such that (using 0; 1) @ € G is non- 
empty for each v € Ge 

X is an Si — @-set, if one of the following holds: 
(32.19) X contains w—1 and a neighbourhood of w, with x-w continu- 
ous in x; 
(32.20) x+y and x~* are continuous in x for each fixed y, with G\X 
nowhere dense in T, for some non-empty symmetric G € G, 


(32.21) x+y and x7} are continuous in x for each fixed y, and X is clos- 
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ed, and either dense in some non-empty symmetric G € G, or is of the 


second category. 
X is an A1—G-set, if either of the following holds: 


(32.22) G\X is nowhere dense in T, for some non-empty G € G, 


(32.23) X is closed, and is either dense in some non-empty G € G, or 
is of the second category. 


Proof. For (32.20), GN X contains a non-empty Gs € Z, and by 
continuity of x, G; 1 € @. By symmetry of G, Gy 1 C G, and since 
G\X is nowhere dense, there is a non-empty G4 € Z with GaS Gy try x, 
Taking w € G and using (32.19) we have the result. Similarly for 
(32.21). For proofs of any remaining non-trivial results, use proofs 
similar to those for Theorem 21.1, with Theorem 32.4 where neces- 
sary. By use of this theorem we can often find 6,-bases and strong 
6,-bases for T. 


THEOREM 32.6. (32.24) If y~! and x-y are continuous in y for each 
fixed x, and x+y continuous in x for each fixed y, and if T is ap—G- 
space, then each G € G that contains a point w, and w 4, is strongly-p, 
using 0,1, and each p—G-Baire set, relative to such a G, is a p-Baire 
set. If also p is shrinkable, 0,*-invariant, and finitely additive, each 
p—G-Baire set, relative to sucha G, is an Sí — G-set. 


(32.25) If x-y~* is continuous in (x, y), and if T is a p —.G-space, then 
each non-empty G € @ is strongly-p, using 0; 1, and each p—G-Baire 
set is a p-Baire set. If also p is shrinkable, 0;*-invariant, and finitely 
additive, each p—-G-Baire set is an A, —G-set. 


Proof. Use Theorems 21.2, 32.5, or similar proofs. 


THEOREM 32.7. (32.26) If y~* and x+y are continuous in y for each 
fixed x, and x-y continuous in x for each fixed y, and if a set E contains 
Baire set E, that has two points w, w~* of the second category (i.e. 
(w, w—1 € II(E1)) then SE) 2 G for some neighbourhood G of u. 


(32.27) If x-y 1 is continuous in (x, y), and if a set E contains a Baire 
set of the second category, then A,(E) Ə Gi for some non-empty 


G, € G. 
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Proof. In either case, Ex. 27.4 shows that T is a Baire space. For 
(32.27) we use Theorems 21.4, 32.4. For (32.26) we cannot use Theo- 
rem 21.4 since 0r! is not normally stable. However, we are given 
extra properties to ensure that the G connected with the Baire set 
satisfies the condition in (32.24), and we can finish the proof using 
Theorem 32.4. 

When every G-set is of the first category, we could proceed as in 
sections 21, 29, modifying the definitions to suit the 6,. The following 
theorem should cause no difficulty. 


THEOREM 32.8. (32.28) Let x+y and x—1 be continuous in x for each 
fixed y, and let X be a symmetric B-set, using sum sequences. If a se- 
quence {F,} of closed sets is such that F, 2 S (X), then there is an 
integer n such that F, is an Sí — G-set. 


(32.29) If T is a topological group, and if G has a countable base, then 
every set containing a sequentially closed symmetric B-set, using sum 
sequences, is an Š — G-set. 


(32.30) If X is a B-set, using averaging sequences, and if a sequence 
{Fn} of closed sets is such that F, > A,(X), then for some n, F, contains 
a non-empty G-set. 


(32.31) If Z is Hausdorffian, with a countable base, and if r(x+y) is 
continuous in (x, y), then every set containing a sequentially closed 
8-set, using averaging sequences, is an A— G-set. 

As at the ends of sections 21, 29, we could consider the effect of a 
Haar outer measure u on questions concerning the thickness of 
sets. To ensure that u, having the property that u(x-X) = u(X), is 
also 6; t-invariant, forj = 1, 2, we need only assume that 


(32.32) WX") = u(x) 


The strong result is found by considering the property po(6), as 
usual. We require a set X to be s#rongly-p (ó) relative to itself, i.e. 
there is a G(ó) € Go such that 


(32.33) w(X") = u(X N 071w, X)) = b-u(X) (€ G()) 
(0 < ô< 1) 
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For 671, Go is the family of neighbourhoods of u, while for 05+, Go 
is the family of all non-empty G-sets. 


THEOREM 32.9. Let u be a Haar outer measure on T that satisfies 
(32.32). If a set E is such that for some n in0 < 4 < + we can find 
a strongly-p (27) set X relative to itself, using OFF: with u (X\E) < 
U(X), then E is an S;—G-set (j = 1), or an A,— G-set (j = 2). 

For proof see Theorem 21.9. 

We can now examine the theory of Mehdi (1964), turning again to 
the inequality (32.2) that defines a convex function N on T. Since 
(32.2) is a special case of (32.3), and so of (5.6), we see at once that 
if N is bounded above on a set E then N is a bounded above on A(E), 
while (32.2) shows by induction that the upper bound. for A(Z) can 
be the same as for E. We look for criteria on E to ensure that A(E) 
contains a G € Go, i.e. a non-empty G € G, and to this end we need 
only examine the theorems of this section. It is worth while to collect 
together the results in the form of another theorem. 


THEOREM 32.10 (32.34) Let N be a real-valued convex function in the 
space T that is bounded above ona set E by anumber r.Then N is bound- 
ed above by r in Ax(E). Also, if T is a topological group, and if E con- 
tains a Baire set of the second category, then A,(E) contains a non- 
empty G € G. 

(32.35) Let T be a topological group containing a second category set. 
If N is a real-valued convex function that is finite on a non-empty open 
set H, and if 

P(A) ={x:x€H, Nx) = 2) 


is a Baire set for a sequence {A,} of values of À tending to infinity 
(e.g. N is a convex real-valued Baire function) then there is some P(A) 
that contains a non-empty G € G. 


(32.36) Let T be the space R" of vectors with n real components, and let 
h be the volume rectangle function in R” (i.e. h is the product of the 
lengths of the n edges of a rectangle that meet at a vertex). If the set E 
contains an h-measurable set E, with positive h-measure, or, in the 
language of section 44, with positive V(h; of; R"; Ey), for an ct accord- 
ing to Ex. 43.3 then A,(E) contains a non-empty rectangle. 
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(32.37) Let T be an additive topological group for which $x exists and 
is unique, for every x € T. If N is a convex function bounded above in a 
non-empty G € G, then N is continuous in G. 

Theorem 32.7 (32.27) contains (32.34), which contains the first 
parts of Mehdi (1964), p. 323, Theorem 3, and p. 325, Theorem 4, 
while (32.35) contains Mehdi (1964), p. 326, Theorem 6, and (32.36) 
contains the first parts of results of Ostrowski (1929), Kestelman 
(1947), Kurepa (1956), quoted in Mehdi (1964), Theorem A, p. 321. 
(32.37) covers enough of the second parts for them to be easily com- 
pleted for vector spaces, and in this sense includes Mehdi (1964), 
p. 324, Lemma 2. 


Proof. T is a Baire space in (32.35), by Ex. 27.4, so that H is of the 
second category. It is the union of the P(A,), since 2, > œ, so that 
there is an integer z for which P(A,) is a Baire set of the second cate- 
gory. By (32.34) A1(P(A,)) contains the non-empty G € @, and as in 
Theorem 5.1, 

Ax(PQ,)) S P(A, +4,)) = PQ) 
giving the result. 

For (32.36), V(h; o£; R”; X) isthe Haar outer measure in this case, 
the group using vector addition, and (32.32) is satisfied. Each non- 
empty rectangle X with sides parallel to the axes, is strongly-p9(6) 
relative to itself, for each 6 in 0 < ó < 1. For if v, with components 


v, lies in the cube |v,| < e (1 = j = n), then ‘Aa A 


> I (7; — =) 
j=1 


where r; is the length of the edges of X parallel to the jth axis. Fur- 
ther, almost all points of E, are points of metric density, i.e. for 
x€ X, r, > 0(1=;=mn) 

WE, N X)/u(X) = V(h; ob; R"; E1 N X)/V(h; A; R"; X) + 1 
A proof for n = 1 is given in Henstock (1963c), p. 80, Theorem 
35.3, with p. 65, Theorem 32.1 (32.3). The proof for general n follows 
in a similar way on replacing the latter theorem involving a result 
like Sierpinski’s lemma, by one corresponding to Vitali’s theorem, 
for the generalized Riemann integrals involved. Corresponding 
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remarks can be given when z is defined as a Lebesgue outer measure. 
Thus with the given 051, Theorem 32.9 gives (32.36). 

. In each case we have reduced the problem to that of (32.37). We 
show that 


(32.38) N(tx+(1—dy) <tM(X)+(1-) NO) (0 < z = q-2—* < 1) 


where q is an odd integer, s a positive integer. Suppose true for all # 
with 0 < s < u. Thenif0 < q < 2“—1, 


N(q:2-"-x+(1—g:2-y) = (Ha 2" -x+ (1—g-2*)y} +y) 
= +N(q:21-z.x+(1 —q:212)y)++N(y) = gN) 
+(—q-21-% My) ++NO) 

Jf2#-1 < q < 2# we deal similarly with 
N(šx++((a.2!-"— Dx+@—q-2ty)) 
so that by induction we prove (32.38). 
For fixed y, n, we now consider the function /(z) = x, where 
z=2 ".x+(1—2 y, KZ) = 2'"z—(2"—1)y 
Then f is continuous since T is an additive topological group. Let 
N = M in the non-empty G € G, let y € G, let e > 0, and let n be a 
positive integer such that M-27” < e. Then there is a neighbour- 
hood G1 of y, depending on n and so one, with f(Gi) S G. By (32.38) 
fott = 27r 
(32.39) N(z)<27"N(x)+(1-2-9) N) = NO)+M-2™ 
<NQ)+e (z€ Gy) 
As T is an additive topological group, there is a neighbourhood 
Gs of y such that if 
x = y+(x—y) € Ge, then 2y—x = y—(x—)y) € G1 
NO) = N(4x+4Qy—x)) = INCA HANY — x) < +N(X) +N) 
+ $e, |NO) — N(2)| <e (x€ GN Gə) 
Clearly G: N G> depends on y, ¢ alone, and we have proved the con- 


tinuity of N in each open set in which Nis bounded above. 
To complete the proof of Mehdi’s lemma for topological vector 
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spaces one need only translate G suitably, the snag in our theory being 
that various points need not be definable, various functions need not 
be continuous, unless we allow multiplication by rational scalars, 
that are not g-2~*. 

Ex. 32.1 If A, B are of positive measure and are measurable on 
the real line, show that A + B contains an interval. 
(If a, b are points of metric density of A, B, respectively, then 
Ay, = A N (B+a—b) is of positive measure, and so apply (32.36) 
using (4+ B) 2 ${41+(41+b-a)}.) 
Other results can be found in Henstock and Macbeath (1953). 


33. Bounded Sets and Continuity, with the Hahn-Banach Theorem 
for Normed Groups 


If T is a group and X T, let N = 2” and 

X® = (xN: x€ X) 
We can say that a set Bina group T with a topology G, is bounded, 
if, given a neighbourhood G of the unit u of T, the family of these 


neighbourhoods being denoted by Go, there is a positive integer m 
for which 


(33.1) BCG (=m) 

We suppose that T has the root function r(x), and we say that 
X T is starlike, if r(x) € X for all x € X. Then 
(33.2) x< x9 c x@ c ... 


We can say that @ is a starlike topology, if the starlike sets of Go 
form a local base for @ at u. 


THEOREM 33.1 (33.3) Let G be a starlike topology. Then every point 
in T forms a bounded set, if, and only if, for each G€ Go, T is the 
union of G™ (for n = 1,2, ...). 


(33.4) Let G be a starlike topology. If every point in T forms a bounded 
set, and if r(x) is continuous, then every compact set is bounded. 
The second result can be compared with Weston (1957b), p. 4. 
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Proof. For (33.3), if T is the union of the G®, for each G € Go, 
then wecan take G starlike since Gis a starlike topology. If x € T, then 
there is an m for which x € G™, and then by (33.2), x € G® (a = m), 
and x forms a bounded set. The converse is obvious. For (33.4), 
f(x) = x2 is open, so that each G™ is open, for each G € Go. Given 
x € T, there is an m for which x € G™ (n = m). Then a finite number 
of the G™ cover the compact set, so that as we can take G to be 
starlike, we can take the greatest, say q, of the finite number of m, 
and the compact set lies in G, and so in G™, for all n = q. 


THEOREM 33.2. Let T, U be groups with topologies, let f: T > U 
be a multiplicative function that is continuous at u € T, and let B < T 
be bounded. Then f(B) is bounded. 

Proof. Let u, ui be the units in T, U. Then since fis multiplicative, 


SMSO) =fuw =f, JG) = u 


Then by continuity, if H is a neighbourhood of za, there is a neigh- 
bourhood G of u with (G) S H. There is a positive integer m for 
which B S G® (n= m), so that by multiplicativity, the result fol- 
lows from 

fB) S f(G™) =OP SH — (n = m) 


A function f: T' — U is said to be bounded, if it sends bounded 
sets into bounded sets. Thus a continuous multiplicative function 
is bounded. The converse is true under stronger conditions. 


THEOREM 33.3. Let (T, @), (U, Z) be groups with topologies, and 
with root functions, such that in each topology the neighbourhoods of 
the unit have a countable base of starlike sets. Let x+y be continuous 
in TXT, each single point of T forming a bounded set there. Then each 
bounded multiplicative function f: T — U is continuous. 

Proof. As x+y is continuous in TXT, if G € Go, there is a Gi € Go 
with Gi-G; © G. We can assume that G, Gi are two of the starlike 
sets that form the countable base for (o, so that by induction 
we can assume that the countable base of starlike sets in T is a 
sequence {G,} that satisfies 


(33.5) G) C GrG SG @=1,2,...) 
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It follows from (33.2) that also 


(33.6) Gi2 G2 2 Gs 2 ... 
Let x; > u, x; # u, as j > ©, and put 
(33.7) KC) = 2"(x; € G,,AGy,,2) 


Clearly we can assume that x; € G> (all j). Then from (33.5; 33.6; 
33.7), 
KO EGE G, SC G, (alln=m) 
and, given a neighbourhood G of u, there are an m, and then a J 
depending on m, such that 
xe GS G (allj> J) 
As G,, is starlike, it satisfies (33.2). As each point of T is a bounded 
set, there is an integer K = 1 with 
xD EG) (n= K) 
forj =1,2,..., J, and so for all j, and {xf} is a bounded set. 
By multiplicativity, and since bounded sets are sent into bounded 
sets, there is a bounded set C € U with 


FEY =f” EC (j=1,2,...) 
Given a starlike neighbourhood H of u, then from this there is an 
integer m, independent of j, such that 
fee CS H™ (lj) 
Using the root function m times in U, and since H is starlike, 
AY e H, fx) eH (allj with k(j) = 2”) 
where /(j) is a power of 2, and thus f(x;) converges to 14, since star- 
like H form a base for the neighbourhoods of za. 

We have proved that a sequence in T and tending to u, is trans- 
formed into a sequence in U and tending to u1. By the multiplicativity 
and Theorems 9.1, 15.1 (15.7), we have the result. 

It is sometimes useful to have the following corollary. 

(33.8) A multiplicative function f : T > U that sends sequences con- 


verging to zero into bounded sets, is continuous if T, U satisfy the 
hypotheses of Theorem 33.3. 
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One of the most useful tools in the study of the boundedness 
and continuity of multiplicative functions is that of the norm of a 
function. We first need a norm ||-||, on the group T (p.141). It is 
homogeneous for positive integers, if for each positive integer n, 
and for each x € T, 


(33.9) x" ilr = nllxilz- 


We also need a norm ||- ||ç on the group U, with the same property. 
Then the norm, norm (f), of a function f: T > U, is defined by 
norm(f)= sup Il/@)llo/llxllr 

liz ||z<1, x=u 
THEOREM 33.4. (33.10) Let the norms on the groups T, U be homo- 
geneous for positive integers, and let f: T > U be a multiplicative 
function. 


(33.11) Tn (33.10), if T' has the root function and f is bounded, then 
norm (f) is finite. 
(33.12) In (83.10), if || fœ) Ily is Lower semi-continuous on T, a p-group, 


then f is bounded. 
(33.13) If T, U are normed with norms || - || ll: lly, respectively, and 
if f: T — U is multiplicative, and is such that norm (f) =< œ, then 
norm (f) is unchanged if we replace T by a subset T; dense in T. 
Proof. In (33.11), if x € S(u; 1), the sphere in T with centre u 
and radius 1, then by homogeneity, r,(x) € S(u; 27”). Hence if G 
is a neighbourhood of u, there is an integer n such that, by homo- 
geneity again, 


Su; 2229 S G, Su; D S SU2°-9™S 6M (all m= m) 


Hence S(u; 1) isa bounded set. As f is a bounded operator, f(S(u; 1)) 
is a bounded set, and so is contained in S™, for some integer m, 
where S is the sphere in U with centre ui and radius 1, so that S 
is an open set in U. This implies that ||f(x)[lyis bounded for 
x € S (u; 1). Also, given any number A = norm (f), this being finite 
or infinite, there is a y € S (u; 1), y ¥ u, with 


WOM o/livlir = A; MODIA = IO llr 
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by homogeneity of both norms. Hence by repeated application we 
can assume that 

= =llyll> < 1 
Hence it follows that 


(33.14) norm = sup l|ll/@)llo/llxll; 
#<llxllz<1 


=2-sup ||/@)llo < © 
Il*llz<1 


(33.15) I Ilo = llxllr norm (f) 


i.e. fis continuous since it is multiplicative. 
For (33.12), let Xy be the set of all x € T with ||f(x)|ly = 2”. 
Then {Xy} is a difference sequence with union T, for 


IED = OFO le = IAC) lo + FO) ly = 294 
(x, y € Xy) 


Since T is a B-group, Xj, is dense in a sphere S, S T for some 
integer M; while Xj, is closed by the lower semi-continuity of 
If) lly. Hence since f is multiplicative, there is a sphere S with 
centre u, such that || f(x) ||y<2™*+ in S2. Since the norms are homo- 
geneous for positive integers, and by multiplicativity of f, there is 
an Mı > 0 such that || f(x) lly = Mi in S(u; 1). (33.14) then follows 
by homogeneity of the norms for positive integers, and f is bounded, 
by (33.15). 

For (33.13) we see that (33.15) gives the continuity of f. Note that 
if fis given as continuous, ` we we can drop t the > requirement that > 
LO) < co. Designing the proof to fit in with this, let M = norm 
Then in T there is an x Z u with 


Illy > Mixlr + <I Ixllp< 1 


Since T; is dense in T, and since f is continuous, then given € > 0, 
there is a y € Tı with 


lly.x "p< e, OFO < e 
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so that if N(f) denotes the norm for f, using Ti, 
NA SIO la/le > Ulu Axr 2) 
> (MIlxllr— 8) /lxllr+ 8) 
Being true for all e > 0, we have 
N(f)> M, N(f)=norm(f) 


This is sufficient if the last is infinite, while if it is finite, the opposite 
inequality comes from (33.15). 


THEOREM 33.5. Let T be an additive group with the operation 
x — ix, and with a norm homogeneous for positive integers. Let f be a 
real bounded additive functional defined on D(X) = T. Then there is 
a real continuous additive functional h defined on T, with h(x) = f(x) 
(x € D(X)), and with norm (h) = norm (f). 

Proof. From Theorem 33.4 (33.11), norm (f) is finite, for the space 
D(X). Thus we can put g(x) = norm (f)-||x||,in Theorem 25.1. Then 


g(x+y) = norm (f): [lx+ Ilr = norm (f) (II xllr+ 1y lly) 


and g is subadditive. Also g is homogeneous for positive integers 
since ||- ||; is. Hence from Theorem 25.1 there is a real additive 
functional h on T, with h(x) = f(x) (x € D(X)), and with h(x) = g(x) 
on all T. Replacing x by —x, we have 


A(x) = —h(—x) = —g(—x) = —norm (f) |l] —x|l; 
= =nom (f): |lixllr | A@)| = norm (f); || lz 
and h is continuous everywhere in T, with 
norm (/) = norm (f) 
The opposite inequality is true since f = h on D(X). 


THEOREM 33.6. Let T be an additive group with the operation x > ix, 
and with a norm homogeneous for positive integers. Let D(X) c T, 
and let x € T have 


(33.16) inf {m-*||y—mx||p: y € D(X), m = 1, 2, ...} = d > 0. 


Then there is a real continuous additive functional h defined on T, 
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with 
h(x) =1, norm (h) = 1/d, hly) =0(y € D(X)) 

Proof. We put Z = D(X U sing (x)). Since x ¢ D(X) from (33.16), 
each z € Z has a unique representation z = y+mx, for y € D(X) 
and m an integer. Hence we can define f(z) = m, a real additive 
functional on Z, with f(x) = 1, and f(y) = 0 (y € D(X)). By Theorem 
33.5, to complete the proof we need only show that norm (f) = 1/d. 

If m # 0, since y, —y € D(X), 


llz]|z = lly+mx]|, = || —y—mx||p = |m|d = | f@I4, 
|/G)] = llzl|;+/d, norm (f) = I /d. 
Now given e > 0, let m, y be such that 
|ly—mx||; < md+e, m > 0. Then m = f(mx—y) 
= norm (f)llmx—yll; < norm (f) (md+ 6), 
norm (f) > m/(md+e), norm(f) = 1/d 


THEOREM 33.7. Let T be a group with a topology G, let X CT, 
y € GD(X), and let f: T + R be real, multiplicative, and continuous. 
If f = 0 on X then f(y) = 0. On the other hand let T be an additive 
group that has the operation x > x/m of division by positive integers 
m, and with a norm homogeneous for positive integers. If X < T 
and y €T are such that X/m S X S D(X), and for all real, contin- 
uous, and additive f: T + R that are zero on X, we have f(y) = 0, 
then y € GD(X), where G is the norm topology. 

Proof. The first part follows from Theorem 9.1 (9.2), since f(D(X)) 
= sing (0). For the second, if y ¢ @D(X), then by Theorem 11.5 
(11.10), 

inf {||y—x||-: x € D(X)) =d>0 


Since |] - ||, is homogeneous for positive integers, and since division 
by m > 0 is allowable, with X/m S X, then D(X)/m © D(X), and 


d = inf {|| x/m—y llr : x € D(X)} = inf {m~*||x—my|lp: x € DX} 


so that (33.16) is satisfied. Hence by Theorem 33.6 we have the result. 
Historical Notes: Sargent (1953), p. 443, Theorem 4, gives (33.12) 
when 7, U are normed vector spaces. Theorem 33.5 is the topological 
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half of the Hahn-Banach Theorem, and is due to Hahn (1927), p. 
216, Banach (1929a, b), pp. 212, 226, for normed linear spaces. 
Banach.(1932) pp. 57-8, 8 3, Lemme, gives a special case of Theorem 
33.6,(Theorem 33.7. 

This is in Banach (1932), p. 58, Théorème 6, for linear normed 
spaces. We could generalize the definitions given below Théorème 6 


in the followi : ae hones 
(A set De awe Fait a topology Gi fundamental, if D(X) 
is dense in T. X is total, if every continuous multiplicative functional 
defined on the whole of T, that is zero on X, is also zero, everywhere 
in T. We could if necessary rewrite the-above Theorem (using this 
notation. 

Ex. 33.1. Let I be the space of integral (entire) functions 


a = a(z2) = ¥ az", 
n=0 
convergent for all complex z, in which we define a group norm 
lal] = sup (laol, aD (= 1) 
With this, show that T'is a complete linear metric space, convergence 
in T” being uniform convergence in any finite circle. Iyer (1948, 1950) 


shows that no group norm can be linear, and so possibly it cannot 
be homogeneous for positive integers, but, nevertheless Iyer proves 


Theorem 33.5 for I. 


34. Sequences of Bounded Multiplicative Functions 


Much of the theory in the previous parts of the book had its origin 
in the necessity of unifying proofs from theories of summability 
and convergence factors. The original Hahn—Banach-Steinhaus 
theorem dealt with sequences of continuous linear functions f,:T— U, 
where the T and U are complete normed vector spaces (i.e. Banach 
spaces), and was discovered independently by Hahn (1922), Theo- 
rem 1, and Banach (1922), p. 157. The proof was simplified by Saks 
and extended in Banach and Steinhaus (1927), pp. 53-4. Since then 
many generalizations have been given, and one generalization, 
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Theorem 5.1, has formed the core of this book. Sargent (1953), 
p. 441, Theorem 1, supposes that T, U are normed vector spaces 
with T a B-space, and this is included in Theorem 34.1. 


THEOREM 34.1. Let {f,} be a sequence of bounded multiplicative 
operators from a normed group T with the root operation, to a normed 
group U, both norms being homogeneous for positive integers, and let 


(34.1) lim sup Ally < © (x€T) 


n—> oœ 


If T is a Baire space, or a B-group, then 


(34.2) norm (f,) < co (MSA, 2, ius) 
(34.3) lim sup norm (f) < co 


Proof. By Theorem 33.4 (33.11; 33.15), each norm (f is finite 
and f, is continuous. We could have replaced boundedness by conti- 
nuity and used (33.12). Also, by (34.1), for each x € T the sequence 
{f,(x)} is bounded in U. Then if Xy is the set of x € T where 


(34.4) -UFG)e=2" @=1, 2,...)) T 


l 
C 
a 


Since each f, is continuous, the set where || f(x) || <2, is closed 
for each n, and the intersection Xy of closed sets is closed. 
(34.5) {Xy} is a difference sequence. 

For if x, y € Xy then 


WAY Vo = AO AO llo = AOF lo = 2, 
Di(Xy) = Xn41 
Hence from (34.4) alone, if T is a Baire space, or from (34.4; 34.5), 
if T is a B-group, there is an integer M for which X is dense in some 


sphere S(x; £) of T. Since Xy, is closed, S(x; g) S Xm. The rest of 
the proof depends on the geometry, and can be followed through in 
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detail as follows. 
If 27 ==, ye Su; 2-5, then ||x-(y-!-x)-4][, 

= |lyllr < s, yo*+x € S(x; e) 

HAO lly 2, AOs 2, 
IAM Ilo = FC) ATED lo = 2444, 
norm (fa) = sup (I| f,0)lly/Il* llr: 0 < [lxllp< 1} 

= sup {AO llu/Ily lp: 277? = ||yll; 

< 274} =< 2M+1.27+1 
independent of n = 1, 2,..., by homogeneity of the norms for 


positive integers. Hence (34.3). Clearly we can replace the integer 
variable z by a continuous variable s. 


THEOREM 34.2. For each s = 0 let f(s; x) be a multiplicative func- 
tion from a normed group T to a normed group U, both norms being 
homogeneous for positive integers; in T let x+ y be continuous in y, 
and let 


(34.6) lim sup || f(s; lly < © (x € T) 


If T is a Baire space, and || f(s; x)||y a Baire function, then 
(34.7) lim sup norm (f(s; .)) < 0 
‘ $ — co 
We have omitted the boundedness of the functions and changed 


nto s. 
Proof. From (34.6) there is an so(x) < co such that 


IAE; x) Ilo < co (s = sy(x)) 
We have first to prove so(x) bounded. Let Yy be the set where s (x) 
= N. Then s,(x) = N in D,(Yy), and so in D(Yy), i.e. Yy is a subgroup 


. of T. Further, || f(s; x)||y is a Baire function for each fixed s, so that 


Yy is a Borel set, and so a Baire set by Theorem 18.5. As T'is a Baire 
space, and is the union of the Yy, there is a Yu Of the second cate- 
gory in T. By Theorem 29.4, and the continuity in x of x-y from Theo- 
rem 30.1, D(Ym) = Yy contains a sphere with centre u. By homo- 
geneity of norms in T, U, so(x) = Min T. We can now use the proof 
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of Theorem 34.1, but with Xy a Baire set, not necessarily closed, and 
the result follows. 


THEOREM 34.3. Let {f,} be a sequence of bounded multiplicative 
functions from a normed group T with the root function, to a normed 
group U, both norms being homogeneous for positive integers, and let 
T be a Baire space or a B-group. If X is the set of all elements x of T 
with 
(34.8) lim sup IIZ,@) lu < © 


then either X = T, or X is ana-subgroup of T. 

This was proved by Sargent (1953), Theorem 2, for linear con- 
tinuous £, in normed vector spaces T, U, and is an extension of 
Banach (1932), p. 80, Théoréme 4, and due to Banach and Steinhaus. 

Proof, Clearly X isasubgroup of T. If a B-subgroup, then by Theo- 
rem 30.1, x+y is continuous in x for each y € T, so that by Theorem 
21.6, X is a B-group dense in T. By Theorem 34.1, there is an M 
independent of n, with 


WO = M lx]; EX) 
Since Xis dense in T, and f, continuous, by Theorem 33.4 (33.13) (or 
clearly) 

AO Ily = M lx]; Œ € T) 
and X = T. Hence if X # T, then X is an a-subgroup of T, and in 
particular, is of the first category in T. 

THEOREM 34.4. Let f and f(s;.) (s = 0) be bounded multiplicative 

functions from a normed group T to a normed group U, both norms 


being homogeneous for positive integers, and let T' have the root func- 
tion and be a Baire space or a B-group. In order that 


(84.9) lim sup ||/G; DSA lu =9 G@ € T) 


¿t is necessary and sufficient that 
(34.10) norm (f(s;.)) < œ (each s = 0) 
(34.11) lim sup norm (f(s; .)) =< © 


$ — co 


and that (34.9) should hold in a fundamental subset of T. 
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Hahn (1922), Theorems 1, 3, 4, gave the case with n for s, Ta 
Banach space, and U the space of reals. The version with T, U Banach 
spaces was in Banach and Steinhaus (1927), pp. 53-54, and Sargent 
(1953) gave the case with T a normed vector B-space, U a complete 
normed vector space. 

Proof. The necessity follows from Theorem 34.1. For sufficiency 
we go algebraically from X to D(X), and then by uniform con- 
tinuity to @D(X) = T. 
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35. Rings, Fields, Linear Spaces 


Mucu of the theory that is usually based on linear spaces has been 
given for groups instead, so that we need only give the briefest men- 
tion to more complicated algebraic structures in T. 

First, a ring is an additive group R with group operation x+y, 
together with a function f: RXR > R, written f(a, b) = ab, and 
called multiplication, for which R is a semigroup distributive on 
the left and right, i.e. 


(ab)c = a(bo), a(b+c) =ab+ac, (b+c)a = ba+ ca 


Then a+b is the sum of a, b, and ab their product, while aa is written 
a. A ring R is commutative, if, for all a, b € R, ab = ba. The unit of 
Ris called the zero, 0. 

By the uniqueness of the zero 0, 


aa =(a+0)a =aa+0a, 0a=0 (alla € R) 


and similarly a0 = 0. j 

If the non-zero elements of a ring R are a commutative group 
under multiplication, then R is called a field. Then it is also a commu- 
tative ring. In a field, the unit of the commutative group under mul- 
tiplication, is written 1, and is called the unit, while the inverse of 
x € R in the multiplication group keeps the same name in the field, 
and is written x—1, Note that 0 has no inverse under multiplication 
since a0 = 0a = 0. ! 

A linear space (vector space, linear vector space) T over a field R, 
is an additive group T' with unit 0, inverse —x of x € T, together 
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with a function f: RXT — T, written f(a, x) = ax, that is distribu- 
tive in a and x, 


a(x+y) =ax+ay, (a+b)x =ax+bx, a(bx) = (ab)x, 
Ix= x 


where a, b, 1 € R and x, y € T. The elements of T are vectors, and 
those of the coefficient field R are called scalars. Normally R is 
the set of real numbers (when T is called a real vector space) or the 


set of complex numbers (when T is called a complex vector space). 
In the linear space, 


1x+0x = (1+0)x =1x, Ox = 0(0, 1 € R; x, 0 € T) 
að = a(00) = (a0)0 = 00 = 0(a, 0 € R; 0 € T) 


and if ax = 0 then a = 0 or x = 0. For if a = 0, then since Risa 
field, a is in the multiplicative group of non-zero elements of R, and 
has an inverse a, so that 


6 = a-10 =a“"(ax) = (a la)x = Ix =x, x =0 


If a € R, y € T are fixed, the-functions f(x) = ax, g(x) = x+y 
are called scalar multiplication by a, and translation by y, respectively. 
Tf a, b,..., c are scalars, x, y, . . . z vectors, the finite sum ax+ by + 
... +ez is called a linear combination of the vectors x, y, ..., Z. 
A linear subspace (subspace, linear manifold) in T, is a subset of T 
that contains all linear combinations of its vectors. The subspace 
spanned (determined) by an X T, is the set sp(X) of all linear com- 
binations of elements of X. Clearly sp(X) is the smallest linear sub- 
space that contains X. sp(X) corresponds in some sense to D(X) for 
a group. A vector x is linearly dependent on vectors y, . . ., z, if xis a 
linear combination of y, . . . z. Otherwise x is linearly independent 
of y, . . ., Z. The set X S T is linearly independent if each x € X is 
linearly independent of the other elements of X. A Hamel base for T, 
is a maximal linearly independent set X C T. 

If X is linearly independent, there isa Hamel base Y Ə X, while 
any two Hamel bases for T have the same cardinal number. The 
second property needs the Schroeder—Bernstein theorem. Proofs can, 
for example, be found in Day (1962), pp. 2, 3, Theorems 1, 2. Then 
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we can say that the dimension of T is the cardinal numer of each 
Hamel base for T. i 

A functional f on YS T, is linear, if x—y € Y, f(x —y) = f(x) — 
JO) and ax € Y, f(ax) = af(x) when x, y € Y and a € R, which is here 
the space of real or complex numbers. A two-variable functional 
f(x, y) is bilinear, if linear in x and in y, separately. A two-variable 
functional f(x, y) is Hermitian, R being the set of complex numbers, 
if fis linear in x, additive in y, and with f(x, ay) = f(x, y), where @ 
is the complex conjugate of a. A two-variable functional f is non- 
negative (positive) definite, if f(x, x) = 0 (respectively, f(x, x) > 0 
when x = 0)forallx € T. 

We can quickly obtain a Cauchy-Schwarz—Buniakowsky inequal- 
ity from each bilinear non-negative definite functional with real 
values, and from each Hermitian non-negative definite functional 
with complex values, by distributing f(ax+by, ax+ by) = 0. Com- 
pare section 26 and Theorem 26.1. 

We can also generalize section 25, and the Hahn—Banach theorem 
for additive groups. Not every functional h defined in Theorem 25.1 
need be linear, so that in place of the subadditive functional g that 
is homogeneous for positive integers, we use a sublinear functional 
g, i.e. g is subadditive with g(ax) = ag(x) for all a = 0, all x € T 


THEOREM 35.1. Let g be a sublinear functional on the linear space T, 
and let f be a real linear functional defined on X © T, and so on sp(X), 
with f(x) < g(x) on sp(X). Then there is a real linear functional h on T, 
with h(x) < g(x) there, and with h(x) = f(x) on sp(X). 

Proof. We need only follow the proof of Theorem 25.1, with ¢ = 
1 = v, since g and T are homogeneous relative to all real a> 0. 

The original proof is in Banach (1929), and it is extended to com- 
plex functionals independently by Bohnenblust and Sobczyk (1938), 
Soukhomlinoff (1938), the latter dealing with quaternion scalars as 
well. 

A real or complex functional f is symmetric, if f(ax) = f(x) for all 
a with ja] = 1, where R is the coefficient field of complex numbers. 


THEOREM 35.2. Let g be a symmetric sublinear functional on the lin- 
ear space T with coefficient field that of the complex numbers. Let f 
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be a complex linear functional defined on sp(X), with |f(x)| = g(x). 
Then there is a complex linear functional h on T with |h(x)| = g(~), 


andh = fon sp(X). 

Proof. Taking T as a real vector space, we set 

fix) =A) FO G=12) 
being real. By Theorem 35.1, since 
fa) < g(%) (x€ sp(X)) 

there is a real linear functional h(x) on T with 
(35.1) iG < g@) (ET), MO) =A) (x € sp) 

Now fis linear, so that for x € sp(X), 
HAODH = FO = SE =AG)+iAG), AG) = fx) 


We therefore define A(x) = hi(x)—ihi(ix), so that by (35.1), h =f 
on sp(X), and A(ix) = ih(x) by linearity of hi for real scalars, so that 
his linear for complex scalars. Thus we only have to prove that 
|h| = g. Let b be the argument of the complex number A(x), for fix- 
ed x € T, with, say, arg (0) = 0. Then 


|A(x)| = Ah(x)e Ë = hex) = hiex) = g(e_Px) = g(x) 


THEOREM 35.3. Let g, T be as in Theorem 35.2. Then for arbitrary 
z€ T there is a complex linear functional f on T, satisfying f(z) = g(z), 
with |f| = g in T. 

Proof. The result follows from Theorem 35.2 as for Theorem 25.2, 
with complex variations. 


36. Linear Topological Space 


The definition of a topological group was given in section 28, and 
that of a group pseudonorm in section 30. We extend these ideas 
to rings and linear spaces. The term ‘normed ring’ has a special 
significance, so that we shall say that a ring R has an attached pseudo- 
norm ||.||, if it is a group pseudonorm on the additive group, with 
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Hall: bl = ||ab|| for multiplication. We drop the ‘pseudo’ if |]. || 
is a group norm. 

A linear space T is a linear topological space (topological vector 
space) if T is a topological group under addition, if the coefficient 
field R has an attached norm, and if the mapping (a, x) > ax of 
RXT — T is continuous using the product topology of R and T, 
and the topology of T. 


THEOREM 36.1. The closure of a linear subspace of T, is a linear sub- 
space. 

Proof. Let X & T be the linear subspace. Let x, y € X, a, b € R, 
and let G be a neighbourhood of ax+by. Then there are neighbour- 
hoods G1 of x, Gz of y and points u, v, with 


aGi+bGs S G, ue G, AN X, veGe [) X, 
qu+bu€ GMX, ax+)by 6 X 


The closure Gsp(X) of the linear subspace spanned byaset X S T, 
is called the closed linear subspace spanned by X. It is a linear sub- 
space by Theorem 36.1. If Gsp(X) = T, then X is sometimes called 
fundamental (cf. section 33). 

A set X is separable if there exists a countable set dense in X. 


THEOREM 36.2. If X is countable and R separable, then Gsp(X) is 
separable. 

Using the norm topology, let Ri be a countable set dense in R, and 
let Y be the set of all points ax+by+ ...-+cz (finite sums) with 
a,b,...,c€ Ri, x,y, ... z€ X. Then Yis countable, and is dense in 
sp(X) and so in Gsp(X). 

A set B S T is bounded if, given a neighbourhood G of the zero 
0 € T, there is an € > 0, depending on G, B, with aB S G (all a € R 
with ||a|| < £). 

THEOREM 36.3. (36.1) This definition of bounded sets agrees with 
that in section 33, if} € R. 


(36.2) If a sequence {a,\ E R tends to 0, then a,x + 0 for each x € T. 


(36.3) A compact subset of T is bounded, if there is in R a non-zero 
sequence {a,} tending to 0. 
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(36.4) A convergent sequence in T is bounded, if (36.3) holds. 
(36.5) A continuous linear mapping fromT to another linear topological 
space U, sends bounded sets into bounded sets. 

Proof. For (36.1) let B be bounded according to section 33, and 
let G be a neighbourhood of 0. Then there are e > 0, and a neigh- 
bourhood G; of 0, with 


(36.6) aG, < G (llall < £) 
There is an integer n for which 
(36.7) BS GP 

Using (36.6; 36.7), if 

llall < 2-"* then |[2”a|| = |[atat+...+a||<2"lal| < ë 

aB S aG® = (L'a) G, € G 

and B is bounded as in this section. The converse only needs a = 
27 =< e. 

For (36.2) we use the continuity of ax in a. For (36.3) let C be com- 
pact in T, and let G be a neighbourhood of 0. Since ax is continu- 
ous in (a, x) there are e > 0, and a neighbourhood G1 of 0, with 


(36.6). By (36.2) and the compactness of C, and the existence of 
{a} E R, a, = 0 (all n), a, > 0, there is an integer m with 


(36.8) eer=-Uateg, c< U aG, 
n=1 


n=1 
By (36.6; 36.8), if 


llall =< ó = min ellai] = 0, then 
1<n 


<m 


lla-az llall = lall <lIla,lle, Haa] <£ Q<a2<m) 


m 
ac S |] aaz1G, S G 


n=1 
For (36.4), a convergent sequence and its limit form a compact set. 
For (36.5) we need only use (36.1) and Theorem 33.2. 
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37. F-spaces and Banach Spaces 


An F-space, or space of type F, is a linear space T with a coefficient 
field R, with a norm ||.||z attached to R, and with a group norm 
Il. [| in T, for which T is complete, and the mapping (a, x) — ax of 
RXT >T is continuous in a for each x, and continuous in x for 
each a. 

We can sometimes show that an F-space is a linear topological 
space. 


THEOREM 37.1. Let A be the non-empty set of alla € R with || alla =< 1, 
and let R have a unique solution + of the equation 4+4 =1(1€R), 
with 


(37.1) Heal > 0 as k= ç, uniformly for ag A 


Then the F-space T is a linear topological space. 


Proof. First, r(x) = $x is the root function in the additive group 
T, since 
r(x)+r(x) = +x++x = ($+4)x = lx = x 


Then Theorem 30.3 (30.8) is satisfied by the continuity of $x in x. 
Taking X = T, and f as the norm ||.||, in T, we put V,(x) = ax, 
by hypothesis continuous in x for each fixed a € A. Then (30.9) 
follows from the additivity in x of ax, and from the property of the 
norm, while (30.10) follows from the continuity of ax in x. By (37.1) 
and the continuity in a of ax for each fixed x, we have (30.11). Thus 
by Theorem 30.3, 


laxlp<e (Hall < 1, Welly < ò) 


where ó > 0 depends on € > 0, but not on a € A. Hence ax is contin- 
uous in (a, x) at (0, 0), and so everywhere in RXT. As a metric 
space is Hausdorffian, to complete the proof we need only show 
that addition is continuous, and this follows from Theorem 30.2. 

A normed linear space T is a linear space with a coefficient field R, 
with a norm |].||, attached to R, and with a group norm Il. Iiz in T, 


178 


— _ l _.——y.yp— n. 


—  .. .. L... A 


LINEAR TOPOLOGICAL SPACES, F-SPACES, BANACH SPACES 


such that 
(37.2) llaxll> = llallelixllr (aH a€ R, all x € T) 
(37.3) for each = > 0, there is an g € R with 0 < |lall,p < € 


The norm topology in T is called its strong topology. À normed 
linear space that is complete in its norm topology, is called a complete 
normed linear space (space of type B, B-space, Banach space). 
Clearly it is an F-space, and also a linear topological space. 

If T only contains 0, then R is not needed. If T contains x = 0, 
then ||x||; > 0, and we can use (37.2) with a, b € R, 


lab llr- alle = ll(ab)xliz = lla(bx)llz = lalla x Ilr 
= [lalla llAlla Ilx llr 
Hence we have the useful properties 


(37.4) [labile =Nalle lle; 12 = 1, Ille > 0, IHl =} 


Then if there is an a € R with 0 < |lalla < 1, we have 
Ha" lle = (llall) > 0 


as n — œ, and (37.3) is true. 
Normally the coefficient fields R for both F-spaces and Banach 
spaces are formed of either the real or the complex numbers. 


THEOREM 37.2. A non-empty set B in a normed linear space T is 
bounded, if, and only if, 


sup {IIxIlp: x € B) < oo 


Proof. By Theorem 36.3 (36.1) either definition of bounded sets 
can be used. If B is bounded, then since S(8; 1) is a neighbourhood 
of 0 € T, we have 

BC S(6; 1) C S(0, 2”) 


and the supremum is not greater than 2”. Conversely, if the supre- 
mum is bounded, it is less than s, for some positive number s. Each 
neighbourhood G of the zero 0 € T contains a sphere S(0; r). Then 
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from (37.2), 
\lax||->-< r when |lalla< rj, x€B, ||xllp<s; aBS G 


and B is bounded under the second definition. It is then bounded 
under the first definition, if + € R. 


THEOREM 37.3. Let {f,} be a sequence of bounded linear functions 
from a Banach space T whose coefficient field R contains > to anormed 
group U, its norm, and the norm of R, being homogeneous for positive 
integers, and let 


lim sup [If,@)lu< 0 ET) 


n — co 


Then norm (f) < œ (n = 1, 2,...), lim sup norm (£) =< «© 


n— co 
Proof. This typical result follows from Theorem 34.1, since by 
Theorem 17.3, a complete metric space is a Baire space, and since 
Jl. ||; is also homogeneous for positive integers, 


llnx]|> = Walle lille = a Ulla lel = allr 


) 
38. The Unsymmetrical Theory of Gal 


By using some unsymmetrical relations, Gál (1951; 1953) gives an- 
other version of the theorem on, the condensation of singularities. 
It does not seem possible to include this in our general theory. 

Let T be a complete normed vector space, and U a normed vector 
space, with norms ||.|I7. Il-Ily, respectively, and let f: T — U. Then f 
is bounded when norm (f)< œ and norm-homogeneous when 
ally = lal Hf lly, for all real a. Then 


(38.1) Wf) Ilo = llxllr norm (f) 


The sequence {f,(x)} (n = 1, 2,...) of bounded norm-homo- 
geneous functions, is asymptotically subadditive, if, for some con- 
stant K independent of z, x,y, and for some function c(n, x) inde- 
pendent of y and tending to 0 as n > œ, for each fixed x, 


(38.2) MAOI IAC) lly- ca, x) -norm(f,) = aE) lo < 
WO ly+K-norm(f,) -Ilyllr  (Hxllz<= 1, Uy llr 1) 
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THEOREM 38.1 Let {fin(x)} be a double sequence of bounded norm- 
homogeneous functions f,,, : T ~ U (m,n = 1, 2, ...), such that, for 
each fixed m, the single sequence is asymptotically subadditive as 
n — co. If, for each m = 1, there is an Xm € T with ; 


(38.3) lim sup ||/,,(x)llə = +% 


n —- ° 
then there is an x € T, independent of m, with 


(38.4) lim sup Ifin®lly = +0 @=1,2,...) 


nm—> co 


T is fixed throughout, but U only appears through its norm, so 
that if necessary it can vary with m, n, the final result being the same. 
Gál proves the result by an intricate construction of suitable sequen- 
ces; a slight modification is given here. 


Proof. By (38.1) we see that (38.3) gives 
lim sup norm (fnn) = + (m = 1, 2, ...)- 


n —- oo 


For each m we can therefore choose a subsequence of z, and so 
assume that as n > oc 


(38.5) norm (fnn) — © (m = 1,2, ...) 
With f, fy Snn We associate a 8, Em Sm respectively, such that 
g(x) = ||/@ə||o norm (f) ' 


and similarly for the others. In the rest of the proof we use the 


g’s and do not mention ll.lly so that we can write ||.|| for ll. Ilr- 
Since f is bounded and norm-homogeneous, 
(38.6) 0 < g(x) = [Ill 
(38.7) there is an x € T with g(x) = 8/9, IIxll = 1 
(38.8) g(ax) = |al-g(x) (all real a) 
The second inequality in (38.2) gives 
(38.9) g (x+ y) = g,(x) +Kllyll 


for ||x|| <1, |ly|| = 1, and then for all x, y € T' by (38.8). This is 
an unsymmetrical form of (5.6). 
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The first inequality in (38.2) gives 

(38.10) g(y)—g,(x)-c(n, x) = g,(xty) (lils Hyl =< 1) 
This cannot be extended significantly by homogeneity. By (38.7), 
(38.11) there is an Xp, € T with ||Xmnll = 1, Smn%mn) = 8/9 

We choose Zn € T with ||z,,|| = 0 or 1, and amn = 0 with 


(38.12) G28 gel 


m,n=1 
Since T is complete, there is then a z € T with 
(38.13) z= Y aaa Wl2ll= > a, 

m, n=1 m, n=1 
To choose the Zn» Grn» We put the pairs (m, n) of integers in 
sequence, (m, n) being the {j(m, n)—1} th member, where 
im, n) = +(m+n—1) (m+n)+m 

We put a, = 1/9, za = xu. If ay, za have been defined for all 
(k, D) with j(k, D < j(m, n) we put 


Fa = > Ayn un 
itu, v) <i, lD 
(38.14) Irall = > a, < 1 
u,v=1 


by (38.12). Then rą is defined for all (k, D with j(k, D = j(m, n). 
We put 
hmn = lim sup Em mn) = 0 
j — œ 


By (38.6; 38.14), 
(38.15) Y, Nalle 1 


If hpn > 0, we choose mn = 0, Zinn = 9, the zero in T. If hmn = 9, 
then 


(38.16) Emm) ~ 9 as j> o 


We put H,» as the least of those hy; > 0 for which i(k, D = j(m, n). 
If all those hur are 0, we put Hmn = 1. By (38.15), 


(38.17) H 


LINEAR TOPOLOGICAL SPACES, F-SPACES, BANACH SPACES 


By (38.9) we have 

(38.18) g, (z+ y) = Sing) + Ka lly l 

where K,, > 0 is independent of x, y, j. We define 

(38.19) L,, = min (1, 1/Ki, ..-, 1/K,)> am = H,@ (L 3 P 


By (38.17, 
0= amn S SN 9, qa = 1/9, 


0 < y Onn < y ge = y 37 =6 <1 
j=2 


m, n=1 m, n= 

so that (38.12) is satisfied. 

We now construct Zn If Gy, > 0, then by definition, hmn = 9 
and (38.16) holds, so that for all sufficiently large j, 
(38.20) SnjTmn) = pial? 

AS Gyn > O and fmn are fixed, (38.10; 38.14) show that for some 
large jo, independent of y, and for all j = jo, 
(38.21) Emm tY) = Em) — 8 mj” mn) — Imnl 9 (iyl = 1) 
We select some j = k(n) = k(m, m) that satisfies (38.20; 38.21), and 
we define Zn = Xm, km, ny Then from (38.11), 


(38.22) Zn l| = 1, Em, k(m, nZmn) = 8/9 
To show that z satisfies (38.4), suppose first that amn = 0. Then 
(38.23) lim sup Em mn) = Amn > O 
j— =° 


Further, by the ordering of the (m, n) and by definition of Hm Lw 
ILZ — tmn ll = anm | = DA H, L, Jaye v) 


J(u, v) >j(m, n) Ju, v)>JjG@n, n) 
= h, (L; 3” 4 (1 —L,,|3)* = h, Ly l6 = h, l(6K,) 

(38.24) jlz—r, l| < Amn! (OK) 

Secondly, if dmn > 0, thereisa j = k(n) = k(m, n) > wasn > ©, 
such that by (38.20; 38.21; 38.22), 
(38.25) zg,j(r,a) = Aml? 
(38.26) Emmat G anZmn) FT &ni(4mnZmn) Fi Emi mn) Wi Anal? 
(3827) Smj(@nnZmn) > 8a,. [9 


13 183 


LINEAR ANALYSIS 


Further, we have 
II Z— Emn amnZmnll a > H „(L13 2 


J(u, 9)>=j(m, n) 
< Hpn(Lml 3) PA — Lp /3)* = a, L, (8 — Lm) 
= a, L, [2 = amn (2Km) 
(38.28) J|Z—r,,— UnnZmn || = amn! (2Km) 
Given m > 1, suppose that {amn} has at least one zero, term, say, 
Am = 0. By (38.23), for an infinity of j = 1, 
Sn Cnn) > 2hmnl3 
By (38.9; 38.24), for an infinity of j = 1, and for the fixed n, 
Em) = Em mn) — Km Un — ZI = 2h,,/3—h,,J6 = hnl? 
and (38.5) gives (38.4) for z in this case. 
If, for the given m, and all j, am; > 0, then by (38.9), and (38.25) 
\to (38.28), 
Em, k2) = 8m, xen) ( (r nn F AmnZma) T (Z ma — AmnZmn)) 
= Zm, ky” mn + AmnZmn) — Km || Z — "mn — GanZmn II 
= B m, k(n) GmnZmn) — m, re mn) — Fan! 9 — Amnl2 
= Ann(8/9 — 1/9 — 1/9 — 1/2) = amnl6 
Here, of course, we have not proved that 


lim sup g,, (2) > 0 
j— œ 
since dy, > 0 as n > œ. But we can ensure that (38.4) occurs for 
x = z and for this partivtllar m, on choosing the j = k(m, n) so that 


norm (fi) > Namn | 
which is possible by (38.5) since n/d,,, is independent of j. Thus 
(38.4) occurs in either case, and we have proved the theorem. 

Ex. 38.1 Let R be the real line, let f: R — R. If X E (— œ, co) 
define m(X) = V(m; cA; (— œ, co); X) where m(u, v) = v—u and o 
is in Ex. 43.3, mm( f; D = sup {h : f(t) = h in Y, m(Y N D = im}. 
This is the metric-mean of Kantorovitch (1931); see also Rappoport 
(1949). If {6,} is a sequence of positive numbers strictly decreasing 
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to 0, and if 
n (h\ 4, k k ) 
; = = tyk > —— ôn, — + ôn 
AiD = È (p) 0- m] [97 


show that £, is asymptotically subadditive in the space of all contin- 
uous functions f(t) in [0, 1]. 

Ex. 38.2. Let f be a continuous function on [0, 1], and let X(1) ..., 
X(n) be arbitrary disjoint measurable subsets of [0,1] with union 
[0, 1], and with z fixed. If 


ZO) = sup Y, inf KOMO) 
j=1 t€ xi) 


the sup being taken over all such X(1), ..., X(n) with n fixed, show 
that f,(f) is a bounded homogeneous functional, with norm = 1, that 
is asymptotically additive. Note that 

1 
tim ff) = | ya: 

0 


n— e° 


Exs. 38.1, 38.2 are from Gal (1953). 
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RIEMANN AND RIEMANN-STIELTJES 
INTEGRATION 


39. Definitions 


IN order to proceed further with the theory, we need various results 
on integration. The Riemann integral has been in the main supersed- 
ed by the Lebesgue integral, but Chapter 10 gives an integral that 
includes Lebesgue’s and yet which is built up like Riemann’s. For 
this reason, and for the need of various elementary results, I give 
a little of Riemann theory. 

For the definite integral of the calculus we take an interval 
a= x=b, written [a, b], where a < b are real numbers, and we 
subdivide it into a finite number of smaller intervals, not necessarily 
equal in length, by using numbers a = x, =< x, < ... < x, = b, 
calling this a division D of [a, b], the norm of which is the greatest 
value of x;—x,_, (1 = j = m. If y = f@) is a real valued function 
its values in [x;_;, x] lie between 


m; =inf fx), M; = sup f) ~G@i=*< x) 


The lower and upper sums for the division D are, respectively, 
n 


s(D) = $, m(xj-%-), SD) =’ M,(x;—x;_) 


j=1 

When f(x) = 0 in [a, b], s(D) is the area of a finite number of non- 
overlapping rectangles that lie below the graph, while S(D) is the 
area of another finite number of non-overlapping rectangles, with 
union containing the points of the graph. If the area under the graph 
has a reasonable meaning, then it must lie between s(D) and S(D), 
so that we have the following definition. 


186 


RIEMANN AND RIEMANN -STIELTJ ES INTEGRATION 


Let f have real values. If for all sequences of divisions D with 
norm tending to 0, the sequence of s(D) tends to a number A, while 
the sequence of S(D) tends to the same A, then A is the value of the 
Riemann integral of f(x) on [a, b], and we write 


b 
A = (9 Í f(x) dx 


We can omit the (R) when understood. This is Darboux’s definition 
of the Riemann integral. Since for some D, s(D) and S(D) must 
be finite, so that the m,, M, must be finite, it follows that 


(39.1) if fis Riemann integrable on [a, b], f is bounded there 
The converse is false, for if f is 1 at each rational and 0 at each 
irrational, then for every D, m, = 0, s(D) = 0, while M, = 1, 
S(D) = b—a. 

Riemann’s original definition is as follows. Let D be a division 
of [a, b] as before, and let E, be a point in [x,_,, x] j = 1, 2,...,). 
If the sum 


aD) = X SE) a 


tends to a number A, for all sequences of divisions D with norm — 0, 
and for all choices of & in [x,_,, x;], then A is the value of the 
Riemann integral of f on [a, b], written as before. 


THEOREM 39.1. The two definitions of the Riemann integral are 
equivalent. 

Proof. First suppose that A is defined by Darboux’s method. 
Since 


m <f§)<M;, s(D)<o(D) = SD) 


o(D) > A also, and A is given by Riemann’s definition. Conversely, 
given € > 0, there is a ë; in [x,_,, x,], with 


m=«xf§)~<mte (=1,2,...,0), 
s(D) = o(D) = s(D)+e(b—a) 
As € > 0 is arbitrary, if o(D) — A, then s(D) — A, and similarly 
S(D) — A. 
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If f(x) takes complex values, its Riemann integral (when it exists) 
can be defined directly by using o(D), while the use of s(D), S(D) 
methods would first need the splitting up of f into its real and 
imaginary parts. 

More generally, if f(x) and g(x) are two functions defined on [a, b], 
the Riemann-Stieltjes integral of f relative to g, 


b 
cst) | SO des) 
is the limit (if it exists) of 
o*(D) = > fE) {g(x;)—g (x;_D} 


as the norm of D tends to 0, with all choices of &;. This is a Moore- 
Smith convergence using generalized sequences, as in section 9, but 
no stress is laid on this in elementary texts. 

If the real or complex function g(x), defined on [a, b], is such that 


È le- e-l =< M 


for every division D of [a, b], where M is independent of D, we say 
that g is of bounded variation on [a, b], with variation var (g; [a, b]) 
of g on [a, b] the least such value of M. This variation is in this case 
the same as in Chapter 10. 


THEOREM 39.2. If f is continuous and g of bounded variation on 
[a, b], then f is Riemmrz;-Stieltjes integrable relative to g on [a, b]. 

Proof. By uniformity of continuity, given £ > 0, there is a ó > 0, 
such that 


9.1) Il/(@)—fG2)|] < e (a<u<v<b,v-u< 26) 


Let D, D’ be divisions a = Xo < Xy < ... € Xx = b and 
a =u < Uy < ... < Um = b, respectively, with norm (D) = 4, 
norm (D’) = ó, and take 


sas b= Ü =1,2,...n, OD) = Y SEE- 


o(D’) = È fled fe(u) eG) 
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We consider the intersections of every pair of intervals from D, 
D'. If 
[x> x] N [ux _,, uk] = [u v], then A < 26 
ILE) {g@) —sG)) —f(u) O- = ISE- |g@%)—zg(2)| 
<elg(v)—g)|, lo(D)—o(D"| = e` |g@)—g(2| = eM 
where we have used (39.1). Further, we could take ó > 1/q, and then 
for D’ we could take the division D, given by 


m—-1<qb-a<m, u=atk/q O=k<m) 


For r > q we can take D as D,, showing that {o(D,)} is afundamen- 
tal and so convergent sequence, and then taking D as any division 
with norm < 6, we prove that o(D) tends to the same limit as 6 — 0. 

Let the complex-valued g be continuous, and of bounded varia- 
tion, on [a, b], with g(a) = g(d), and such that if a = u < v = b, 
g(u) = g(v), then u = a, v = b. Then the set of values of g on the 
complex plane is a closed contour C. If fis a continuous function of 
the complex variable z, the integral of f round C can be defined to be 


b 
l JO dz = (RSH) | FED) deo) 


This exists by Theorem 39.2, since g is of bounded variation and 
continuous, and so f(g(x)) is continuous. For an alternative defini- 
tion, if g(x;) = Zj and form; a point on C betweenz,_, and Z; ie. 
nN = g(), then 


AD) = ¥ flee) (e)—2%4-0) = EIME- > | faz. 
j=1 j=1 c 


THEOREM 39.3. If g is of bounded variation in [a, b], then g has an at 
most countable number of discontinuities {a,} in [a, b], each one of 
which can be approached from above (except if a, = b) and below (ex- 
cept if a; = a) by points where g is continuous. Further, there exist 
(39.2) g(x-) = lim gu) (a< x= b), 

u — x, U<% 
g(x+)= lim glu) (a= x < b), 


u — x, u> x 


639.3) Y (Is(a)—=(a—)|+I8(6+)—s(a)) = M = var es [e P; 
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(39.4) g1(x) is continuous in [a, b], where g,(a) = g(a), 
g(x) = a(x) — X>, (s(a)—s(a,—)) — >, elat) — 8@)} 
where LA is over alla, in a < a; = x, and > over all a; in a = a; < x; 


(39.5) If f is continuous, then, except for obvious changes when a; = a 
or b, 


b co 
[a = | r+ È fay teat) -sa 
a a J=1 


Proof. Denoting a < x < b by (a, b), let ([u;, v,]} be a sequence of 
non-overlapping intervals in [a, b]. Then, for each n, 


la, b] U G, v) 
\j=1 
is a set of intervals, possibly together with a, or b, or both, so that 


Y lew)—su)l<M (mn =1,2,...) 
j=l 


(39.6) > lew) — eu) = M 
j=1 
Firsttakeu, = a, u; = vj (j = 2,3, . . .), v; > c = b, so that 


lim ef} = g(a) + > [g(o) —g(%_D} 
>o j= 

exists as an absolutely convergent series. Also, taking different {u;}, 
in (39.6), we still have g(v,)—g(u,) > 0, which shows that g(c—) 
exists. Similarly for g(c+) in a = c < b. Taking n points x; in (a, b) 
we use 2n non-overlapping intervals [u;, x;], [x;,.,] in (39.6), and 
then let u,, v, > x, obtaining 


S {le(x) —e()—)1+ leet) 2) I} < M 
j=l 


Thus there are at most nM points x, with | g(x,)—g(x,—)| > I/n, 
and at most nM points x, with |g(x;+)—g(x,)| > 1/n, so that for 
n = 1, 2,..., we have a countable number of discontinuities alto- 
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gether, say a sequence {a,}. By including intervals [a, v], [u, b], and 
a,..., G, letting v — a, u — b, we have (39.3) for the first n of the 
a, and then we can let n — oo. As the series in (39.4) then are abso- 
lutely convergent, (39.4) follows. For (39.5), after Theorem 39.2 we 
need only prove that if f is continuous in [a, b], {y,} a sequence of 


points in (a, b),and ` c, an absolutely convergent series, then 
k=1 


co b 
(39.7) Y ¢f0,) = 1| Six) dh), h(x) =} {cepi a < y, <x} 


k=1 


and similarly for a = y, < x replacing a < y, = x. For (39.7), if 
D is as in Theorem 39.2, 


Z w | 
| 2 c, JO) — > (£) {h(x,) —h(x;_p) | 


= | È Y telo) üp] Xi < ), =< x;) = Dy lcl 


Hence the result from Theorem 39.2. 

Finally, to show that the points of continuity are dense in [a, b], 
we observe that the discontinuities are countable, while the points 
in each interval are not countable. 


Let p(x) be a finite monotone increasing function in [0, c], for some 


c > 0, so that @ is of bounded variation. For convenience we assume 
that 


p(x) = p(x —) (x > 0) 
Let p(x) be defined by 
yo) =inf{x:x=0, @(x) >= y} 


Then we say that y is the inverse function of p, in the sense of Young. 


THEOREM 39.4. Ifẹ is the inverse function of g, in the sense of Young, 
then y is finite and monotone increasing in 


[@(0), p), yo) =~vO-) (90) =<» =pl) 
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Tf also g is continuous, then for 


p0)<y< 9c), py) =y, and (p(x) = infz 
with (x) =9(z), z=0, when 0= c = c. 


Proof. The first results follow by monotonicity, while for those 
in which ọ is continuous, let x > p(y). Then p(x) = y, v(p(y)+) > y. 


If x < p(y) then p(x) < y p(p(y)—) = y. Thus 9 (y()) = y. The 
last result follows from the continuity of g and the definition of y. 


THEOREM 39.5. If0 <a < b = c, and if y is the inverse function of 
g, then 
b ob) 
gs) f paf” yi = bot 
a g(a) 


(a 


b y 
(39.9) Í g dx+ ; y dy = by—ay(a) (b) = y = pb +)) 


pla 

Proof. First suppose that p, y are continuous, so that neither has 
any interval in which it is constant. By Theorem 39.2 the Riemann 
integrals exist. Let D be a division as there. Since g is strictly increas- 
ing, let Dı be the corresponding division 


< 9(x,) = pb) 


By continuity of g, norm (Dı) — 0 as norm (D) — 0, and then the 
following sum of two sums tends to the left side of (39.8). Using 
Theorem 39.4, 


pla)_= olx) < p) =... 


2; P(x;) (x; —X;_1) +> yl) {p(x;) x v(x,_)} 


= Y 965) ad È aalo- 
= g(x,) (x, —x,_1) + Xp—1P(% py) —Xop(%o) = bpb) —ag(a) 


Hence (39.8) when both g and y are continuous. 
We now use induction, assuming (39.8) true and inserting an in- 
terval where g is constant, i.e. for some points u, vin 0 = u < v = ¢ 
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we have new inverse functions 


p(x) (0 = x=) 
pix) = + pu) (u= x= >) 

g(xtu—v) (x= ”*) 

p(y) (0 = y <9) 


yy)+o—u (y = p&) 
For [a, b] S [u, v], the second integral in (39.8) has zero range, and 
so is 0. The first integral is p(u)(b—a), which is now the right side of 
(39.8). For [a, b] in [0, u] or [v, c], (39.8) is true by induction, and 
hence by union of intervals, (39.8) is true for all [a, b] S [0, c]. Hence 
we can insert n intervals over which g is constant. Using Theorem 
39.3 (39.3) we can let n — œ to prove (39.8) when o is alone con- 
tinuous. 

To drop the continuity of p we insert jumps, treating each inser- 
tion separately. As before, it is enough to take 0 =u =< c, % > 0, 
and consider 


vi) = | 


| g(x) (0<x = u), 
p(x) = 
g(x)+v (x >u), 
yy) (0 = y = p(u)) 
pay) = 4 u (pu) < y = pu) +») 


yy—v) (y > pu)+2) 

gs(y)+ 
Í : poy) dy = uf{(pa(u) +) —pa(u)}. 
pu) 
The corresponding integral of g is from u to u, and so is zero, and 
(39.8)is true in this case, and so is true always. The extra result needed 
for (39.9) comes in a similar way. 

THEOREM 39.6. Let f be of bounded variation in [a, b]. If a = xo < 
< xı... < x, = b isa division of [a, b], and if x; = £, < X; then 


> |” AG) Ped | V-max @—-) 


j=1 vxj-1 
where V is the variation of f in |a, b]. 
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Proof. Each integral exists by Theorem 39.2 and Ex. 39.4. If V; is 
the variation of f in [x,_;, xj), the set where x,_, = x < xp then fox 
X, < x < x; 


(39.10) Í © E-I dx = V-a) 


Xj- 
By continuity of the integral we can let x — x,-, so that (39.10) is 
true for x = x; Summing over j, we have the result, since the right 
becomes 


n 
p V(x; — x1) = val (x; — xja) os V;. 


THEOREM 39.7. Let f be continuous and g, g(u,.) have variation bound- 
ed by M independent of u, all for x in [a, b]. If 


(39.11) glu, b) —g(u, a) + g(6)—-g@) as u+ oœ 


b 
(39.12) and ll | g(u, x)—g(x)—g(u, a)+g(a)|dx +0 as u+o 


(39.13) then Jim [a .) -f fdg 


u —> co 


(39.14) In particular, we can omit (39.12), if g(u, x) — g(x) almost 
everywhere. 


We need Chapter 10 (or Lebesgue theory) to explain the éaimist 
everywhere’ in (39.14) and to prove (39.12) there. It is included to 
show that Theorem 39.7 includes a theorem of Helly (1921) and 
Bray (1919). See also Evans (1927), p. 15. This is a theorem on limits 
under the integral sign of a new type, and there is an extension to 
n dimensions using the IR(f ; s) of section 63. 


Proof. Given e > 0, there is a ó > 0 with (39.1) true. Let (D be as 
in Theorem 39.2. If f* has f(x) = f *(x)(j = 0, 1, 2, . . ., n) with fF 
linear in each [x,_, x;], then by Theorem 39.2, 


fs &- [7 * dg Í fdgtu,.)- Í = do(u,.) 


Hence we need only assume f = f*. We can also replace g by g— 
g(a), and so assume that g(a) = 0, and similarly, that g(u, a) = 0. 


=eM, <eM 
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Integrating by parts, using an extension of Ex. 39.5, 


| "fda(u.)— | fas 


b | 
= w {g(u, b) —g(b)) — f [g(u, x) — 80) f) dx | 


b 
<|f(6)| |g, b) —g(8)| +k [ |g(u, x) — gG) | dx 


where k is the maximum gradient of the finite number of lines form- 
ing the graph of f. Applying (39.11; 39.12) gives (39.13). 

Note that f cannot even be 1 in a = x = t, and 0 in t < x= b, 
for some tin a < t< b, for then (39.13) becomes g(u, t+) > g(t+), 
which is not necessarily true. 

We now turn to a result of Helly (1921). 


THEOREM 39.8. Let the family g(u,.)(u > co) of functions be such 
that their variation in [a, b] is bounded by M independent of u. Then 
there are a sequence u; — + oo, and a function g of bounded variation 
in [a,b], with lim{g(u, , x) —g(u;, a)} = g(x) - g(a) (a < x= b). 

j— 

Proof. Clearly we can assume that g(u, a) = 0. Taking real and 

imaginary parts, and then 


var (g(u,.); [a, x]) +. g(u, x) 
we can assume that g(u, x) is monotone increasing in x. For if two 
families g(u, x), h(u, x) satisfy the same conditions, and also the 
conclusion, there is a sequence {u,} for which g(u;, x) > g(x), and 
since the family of h(u,, x) is of the same kind, there is a subsequence 
{v,} of {u,} for which A(v;, x) tends to h(x), and then 
ag(v,, x) + bh(o;, x) > ag(x)+bh(x) 

Let 0 = g(u, a) = g(u, x) = M(a = x = b), where gu, x) is mono- 
tone increasing in x. Let {rm} be the sequence of rational numbers 
in [a, b]. Since g(u, r1) is bounded it has a limit-point, and there isa 
subsequence {ut} for which g(u, r2) tends to the limit-point, unless 
g(u, rı) takes only a finite number of values, when again we can choose 
a suitable subsequence. Next, in a similar way, we can find a sub- 
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sequence {u?} of {u;}, such that g(u?, r2) tends to a limit, and so on. 
The diagonal sequence {u/} lies in (uy for all j = m, so that gl, rn) 
tends to the limit, say, g(r,,), asj — œ, for each m = 1, 2,3,... 
We now put 
lim inf g(uj, x) = g(x), 


j—> œ 


lim sup g(u}, x) = g(x) 
jJ— œ 


and if equal, we write g(x) as the common value, e.g. 
(89.15) g(r,) = Em) = g(z,) 


Clearly g and ë are monotone increasing in [a, b], with g(a) = g(a) = 
0, and with values bounded by M, so that they are of bounded 
variation, and so are continuous except for a countable number of 
discontinuities, their points of continuity being dense in [a, b], by 
Theorem 39.3. If g, g are continuous at y € (a, b), let ry, < y = Tn 
By monotonicity, and then continuity, 


glui, rm) = gui, y) = gluh, r), 8m) = g(y) = E0) = gG;,), 
go) = a) 


Thus there remain b and the points of discontinuity of either or both 
of g, Z. As the set of points is countable we can proceed as for the 
rationals and obtain a subsequence of {uj} to prove the result. 


Ex. 39.1. Show that a constant function is Riemann-Stieltjes inte- 
grable relative to any function finite on [a, b]. Show that a finite sum 
of multiples of monotone increasing functions finite everywhere on 
[a, b], is of bounded variation on [a, b]. Show that the function 


(39.16) f(x) = xsin (x7) (x #0), JOO) =0 
is not of bounded variation in any interval including x = 0. Hence 
show that we cannot split up f into a finite number of monotone 


increasing functions g for which the integral of 1 relative to g can be 
defined by Darboux’s method. 


Ex. 39.2. Show that the derivative of (39.16) exists everywhere as 


fO =0, f’(x) = 2x-sin (x-?)— 2x71 cos (x7?) (x # 0) 
(39.17) x ‘ 
Bo. pt 29 Blog A qu Voy a= A eel 4 coi He Te 
Vy 1 b i 196 t 4 ki h ç 
PO + WA SA Me DUA RON, Ce 


ee _ 


RIEMANN AND RIEMANN-STIELTJES INTEGRATION 
Ex. 39.3. If g(x) = 0(x < +(a+b)), 1 otherwise, then g is Riemann 
integrable in [a, b] with value +b —a). 


Ex. 39.4. If g is of bounded variation, prove that it is Riemann 
integrable. (Using var (g) +g we can assume that g is monotone in- 
creasing. Or we can use Theorem 39.3, dealing with each singularity 
separately.) 


Ex. 39.5. Prove that if g is of bounded variation, 
b b 
f x ag+ | gdx = bg(b)—ag(a) 


(Usea = xo < xi <.. 
a< i< 2<. 


. < x, = b, with X1 < Š; < xp for one, and 
. < &,< b, with E, < x; < &,,,, for the other.) 


Ex. 39.6. If p = 1 in x > 0, show that y = 0 in 0 = x = 1, with 
(39.8). 


Ex. 39.7. Find a g that gives 
VO) = VAL 27”: r = y) 


where {r,,} is an arbitrary sequence of distinct numbers in (0, 1). 
Show that the derivative of o lies between 0 and 1. (Hence @ is abso- 
lutely continuous and is the Lebesgue integral of its derivative.@ee 
Henstock and Macbeath (1953), p. 187),) 


Ex. 39.8. If ọ is the function of Ex. 12.7 for Cantor’s ternary set, 
find the corresponding y. 


Ex. 39.9. Let p be finite and monotone decreasing in [0, c], and 
let p be the inverse function of —y. Then if 0 =< a < b = c, 


b — olb) 
foa- [vay = tonto 
a — ọla) 


Ex. 39.10. If r > 1, x > 0, and ọ is finite and monotone increasing 
in [0, co), 


D(x) = ir p(t) dt, D(rx) = O(x)+(r— 1) xox) = rO(x) 
0 
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Ex. 39.11. If pọ is monotone increasing in [0, œ) and is not 
identically 0, then, near to the origin, 


P(x) = Í * p(t) dt = Ox) 
0 


(There are numbers a > 0, b > 0, such that g(a) = b, a= (b) = 
v(x) (0 = x = b), P(x) = ax(0 = x = b). 


eV = W p 
40. Young’s, Hölder’s, and Minkowski’s Inequalities Y (s) = Ryn 


Ob 


In this section we study certain important inequalities that! give 
special metrics, in order to define certain function spaces later. The 
inequalities come from a general inequality due to Young (1912) 
concerning inverse functions p, p. Young assumes that p, and so y, 
are continuous and strictly increasing, whereas Zaanen (1953), pp- 
76-8 assumes only that p, y are monotone increasing, and uses 
Lebesgue integration and Fubini’s theorem. Henstock (1963c), pp. 
131-2, assumes that g is continuous and monotone increasing, and 
uses the variational integral. However, Theorem 39.5 enables us to 
assume the weak conditions of Zaanen and a simple proof that uses 
only Riemann integration. 


THEOREM 40.1. If 0 = a = c, 0 = g0) = b = 9(c), then 


(40.1) Da) +P) = ab, where O(a) = [| ë dx, 
0 


b 
wo = | v0) 2 
0 


Equality occurs in (40.1), if, and only if, 
(40.2) g(a) = b = o(a+) 


Proof. Since p(0) = 0, % is defined in [0, p(c)]; while the results 
are obvious if a = 0 or b = 0. Assuming a > 0, b> 0,if y > g(a+) 
then p(y) > a. Hence if b > y(at+), Theorem 39.5 (39.9) gives 


b 
D(a) +P) = (a) + ¥(—(a+))+ | rO) dy 
pla+ 
> ap(a+)+a(b—ọ(a+)) = ab 
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If b < g(a), there is a uin 0 = u < a with 


pu) =b = g(u+), 9x) > bu < x= a) 
D(a) +P) = Ou) + (b) + f ° g(x) dx = ub+b(a—u) = ab 


by Theorem 39.5 (39.9) again. Hence if equality in (40.1) then (40.2) 
is true. Conversely, if (40.2) is true, Theorem 39.5 (39.9) gives 
equality. 

For the first of two special cases, for fixed p > 1 let 


y =p) =x, x =y) = y", 


D(x) = xp, PO) = ya 
q =1+1/(p—1) =p/(p-1), 1/p+1/4=1 
(40.3) a?/p-+B8/q = ab(a = 0, b=0, p > 1, 1/p+1q = l) 
(40.4) with equality if and only if a? = b. 
Secondly, let 
ox) = 00 =x =e), logx+1@ = e 
WO =0, yo) =e "> 0, yO+) =e" 
(x) =00<x<e), xlog xte Wx = e74); 
Wy) = ete 
(40.5) alog a+e’-1 = ab(a = e_*, b = 0) 
with equality for b = loga+1. If0<a< e7}, b = 0, (40.1) gives 
0+- e~t = ab | 


As aloga has a minimum at 4 = e-! we have (40.5) again, with 
strict inequality. Hence (40.5) is true fora>0,b=0, 


(40.6) with equality if and only if a = et and b = log a+1. 


H. Kestelman has given me a simple proof of (40.5; 40.6) when 
a > e`. The graph of e”* lies above its tangents. In particular, 
at y = 1+loga, 
e’-1> ba—aloga 


with equality only at the point of contact, b = 1+1og a. 
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Let X be a space, RT the space of non-negative real numbers, and 
Jót the space of all functions f: X > R*. In Z+ we define, for 
each constant c = 0, 


to occur, when, for all x € X, respectively, 

SQ) = g(x), MG) = foe, k = |/@)—zG)|, 

Kx) = f(x), fx) =0 

A functional L in Zt is linear, if, for each constant c = 0, 

L(f+g) =Lf)+L(g); L(f—s) = L(f)—L(@ (f= 8); 

Lf) = cL(f) 
in the sense that the left sides exist when the right sides exist. These 
conditions are all necessary, since f= 0 in Z*. Also L is non- 
negative, if L(f) = 0 where it exists. 
(40.7) If L is non-negative and linear, if L(f), L(g) exist, and if 
f= g, then L(f) = L(g). 
h=f—g¢ea@, Lf) =L(g)+L() > L(g) 
A function N € ZT is a null function for L, if L(N) exists and is 0. 

A set YE Xis a null set for L, if there is a null function N for L, 


with N(x) > 0 for all x € Y. 
We now suppose that L satisfies: 


(40.8) if Y is a null set for L, and if f € ZT with f(x) = 0(x ¢ Y), 
then fis a null function for L. 


THEOREM 40.2. Let L be linear and non-negative, and satisfy (40.8). 
(40.9) Iff, g are null functions for L, so are f+ g, cf, for each constant 
c > 0. : 


(40.10) Zf Y is contained in a null set for L, then Y is a null set for L. 
(40.11) The union of two null sets for L, is a null set for L. 


(40.12) If f, g are null functions for L, and h€ Gt, p > 0, then 
|£—zgl, hf, f?, and all h = f, h € Æ+, are null functions for L. 


(40.13) Let h € Z" include in its formula a fixed finite number of null 
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functions, and let ho € Zó* be the result of replacing each of these null 
functions by 0. Then h—ho is a difference of two null functions for L. 


(40.14) If L(h) exists, and if h(x) = ho(x), except in a null set for L, 
then L(ho) exists and is equal to L(h). 


Proof. The linearity of L gives (40.9), while (40.10) follows from 
the definition of a null set. For (40.11), let Yı, Yọ be two null sets 
for L. There are null functions N, for L, with N(x) > O(x € Y;), for 
j =1, 2, while by (40.9), Ni+Ne is a null function for L, and it is 
positive in Yı U Yo. To prove (40.12) we begin with | f—g|. If | f(x) — 
—g(x)| > 0, then either f(x) > 0, and x is in a null set Y; for L, or 
g(x) > 0, and x is in a null set Yz for L, or both. The result follows 
from (40.8; 40.10; 40.11). The other functions are 0 except in a null 
set, so that (40.8) gives the results. The more general (40.13) follows 
from (40.8; 40.11) and the use of 


hi(x) = sup (h(x) —ho(x), 0), hə(x) = sup (ho(x) —A(x), 0) 
(all x € X) 
These can also be used for (40.14), 
L(h) = L(h+h2) = L(h+hz—hı) = L(ho) 


THEOREM 40.3. For each t € X let y(t; x) be finite and monotone 
increasing in [0, c(t)], for some c(t) > 0, with p(t; 0) = 0, and let 
y(t; y), D(t; a), P(t; b) be the related functions. Let f, g € I+, let 
a > 0, b = 0 be constants with af(t) = c(t), bg(t) = p(t; c(t)) (t € X). 
If L is a non-negative linear functional for which the three terms in 
(40.15) exist, then 


(40.15) L(@(. ; af)) + L(Y. ; bg)) = abL( fz) 
If the left side of (40.15) is 1 for a = do, b = bo, then 
(40.16) L(fg) = ay *by* 


If equality in (40.15) or (40.16), then a null set Y for L satisfies 
(40.17) g(t; af(t)) = bgt) = p(t; a+) CEY) 


and conversely. 
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Proof. By Theorem 40.1 (40.1), 

E(t) = D(t; af(t)) + P(t; be(t)) —abf(t) g(t) = 0, E € Ht 
Hence (40.15) follows by linearity and non-negativeness of L. If 
equality there, then L(E) = 0, and E is a null function for L, and the 
set Y where E(t) => 0, is a null set for L. Outside Y we use (40.2) 
to have (40.17). As (40.16) is a special case of (40.15) for a = ao, 
b = bo, equality in (40.16) implies equality in (40.15) for these values, 
and (40.17) again. For the converse we use (40.2; 40.8). 

In the first special case, p(t) > 1 varies with z, and we have 
(40.18) L(a? OFP [p(.)) + L(BOg™ /q(.)) 
= abL(fg) (1/p(t)+1/9(t) = 1) 
with equality if, and only if, for a null set Y for L, 
(40.19) POPPE) = BONE) (z & Y) 


Similarly for the second special case. Much work has been carried 
out with (40.18), for example, see Sobczyk (1941), Nakano (1951), 
Halperin and Nakano (1953), Kalman (1958). But for simplicity we 
only consider the case when p(t) is a constant p > 1, in which case 
(40.18) becomes I 


(40.20) a L(f?) [p+ b*L(g*)/q = abL(fg) 
If neither f? nor g% is a null function for L, we take 

a = L(f?)*, bt = L(g)*, 1 = 1/p+1/q = abL(/g) 
(40.21) Life) = LSPP LED" (p> 1,1/p+1/4 = 1) 


Hölder’s inequality. If f? or g? or both are null functions for L, then 
by (40.12), fg is a null function for L, and (40.21) is still true. If 
equality in (40.21), then (40.19), or the remarks on null functions, 
gives that 


(40.22) a? f?(x) = big%(x) (x $ Y, a > 0, b = 0) 
where a, b are constants and Y is a null set. 


THEOREM 40.4. Let the non-negative linear functional L, and f, 
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g € Zt, have 
L(f2, Hg"), Lire YS), Ate 2) 
all existing. Then we have Minkowski’s inequality 
(40.23) L((f+g)?)¥? < LPP +L (p = 1) 
(40.24) Equality occurs in (40.23) when p = 1; and occurs when 
p > 1, if, and only if, there are constants a = 0, b = 0, and a null set 
Y for L, with 
af(x) = bg(x) — (xY) 
Proof. By linearity of L, (40.23) is true with equality when p = 1. 
Taking p > 1, 
f=0, g=0, ftg=f, f+g=g, L((f+2)) = LY), 
L((f+8)’) = L(g?) 
L((f+g)’) =O implies L(f?) = 0 = L(g?) 
and (40.23) is true with equality. Thus we take L((f+g)’) > 0 and 
use Hölder’s inequality, noting that q(p— 1) = p, 
L((f+g)?) = L((/+g)” 'f/)+L((f+ g)” 'g) 
=< L((f+ 8P)" LPY? + L((/+g)?)'4 L(g?) 


Dividing by the common factor, we have (40.23). In this case equal- 
ity occurs in (40.23) if, and only if, both Holder inequalities are 
equalities, so that (40.24) results from (40.22) twice, and Theorem 
40.2 (40.11). 

Historical Note. The original papers are Holder (1889) and 
Minkowski (1896). 


41. Spaces of Functions 


Let X be a space, R the space of real (or complex) numbers, and Z 
a linear space of some functions f : X — R. We suppose that 

(41.1) if fE then |/fle Z, (i/sgnf)e H 

where sgn z = z/|z| (z # 0), sgn 0 = 1, 
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(41.2) if f € H, and if p > 0 is a constant, then f” € @ 
where if f is complex, f? denotes some particular choice of f?(x) 
(when many valued) for each x € X. 

By linearity and (41.2), if f, g € Z then 


fg = +e- e) € % 


Let L be a non-negative linear functional in ZT. We suppose 
that if f € Z then either L(| fI) exists and is finite, or L(| f) has the 
conventional value + co, and we suppose that the linearity in Z* 
extends to values +00. Since Z is also linear, if f, g € Z, 


(41.3) Lif+gl) = LASNE) 


Thus L(| f|) can serve as a pseudonorm in Li, the linear subspace 
of @ in which L(] f |) is finite. 

More generally, let L, be the space of f € J6 for which L(|f? |) = 
= L(| f|?) is finite, for some fixed p > 1. If f, g € L, then f, g € Z, 
f+g € Z, and by using (41.1; 41.2) and Minkowski’s inequality, 
L, is a linear space and L(| f |?)"” is a pseudonorm on L,. 

If 0 is the only null function, the pseudonorms are norms. Other- 
wise we assume that 


(41.4) h € Z, if |h] is a null function for L 

We change L,(p = 1) as in Exs. 10.1, 11.1, saying that f, g are 
equivalent, if | f— g| is a null function for L. By (40.9; 40.12) and the 
conditions on Z, this is an equivalence relation, and we replace 
L, by the space L,, of cosets in L,. If g € Lpo there is an f € Ly, 
for which g is a set of functions f+ h, where the |h| are null functions 
for L. By (40.13; 40.14), 


LSHP? = LSPS” 


and every f+h in the set g has the same pseudonorm, which can 
therefore be used as the pseudonorm of g € L,,. It is a norm, since 
L(\f |?) = 0 implies that | f|?, and so |f|, are null functions for L, and 
flies in the same coset as 0. We write the norm, and the correspond- 
ing pseudonorm, as ||- ||,, and L,, as Lp. 

As p > 1, with 1/p+1/q = 1, then q — co, and Hölder’s inequa- 
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lity does not hold in this case. However, we define 
ess sup | f(x)| = inf sup | f(x) +A(x)| 
x€x hEN xEX ' 


where M% is the family of h € Z with L(|h|) = 0. Let Aig Pe the 
space of f € Z with finite 


Ifilo = ess sup f(x) 
xEX 

THEOREM 41.1. || f ||. is a pseudonorm in L, a linear space. 
Proof. Given f; € Lo» € > 0, we take h; € GC with 

sup | f(x) +h,(x)| < ess sup lfltze G =1,2) 

x€x x€ Xx 
By Theorem 40.2 (40.13), hi + hə € OC. Further, 

ess sup | fi(x)|+ess sup | fo(x)|-+e = sup | (z) +h) 

x€x x€X x€X 


+ yap AAH | = | fie) HNH) + hea) | 


= KAO + fo} + (hi(x) + ha(>))| 
ess sup | fu(x)|+ess sup | fo(x)| + e = sup HAC) +A} 
x€x xEX xEX 


+ {hi(x) + ho(x)}| = ess “op | AG) + fa) | 
x€ 


The results follow since e > 0 is arbitrary. 
THEOREM 41.2. If f, g € Z then 


Life) = LFD ligil. 
Proof. For each h € M4, by (40.13; 40.14; 40.7), 
L(| fg) = LAF |-le +h) = LASI oe | g(x) +h(>)|) 
x€ 


= Lf) iy Ig(x)+h(x)|. 


By choice of h we have Theorem 41.2, a Hélder inequality for this 
case. 
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We say that L, and L, are complementary spaces when 1/p+1/q = 
= 1, where 1 < p < œ, or where p = 1, q = co. Thus La is com- 
plementary to itself. 

A finite or infinite sequence {fp} of functions of Z, is said to be 
orthogonal, if L( f,f,) = 0 for all indices j, k with j = k, the bar 
denoting the complex conjugate here. In this connection (Z) is 
said to be normal, if 


LIZ?) =LA =1 (alj) 
A sequence that is orthogonal and normal, is called orthonormal. 
In this connection we have the theorem of Riesz (1907) and Fischer 
(1907), originally proved for Lebesgue integrals L. 


THEOREM 41.3. Let {a,} be a sequence of complex constants satis- 
Sying 


8 


(41.5) |a,|2 < co, 

j=l 
and let {f} be an (infinite) orthonormal sequence in Z. If Le is com- 
plete for the norm || + ||2, there is an f € La to which the series 
(41.6) > a, f(x) 

J=. 

converges, in norm ||- ||2, while for each integer n, 
(41.7) a, = L(ff,) 


If {b,} is a second sequence of complex constants satisfying (41.5), 
giving rise to a g € Lo, then we have a Parseyal relation 


(41.8) > ab; = L(f 2) 
(41.9) Y lak = LFB 


1 


7 


Proof. Putting 


n 


k,(x) = > afix) 


j=1 
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and using orthonormality, and the convergence of (41.5), for m > n, 


Lin knl?) = L((k,,—k,) Kim —Kn)) 
-1(( Ë ase) ($278) 


J=n+1 j=n+ 


=> D> %&L(/Jf) 
j=n+1 r=n+1 


j=n+1 


as m,n > co. Hence {k,(x)} is a fundamental sequence in norm || - ||, 
and by completeness of Le, there is an f € Le to which k, tends. 
Further, for m > n, 


lan -LSI = IL(k,,f) —L(ff,)| = IL((k,, —f)f,)| 
< llk flle fall = kafile + 0 


as m — oo. Finally, if, for each integer n, 
L(x) = >, bA 
j=1 


where the b, satisfy (41.5), then J, tends to g € Lz in norm || : ||, and 


Leh) =Y, X BLT) = Y, aB, 


j=1 r=1 j=1 


È ab -LSD = |lk,—fll2 Z ll2+1 f lle lI —Zlle 
J= 
+k, —f lle Il}, —glls > 0 


as n + œ, giving (41.8), and then (41.9) on taking b, = a,. 

Proceeding further, we can define the Orlicz spaces, using the ` 
Young inverse functions 9(t; x), y(t; y), with integrals @(¿; a), 
Yt; b), all depending on the extra variable t. We assume that if 
f€ @ then 
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P(t; ASHI) ED, and P(t; | f(t)|)€%. Then Lš denotes the sub- 
space of Z for which 

IIS = L(P(t; |/G)])) < © 
and similarly for ¥. These spaces are not always linear so that (in the 


case when o is independent of t) Orlicz defines linear spaces Lg, Ly. 
Here we use g(t; +). We put 


Ifllo = sup L(fgl), forallg with |Iglly <1 


llglly = sup L(I fgl), forallfwith ||fllo<1 


The Orlicz spaces La, Ly are the subspaces of Hin which || fllo; If Ily 
are finite, respectively. 


THEOREM 41.4. 
(41.10) L is linear and contains L$, while if f € L$ then 
If llo = IS lle+1. 


(41.11) IffELo then |\f\lo = sup IL(/g)|, 
forallgwith ||g\ly = 1. 

(41.12) NAtfello <Ifillot+llfalle- 

(41.13) ILDI = Ilf llo- max (1, Ilg lp). 


Proof. The linearity of L, follows from the linearity of L, while if 
fe Lš, Ilgi = 1, then by (40.15) 


L fel) = LG, IAD) +EP 18) = lf llo+1 
WllosIfllat1< 0, f€Lo 
For (41.11), for g1(x) = | g(x)|/sgn f(x), we have 
JG) gi(x) = If) 81, 
Igli = L@, |g1)) = L(@(., 12) = llgllš 


The proof of (41.12) is straightforward. 
For (41.13), using Ex. 39.10, we can assume that 


1 < ligë < o, PEOD = FE; lOl lg 
lgie = 1, DI = lelg IL(fe/Ilg lle)! = liell Ille 
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Ex. 41.1. Show that L, = Lẹ when g(x) = x?-1 (p > 1); and for 
p=1 
p0) =0, g(x) = 1(x = 9), w(x) = 00 = x = 1), 
y(x) =+% (x>1) 
Px) =x(x=0), Pa) =0(=x=1, +0 (x > 1) 
Show that if g € L% then |g(x)| = 1 exceptina null set; if we make the 
convention that fis a null function when zero outside a null set, even 


if infinite in a null set, then all g € WH, |g(x)| = 1 except in a null set, 
have g € Ly. Show that ||g|ly = ess sup |g(x)|, by using Theorem 
xEX 


41.2. Then prove the equality. 

Ex. 41.2. If ọ is independent of t, and if || fllo = 0, then fis a null 
function. 
(From (41.13) with |f], |g| for f, g, wehave L(| fg|) = 0 for all g € Ly. 
If g is constant at a value a in 0 <a < g(c), and if J denotes the 
function identically equal to 1, then 


leit = LPA) = ALT) < c, aL fl) = Le) = 0) 
This requires the finiteness of L(I). 
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42. Introduction 


IT 1s well known that the limit of a convergent sequence of Rie- 
mann integrable functions need not be Riemann integrable. For 
example, the rationals can be put in a distinct sequence {rp}. If f fm) 
= 1(m = n), and otherwise f(x) is 0, then J, is Riemann integrable 
while the limit function is not Riemann integrable (see after (39.1)). 
This limitation resulted in the development of Lebesgue integration, 
and there is no lack of textbooks on that theory. Here we give another 
approach; we use under another name the newer theory of Riemann- 
complete integration, and also of variational integration, referring 
the reader to Henstock (1963c) for details of two special cases that 
cover simple one-dimensional and two-dimensional integration. 

Our integral is a modification of the definite and indefinite integ- 
rals of the calculus. It does not need a measure theory ab initio, and 
yet it includes all Lebesgue and Radon integrals, and all special 
Denjoy integrals. We gain the advantages of Lebesgue integration 
while retaining much of the simplicity of Riemann integration. For 
example, the property that, for bounded convergent sequences of 
functions, 

1 1 
lim | f(x)dx = f lim f(x) dx 
0 0 n— e° 


n — co 


holds in Lebesgue but not in Riemann integration. Since Lebesgue, it 
has been assumed that this is true since Lebesgue measure is com- 
pletely additive, while Riemann (i.e. J ordan) measureis only finitely ad- 
ditive. This view is completely false, our integration has this property 
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whatever the initial interval measure that is used. The precise 
property that gives the limit result will in the sequel be called 
decomposability. 

The theory of Henstock (1963c) can be developed to deal with in- 
tegrals of functions of points in spaces from which the usual measure 
spaces are developed and, in general, when a Lebesgue type integral 
can be defined, then also an integral of our type can be defined to in- 
clude it. The list of examples at the end of this section includes, for 
example, one to cover the case of the Haar integral in locally com- 
pact groups. 

As an introduction we begin as in Chapter 9. Let fbe a function in 
[a, b], and let D be a division a = x, < x, < ... < x, = b. For 
š in [x,;_, x] we write 


D) = È SE G —x.-) 


We can obtain each such value even if we restrict the £ to lie at the 
ends of the intervals. For if x,_, < £ < x, then 


FE) Cx) =SE) E- dD HE E 


Repeating for all such & we have a new division D’ in which all ë 
are at the ends of their intervals, and also o(D) = o(D’) 

Given a constant ó = 0, with each point x in [a, b] we associate all 
intervals [z, x], [x, t] that lie in [a, b], with length < ô, x being their’ 
associated point. A division D that uses such intervals and takes the 
š at the associated point x, is said to be compatible with 6, with sum 


o(D) = Xf) |x—-tI. 


Then the remarks on Riemann integration may be summed up as 
follows: 


THEOREM 42.1. A number I is the Riemann integral of a Junction f(x) 
in a = x= , if, and only if, to each e = 0 there corresponds a 6 > 0 
such that every division D of (a, b] that is compatible with 6, has sum 
o(D) satisfying 

|o(D)—I| = e. 
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In order to obtain the corresponding Riemann-complete integral of 
Henstock (1963c), Chapter 2, we need only replace the constant 
ô > 0 by a function 6(x) > 0 in the definition of compatibility and in 
Theorem 42.1. Then the property described in the theorem defines the 
integral. 

The indefinite integral or anti-derivative of the calculus is also a 
Riemann-complete integral (Henstock (1963c), p. 7, section 4). For 
example, the function (39.17) of Ex. 39.2 can be integrated by the 
Calculus, and so by the Riemann-complete integral, to give the func- 
tion (39.16). But (39.17) is not Lebesgue integrable, because of the 
second term in f’(x). The special Denjoy integral was designed to 
cover the deficiencies of the Lebesgue integral in this respect, but 
we need no longer go to such lengths. 

In the next sections we generalize the theory of the Riemann- 
complete integral as in Henstock (1961b). But instead of using num- 
bered axioms, it now seems best to develop a collection of names like 
that in the theory of measure spaces. Everything is based on the idea 
of a division, so that now we omit the word ‘complete’, reserving it for 
use with fundamental sequences. In consequence we can no long- 
er call the integral ‘Riemann-complete’. Instead we call it the 


generalized Riemann integral. h (\, 1n 
j f ' 


43. The Space of Definition 


For the integration theory of this book we need a general space R of 
definition, the space K of real or complex values, and a function of 
certain sets of points in R with values in K. Those interested in a 
more general K can find details in Henstock (1963c), Chapter 9, pp. 
140-3. Conflation of these with the present theory will give what is 
required. 

We use certain non-empty sets J & R, calling them (generalized) 
intervals, and we denote their family by é. It is convenient to exclude 
the empty set from Š, so that we can say that two intervals are non- 
overlapping, if no I € S lies in both. A set E S Ris an elementary set, 
if E is an interval or a finite union of non-overlapping intervals. Two 


212 


THE GENERALIZED RIEMANN AND VARIATIONAL INTEGRALS 


elementary sets are non-overlapping, if no I € Š lies in both. Then the 
union of two non-overlapping elementary sets is also an elementary 
set. 

A division D = D(D of E is either a single interval T = E, or a 
finite number of non-overlapping intervals J with union E. Thus E is 
an elementary set. A subfamily 5; € & is a division collection for E, 
if there is a division of E formed from some or all of the intervals of 
1, so that E is again an elementary set. 

In the integration we use a non-negative function (J) of the (gen- 
eralized) interval J, multiplying u(Z) by the value f(x) of a function 
fat a point x associated in some way with J. Abstracting this idea, we 
need an index set I’, and a function x(y; I) of y € I, I € S, with val- 
ues the points of R. Then we call x(y; J) the associated point of I, 
relative to y, evaluating f at this point. Often, for some particular top- 
ology, I has closure J, with x(y; T) € T. If, for each y € I there is 
some S, G £, we can write S for the vector with components 3. 
Then, to carry over the idea of a division collection into this situation, 
we say that S divides E, if 

Á. = U É$, 


ye rT 


is a division collection for E. If Dis a division obtained from £., we 
can associate with D a specification giving the y € I corresponding 
to each I € D, so that Fé Sys and we denote the division and spec- 
ification by the general symbol Dz, saying that D, comes from S. 
Sometimes an I € @ is in more than one Š, and then, for fixed 
I € D, we can still vary Dp by varying the choice of y. 

Restrictions on Š cannot always describe completely those S to be 
used in the theory, so that we proceed by supposing that the S we 
use lie in a family of of S. The family of is said to divide all elemen- 
tary sets, if, given an arbitrary elementary set E © R, there is an 
S € cf that divides E. This is a basic requirement for our integration. 

We say that of is partially ordered in the sense of divisions, if, given 
S; and S2 in o that both divide E, there is a vector S3 € cf that di- 
vides E and is such that 


Say = Sty N Say @ € D. 
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If y € I and S divides E, we define X(y; E; S) to be the set of as- 
sociated points x(y; I), for all T € E with T € d,. Then we say that 
the associated points are stable relative to c, if, for each elementary 
set E and each y € I’, X(y; E; S) depends only on y and E, being in- 
dependent of the S € of that divide E. We can then omit S from the 
symbol, writing X(y; E). 

We can define the sum S1+ S2 of Sı and Sz as the vector with com- 
ponents 

d U Sg, QED). 

THEOREM 43.1. If Si, Sa divide the non-overlapping Ei, Ez, respec- 

tively, then S, + S> divides Ey U Ex. 


Proof. If D*(I) is a division of E, from S, (k = 1, 2,) then no P, 
I2 overlap as E1, Es do not. Hence the combined set of J, J?, with the 
given associated points, forms a division of EU Ez with specification, 
and comes from Si+ Sd fof number £ PHIM aR 

We can say that of is additive, if we have Si+ ...’+S, € Æ when 
there are non-overlapping sets E1, . . . , Ep such that S, € of and divides 
E;, and Siy consists only of intervals contained in E, for j =1,... SK; 
and ally € P. ewong 9 whore, 020, 

If S divides E,U Es, where £1, Es are/non-overlapping elementary— 
sets; then the restriction of S to E; is the vector with components 


(Ied, ISEB} (Wer, j=12. 


If, for each non-overlapping elementary-sets E1, E2, and each Sead 
that divides Eı U Eo, the restriction of S to E; is in ct and divides 
E, (j = 1, 2), we can say that of has the restriction property. 

A triple (R, £, £) can be called a division space, if op divides all 
elementary sets, is partially ordered in the sense of divisions, is addi- 
tive, and has the restriction property, the associated points being 
stable relative to c£. On a division space we can set up an integral 
with properties like those of the Riemann integral, except for proper- 
ties connected with Fubini’s theorem. 

Before imposing more properties on the space, we prove a collec- 
tion of simple results. First, if £1, E are elementary sets with E1 c E, 
there might not always be an elementary set Ez non-overlapping 
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with £1, such that the union of Ey, Es, is E. However, the partial sets 
that we shall now define, have this property. 

A partial division Q of an elementary set E, is a collection of none, 
some, or all Jfrom a division D(I) of E that comes from some sed 
that divides E. If with the intervals of Q we associate a specification 
for y that is obtained from Dr, we write Qr. A partial set Ey of E, is 
the union of the J from a partial division of E. Then the set E> is the 
union of the rest of the intervals of @(D.. For convenience we can 
write E—E; for E2. 


Let D, D’ be two divisions of an elementary set E. We say that 
D’ = D, if each I € Dis a finite union of some I of D’. 


THEOREM 43.2. Let (R, $, cË) be a division space. 


e thes ` (43.3) If Ey is a partial set of E, and if Š € A divides E, then S 


divides E1. 


Rex. (43.2) If D is a division of E from an S € of that divides E, there 


= 7 () is an S* € ct that divides E, such that D' =D for each division 
eh D' of E from S*. 


Tk ZTA (43.3) Let non-overlapping Ei, E2 each be partial sets of E. Then 
(27.2 E, U Es is also a partial set of E. 


ai ogA (43.4) Let Ei be a partial set of E, and Q a partial division of E formed 

Me of intervals with union non-overlapping with Ey, such that their union 

EÒ with Ez is E. If Q is from S € ot. that divides E, and if Sı € A divides 
Ey, then there is a division D of Ex from Sı such that QU D isa 
division of E from S. 


Proof. For (43.1) let Er come from a division Dı of E. Then we 
can use Es = E— E, so that as d has the restriction property, the 
restriction of S to Zi, and so S itself, divide E1. 

For (43.2), since of has the restriction property, there is an S(I) €c# 
that divides I, for each I € D. By Theorem 43.1, since of is addi- 
tive, the sum S* of the SZ) divides E and lies in of, and by construc- 
tion, D’ < D for each division D’ of E from S*. 

For (43.3) let E, be formed from a partial division from D;, 
which in turn is from S, € of that divides E. Let Ej = E-E; 
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Then the intervals of the partial divisions forming E,, Ej} do not 
overlap. Let S;,2, S;,4 be the restrictions of S, to the intervals of 


Ep Ej.) all for j = 1, 2. Then there is an S; € df that divides E and 
satisfies 


Soy = (Say U sy) N (Say U Sey) (y € T) 


We have used Theorem 43.1 and that (R, £, œ) is a division space. 
The $, are families of intervals that lie either in E. or in Es or in 
Es N Ey. Hence E. U E, is also a partial set. 

For (43.4) let Se, S be the restrictions of S to Ey, and to the 
union Ez of the intervals of Q. Since (R, Š, A) is a division 
space, S;,, € of and divides E,, for j = 1, 2, and there is an S, € o£ 
that divides Fy, with 

Say E Sy So, 


4y — 
If D is a division of E. from Su, then D is from Sı, and Q U D 
is a division of E from S, as required. 
It will appear subsequently that in order to obtain good theorems 
on the limit of a sequence of integrals we have to proceed further. 
First, 


S (X) = (I:Ice ó, xy; Dex}, for yer, Sed, XER. 


This takes out of 3, all intervals with associated point in X. 
Now let {S,} be a finite or infinite sequence of members of c, 
each dividing a fixed set E, and for the same j let {X,} be a sequence 
of mutually disjoint subsets of R. The union of the X; need not be 
R nor E. If, for all such (S), (X), E, there is an S* € of that 
divides E, with 
S (X) E SAX) VET, U j= 1,22. 2; 

we say that of has decomposable vectors. 

A similar and stronger condition is as follows. We say that of 
has fully decomposable vectors, if, for each elementary set E, and 
each family of vectors S(x, y) € Æ that divide E and depend on 
x € R, y €T, one vector to each pair (x, y), there is an S* € of that 
divides E, with 

S% (sing (x)) S Sx, y)(sing(x)) (ER, y 6 D 
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This pointwise decomposition has affinities with Cantor’s diagonal 
process. 

We can now say that a division space (R, $, cË) is decomposable 
(fully decomposable), if cA has decomposable (respectively, fully 
decomposable) vectors. Integration on a decomposable division 
space has all properties of the Lebesgue integral save those connect- 
ed with Fubini’s theorem. 

For the latter we consider product spaces. Let R,, R, be spaces 
of points, and put 

R, = R, x R, 


For t = x, y, z we add the extra suffix t to objects connected with 
R,, this suffix being placed before every other suffix. 

For t = x, y let I’, be the index set for R, and let $, be a family 
of some non-empty subsets J, of R,, called (generalized) t-intervals, 
and with associated points t(y,; I) (y, = y(t) € T,). Then the index 
set for R, is taken to be 


T.,=T xD, with y, = (2) = Vs Y) 


Also the family £, of some non-empty J, S R,, is taken to be 
the family of all product sets 


L=LXI, (LEs, t=x,y); 
the T, having associated point 
z(y;; L) = (x(@; 12, Yy; 1) 


We can then give the various definitions for R(t = x, y, z) as for R.. 


In particular, we have families of, (t = x, y, z) of vectors, and we 
suppose that the associated points are stable relative to c£, (t = x, y). 
Then we can say that ot, œt, ct, have the Fubini property in 
common, if the following property holds. 

Let E,, E, be arbitrary elementary sets, and let S, be an arbitrary 
vector of œ, that divides E, = E,XE,. Then to each pair (x, y,) 
with >, € Ty, x € X(y,; E), there corresponds an S,(x; x € ct, 
that divides E,. Further, to each collection of divisions @ (x; y.) 
of E, from S,(x; y,), one division for each (x; yz) x € X(y,; E) 
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there corresponds an S, € o£, that divides E,, such that if 


L€ Sy, wx? X = X(Yx5 I), I, € Dx; y), y= Wy; 1) 
then 
I = LXI 68, Y= Qoy) “(y;,;1) = (y). 


This of course is unsymmetrical in x, y, so that we require also the 
corresponding property with x, y interchanged. If also (R,, Sp o) 
(t = x, y, z) are division spaces, we call (R,, S,, ct) a product 
division space. 

As the Fubini property is an abstraction of the property in Hen- 
stock (1963c), p. 102, Theorem 41.2, we shall be able to use a gene- 
ralization of the proof of Henstock (1963c), pp. 106-109, Theorem 
44.1, to give Fubini’s theorem, when the integral has been defined. 

The Fubini property is rather complicated, so that the following 
definition and theorem are sometimes useful. Given 


Epy, - (#= x, y), S,, x€X(y,3 Ex) 


let Sy, g) denote the family of J, ER such that for y, = (y> Yy) 
and some I, S E, with x = x(y,; L), we have I, XI, € $, ya. Then, 
for the fixed x, y, the vector S, is called the section by (x, y.) of Sz 


THEOREM 43.3. Let (R, Sp ct) be fully decomposable division 
spaces, for t = x, y. Let E,, E,, be arbitrary elementary sets, with 
E, = E,XE,. Given S, € c£, that divides E,, let the section S, by 
(x, y) of S, be in ct, dividing E,, for each y, € T, and each x€ 
X(y,; E). Further, for each fixed x, Yx, ly, let there be an S, € ct, 
that divides E,, such that the set of I, given in the definition of S;, 
is $, yxy (sing(x)). Let the similar property with x, y interchanged, 
also hold. Then (R,, 3,5 #,) is a product division space. 


Proof. In the definition of the Fubini property let S,(x, Yx) be the 
section by (x, y) of S,, and let D,(x, Yx) be a division of E, from 
S,(x, yx). Then to each J, € D,(x, yx) there is an S, of the theorem, 
depending on x, y,, and T,. Taking the finite product for all £, € 
D(x, yx), we have S,,(x, Yx) in ct... By the property of full decom- 
posability, the separate S,,(x,,) link up to form an S,» usable 
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as the S, of the Fubini property. A similar proof can be used when 
x, y are interchanged. 


Ex. 43.1 For intervals take closed n-dimensional rectangles 


Ta C w bau ke sS Oe ym 
j=1 & 


These sets are used in Burkill integration of rectangle functions, 
no associated points being needed. In Riemann and Riemann- 
Stieltjes integration the associated points lie anywhere in J, while 
if f, g are functions of x = (%1,..., x,), the rectangle functions 
are 


fŒ A, .. Ang (x € D, 
Ag = g(x,, +++» Xj By, Xj Xp) — BH 9 0009 Xj Ys Xj ors Xn) 
G = 1, 2,...,” 


Show first that we can restrict each x to lie at a corner of J without 
altering the sum over a division. Further, take either 


n Yo 
N, = max (b—a) or N, = {5 y-a) 
1<j<n j= 


to be the norm of J, norm (J), the same function for each J, and 
for each elementary set E define norm (E) = max norm (J) (I E). 
(As Ni =N = nN), either has the same effect.) Then for Rie- 


mann, Riemann-Stieltjes, and Hellinger—Burkill integration (Hellin- 
a ger (1907), Burkill (1924)) we include in œ those S, and only 
those, for which S, som€ s — 0, and some elementary set E, are 


such that each £, includes no I £ E, and includes at least all T < E 
with norm (J) < e. The largest such e = norm (E) is denoted by 
(US; E). Show that of is a product division space, but that it does 
not have decomposable vectors. 

(For example, n = 1, E = [0, 1], S; € c£ with QUS;; (0, 1) < j ° 
(Q == AED 

X,=sing(0), X,= (J5 0-D] G =2,3,...) 

Let S* be the vector in the definition of decomposability, and let 
S* € HA. Then there is an integer j > 1 with @j) < GCS; [0, 1D, 
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so that if 


L = [Gp 1, j], norm (I = (2, Ged, (each yer). But 
Q > GHD? > @j+1) 2, Qi) € Xy. J E Xano L € Sy) 


Ex. 43.2. Let D, D’ be two divisions of an elementary set E in 
a general abstract set R of points. We define D’ = D as in Theorem 
43.2. If in æ we include those S, and only those, for which there is a 
division D of an elementary set E such that all D’ over E with 
D =D, come from S, we obtain Moore-Pollard integration. 
(This is called Pollard—Getchell integration in Henstock (1963c), 
pp. 8-9, section 5. But-Professor-T. H. Hildebrandt (1964) points 
out that he taught Getchell this type of integral, and himself obtained 
it from E. H. Moore as a special case of the general limit of Moore 
(1915).) We assume that: 


(43.5) if I € Š, there are S € of, y € I’, such that I € $; 
(43.6) if the overlapping lh, I, € £, then In N L, € Š. 


Assuming where necessary that the associated points are stable 
relative to of, prove that (R, $, cË) is a product division space. 
For R = [0, 1] and the usual intervals, show that o£ does not have 
decomposable vectors. 


Ex. 43.3. As in Ex. 43.1 take rectangles with associated corner 
points, but with a new œ that has the property of full decompo- 
sability. To each S € æ there corresponds an elementary set E 
with the following property. To each x € E there corresponds a 
defining rectangle 


n 


I(x) = X (@, b) 


j=l 


(a, < x; < b, j= T 2y u 2 hn) 


such that if I € J(x) N E, x(y; D = x, then 7€ $, Alternatively 
we can use a function 6(x) > 0, and replace J(x) by the sphere 
S(x; 6(x)). This <£ is used in the Riemann-complete and variational 
integration of Henstock (1963c), for n = 1, 2, and also the corres- 
ponding Perron and Ward integration. Show that (R, $, æ) is a 
fully decomposable product division space. 
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(To prove that <£ divides all elementary sets, see Henstock 
(1963c), p. 22, Theorem 16.1 (n = 1), and p. 101, Theorem 41.1 
(n = 2). The case n = 1 has a curious history. Lebesgue (1909), 
pp. 30-3, shows that his integral is.a limit of Riemann sums, but 
gives no explicit details. Lusin (1913) uses the idea for trigonometric 
series, and W. H. and G. C. Young (1915) state the result. The 
first incomplete proofs are in Kurzweil (1957), p. 423, Lemma 


. Dp. 1,4,1, and independently in Henstock (1961a) pp. 129-30, Theorem 
seo alse OED 


téferences to Lebesgue, Lusin, and the Youngs, I am 
indebted to Professors Hildebrandt and Verblunsky, and for the 
reference to Kurzweil Iam indebted to Dr. K. Karták. (The first 
proper developments of a Lebesgue-type theory are given in Hen- 
stock (1960c; 1961a, b; 1963c).|The defect in my proof for n = 1 
was pointed out by M. McCrudden. When the defining interval 
at x is (x—6,(x), x+ óə(x)), the proof breaks down for the case 
when, for some j, 


Xa < HaT Oj) < Kat ó,(x;_ ) < x;— 6,04) 
< x; jaa < Mart Od < Xam (27.2) 
< x;+Ó,(%) < Xj 
These intervals are so interlocked that the removal of one uncovers 
part of the main interval. However, we may assume 63(x) = 62(x), 


as here, and then the proof is sound.) 
Ex. 43.4. To the space of Exs. 43.1, 43.3 we can add conventional 


vectors x with x, = —œ or x, = +œ, for one or more j. The 
J(x) for these new x can be Cartesian products of (z, b,), when 
x; is finite, and of (— co, b,) (x; = — œ), and (a,, + oo) (x; = + co). 


Coupled with the Riemann system of Ex. 43.1, we can then deal 
directly with Cauchy—Riemann and allied integrals. But the infinite 
integral in complex variable theory is of a different type, consist- 
ing more or less of the limit of the line segment part of a semicircular 
contour, or two line parts of a circular wedge, so that the two ends 
of the lines do not tend to infinity independently. 

Coupling Exs. 43.3, 43.4, enables us to deal directly with Cauchy- 
Lebesgue integrals, and special Denjoy integrals over infinite inter- 
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vals, avoiding the extra limit process. For n = 1 see Henstock 
(1963c), pp. 115-18, section 47. 


Ex. 43.5. As in Vitali’s covering theorem, take fixed A, u in 
0 < ¿= u, and assume that the ratios of edges of the rectangles 
of & in Ex. 43.3 lie between 2 and u, with associated points at 
the corners. It is unknown whether this system divides all elemen- 
tary sets. 


Ex. 43.6. Let the rectangles of Ex. 43.3 have associated points 
at their centres instead of their corners. Show that of divides all 
elementary sets. We could also take m; > 0(j = 1, 2, ..., n) and 
identify x with y, if x; =), (mod m) (j = 1, ..., n). McGrotty 
(1962) proves the result when n = 1. Then n > 1 is straightfor- 
ward. 


Ex. 43.7. In Ex. 43.6 add the restriction of Ex. 43.5. In particular 
take cubes (the case 4 = u). The case of n = 2 and squares with 
associated points at their centres in =r = x < n (j = 1, 2), with 
mı = 2m = me, is useful in dealing with trigonometric series. See 
Henstock (1961a), pp. 109, 110. It is unknown whether of divides 
all elementary sets, and Exs. 43.5, 43.6 were considered in order to 
throw light on this case. 


Ex. 43.8. We need curved rectangles to include results like those 
of Whitney (1957). 


Ex.43.9. Let the real interval [a, b] be the union of a sequence 
{P} of perfect sets. For S$, and each x there is a ô(x) > 0, such 
that 5, includes those intervals J, and only those, with 


T = B x]; x—u < (x); x, u € P; tee e) 


Similarly we define 3,. As each P; is perfect, if x € P;, there is a 
sequence of distinct points of P; tending to x, and each point of 
[a, b] has either left-hand or right-hand intervals, or both. This 
gives the integration of Tolstov (1939) that is equivalent to the 
general Denjoy integral. Prove that d£ divides all elementary sets. 

(Say that an elementary set E © [a, b] is admissible, if S = (ép 
Á) is complete in each subinterval. If two admissible elementary 
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sets abut or overlap, their union is admissible. If H is the union 
of interiors of all admissible elementary sets, and if the closed 
interval J G H, then by Borel’s covering theorem, J is covered by a 
finite number of such interiors, and so is admissible. If P = [a, b 
then P is closed. Disregarding a, b, then P “Pa no isolated point, 
and so is perfect. It is a G,-set by Kise 18.1 (18.3). If P N (a, b) 
is not empty, then by Baire’s density theorem (Theorem 17.3), 
P is of the second category since [a, b] is complete. Hence there are 
a closed interval J and an integer J, such that J° N P is not empty, 
and that P, isdensein J N P. Hence J N P S P, so that eachx € JOP 
is the centre of an interval K(x) = (x— (>), x+4(x)) such that 
every interval [¢, x], [x, £] in K(x), with z € P, comes from & U 4,. 
By Young’s covering theorem a finite number of K(x), and so of 
[t, x], [x, t], cover JN P. The intervals of J outside the cover are 
admissible and finite in number, so that J is admissible and J Pu P, 
empty. Hence at most, a, b € P. But there are suitable intervals from 
a, b to show that [a, b] is admissible, completing the proof.) 


Ex. 43.10. In Ex. 43.9, for some integer J, P, contains an interval 
over which we have the arrangement of Ex. 43.3 for n = 1. (Use 
category.) 


Ex. 43.11. Let M be a continuous non-atomic measure on the 
Borel sets of [a, b], with M((x, y)) > 0 for all (x, y) S (a, b). Let 
é, be the family of all [u, x] S [@, b] with a < x = b, and with 
u in a set of left lower M-density = d, at x; this set of u varies 
with x. Similarly for S,, in which [z, x], l, are replaced by [x, u], r. 
If d, d, are independent of x with d,+-d, > 1, show that cA divides 
all elementary sets. (See Henstock (1961a), pp. 130-2, and Theorem 
17. The case d, = d, = 1, with Mas Lebesgue measure, corresponds 
to Burkill’s approximate Perron integral, Burkill (1932).) 


Ex. 43.12. Let’x be a real infinite sequence {x}, either with 
|x| = +(j = 1, 2, ...) as in section 61, or we can identify x with 
y when x; = y; (mod 1) G = 1, 2, ...), which is the infinite dimen- 
sional torus space. Either space is denoted by W. The intervals 
are a finite product of [a;, b;] S - > 1], together with an infinite 

a l 
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a function n = n(x)=1 and a function 6(x) > 0, such that if 


| PM yi 25 Mab Wierd OF F (k saj sony; hen all 
| [X cb ates sezon 
hi j=l j=n+1 
| x;—u; < ôx) @, = D 
| L= [pu] %-—x < OK) =) (G =1,2,...,n) 


Prove that (R, £, o£) is a fully decomposable product division 
space. (Use Tychonoff’s theorem.) 

Ex. 43.13. Take the space @[a, b] of continuous functions on 
[a, b]. To construct ‘intervals’ take a division D(a = x) < xí < 
... < x, = b), and u < v; (j = 0, 1, ..., n) where some u; can 
be — co, and some v; can be + 00. Then the ‘interval’ is the set of all 
continuous functions f on [a, b] with 


uj, = f(x) = 2%; (j = 0, 1, s.s n) 


The system blends ideas from Ex. 43.4, 43.12, and can be made to 
cover Wiener and Feynman integration. However, the theories of 
these integrals are so complicated that they warrant a separate and 
careful investigation that cannot be given here. 
Ex. 43.14. Let R be a Os-space, and Z the family of all non- 
See, empty closures of G € G. Let the intervals I € Š be the compact 
iwi as of Z. Then each elementary set is also in $. To each 
T 0 point x € I € Š let there correspond a J(x) € Z with x € J(x)°, such 


that S$, is the set of all J € Z, JS I(x), with x € J°, for all x € I. 
| From these J show that we can construct a non-overlapping finite 
| we cover of J from $1. This proves that of divides all elementary sets. 
?: SY 7 

If R is a locally compact topological group a Haar measure on $ 
| is definable, and then our integration process includes the Haar 
integral over compact sets in that group. For non-compact sets we 

proceed as in Ex. 43.4. 
(As I is compact we can select from ó, a finite subset F}, ..., Fp 
corresponding to distinct points x,, ..., x, of J, such that T lies in 
the union of the FP (j = 1, 2, ..., n). Since R is a “Os-space, there 
are disjoint G; € @ with x; € G, and with G, S Fp, the G; being 
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disjoint (j = 1, 2, ..., n). Put 


p= Ua; Usres 


k=; j=1 


G N GF empty (k > j 


Thus we can assume that the F,, ..., F, satisfy G, F, empty 
(k = j), for disjoint neighbourhoods G; of x (j = 1, 2, ..., n). 
We define a sequence of non-overlapping open sets 


Gy = F, Gy = F\Gy, Gi = F; \(Ga U Geh) eo 
Gin = FAG U ... U Gud 
with x, € Gj j = 1, 2, ..., n); and we show that 


rej, 


j=1 


For if x €I x¢ F\F,(l<j<n), then x€ F, =Gy. If x€ I, 
x € F, there is a j with x € FPVF, (1 < j = n). If x ¢ FPPYGnU G, 
(2 <j <n), then either x € Fo\F, = Gis or x € Gy U Gip and so 
x € Gas. And so on. 

Finally, H, = ING, € $, since Tis compact, and the Th, ..., H, 
give the division of J.) 


44. Th e Generalized Riemann and Variational Integrals 


Let (R, Š, o£) be a division space. Then we integrate functions 
f(x) u) of TES and x = xy; D, y € T', with real or complex 
values, by considering sets S(fu; S; E) of sums 


(Dr) f(x(y; D) oD 


for all divisions D(J of E from all S € æ that divide E. Clearly 
S(fu; S; E) is not empty. As of is partially ordered in the sense of 
divisions, if S, and Sg are in o£ and divide E, there is an Ss € ct 
that divides E, with 


SES Ea OED) 
(44.1) S(fu; Ss; E) S S(fus S1; E) N S(fu; S2; E). 
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We say that S(fu; S; E) is fundamental Sor the S € cA that divide E, 
or fundamental (ct; E), if, given e > 0, there is an S € ot that 
divides E, with 

(44.2) S(fu; S; E)— S(fu; S; E) S SO, £), 


i.e. every pair of points of S(fu; S; E) isin distance less than z 
apart. 

Also S(fu; S; E) is convergent for all S € æ that divide E, or 
convergent (ct; E), with limit u, if, given e > 0, there is an S € A 
that divides E, such that 
(44.3) S(fu; S; E) S Stu, e) y 
i.e. each point of S(fu; S; E)is within e of u. 

THEOREM 44.1. If S(fu; S; E) is fundamental (ct; E) it is conver- 
gent (ct ; E) and conversely. 


Proof. Let S; be an S for which (44.2) is true for s = 1/j. As in 
(44.1) we can alid assume that 
(44.4) S(fu; S41; E) S S(fu; S;; E) a 1.2; sehi 


Taking one point w; in S(fu; S;; E), for each j = 1, 2, ..., 
gives 


(44.4) 


¿w W CSU: SE Gl Keay, 7 = 1, 2, 6.5 
so that by (44.2), (u) is a fundamental sequence. As the real line 
and complex plane are complete, {u;} has a limit u, and 
S(fu; S;; E)—u = S(fu; S; E)—u;+(uj—u) € S(O, 2//). 
Thus S(fu; S; E)is convergent (ot; E). 
Conversely, if (44.3) is true, then (44.2) is true with 2e replacing e. 
The limit is another special case of a Moore-Smith. limit. If it 


Tki IF .O-xexists, then clearly it is unique, and it is called the generalized 


Riemann integral of f with respect to u in E, written 


i J x 


This agrees with the peanon in A cases given in Henstock 
(1963c), pp. 26, 104, 141, 
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i Joa O. THEOREM 44.2. The integral is linear in f and u. 


GB 


2,3.3(39) 


Proof. Let f, g be integrable with respect to u in E. Then, given 
é > 0, thereareS;, S2 in of that divide E, such that if D, is any 
division of E from S, (j = 1, 2), 


(Dy) VF (xy; D) wy | du <e, 


| (D2) X} g(x; D) w-| s du < w 


As A is partially ordered in the sense of divisions, we can replace 
Sı, Se by an Ss € æÆ that divides E, for which both conditions are 
true with D = Dı = De from Sz. Then if a, b are constants we 
have 


(DY (f(t; D)+6e(x; D) D-a | fdu- | s du 
E E 
< (lal+1b)s, 


giving the result that af+ bg is integrable with respect to u in E to 


af santo | g du. 
E E 


Similarly we can prove linearity in p. 


TR. 3.2 THEOREM 44.3. Let f, g, u be realand let f+-ig be integrable with re- 
(2. 8) spect to win E, with integral F+ iG, where F, G are real. Then f, g are ` 


integrable with respect to u in E with integrals F, G respectively. 
Proof. 1f a, b are real then max (lal, |p) = |a+ib|. Thus 
KDEA: D) a(D—F| = (D) £ (F(x D) 
+ig(x(y; D)) u(D—(F+iG)| 


For suitable S € cf that divide E, and all divisions D from S and 
over E, the right side is as small as we please. Hence fis integrable 
to F, and similarly g to G. 


THEOREM 44.4. Let f, g 
u= 0 in E, with f > g. 


g be real and integrable with respect to 
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| jau= | z dy 
E E 


Proof. We proceed as in Theorem 44.2, taking D = Dı = Da 
from S3. Then we obtain the result from 


ras | edu- (all e => 0). 
E E 


Then 


A function H(I) of the intervals T is finitely additive on a subset $1 
of & if, for each interval J€ $1 and each division D of J using the 
I € S41, we have 

(O) AD = HU). ` 


Such an H can be defined unambiguously for those elementary sets 
that are finite unions of non-overlapping intervals of $1. 


DG THEOREM 44.5. If the generalized Riemann integral of f with re- 
Tx.“ = Ç spect to u in Ë exists, then it is a finitely additive function of the partial 
(2.5 9 sets of El If the integral exists for non-overlapping elementary sets 
ONE E, Er, then the integral exists for E U E. as the sum of the other two 


ee ip a integrals. [Fu Further, if for some S € c that divides E, and all sums 
haan |S over E from S, 
bf | (44.5) s= fsal- 6, 
E 


ith 9 5. Š then for each partial set P of E, and all sums Sı over P from S, 


| s- | fdu|= 2e. 
P 


| (44.6) 


} 

Proof. If P is a partial set of E, and if S € of divides E, then by 

Theorem 43.2 (43.1), S divides P and E—P. If Sy, S2 are two sums 

| over arbitrary divisions of P from S, and if Sg is a sum over a 

i division of E— P from S, then S,+S3, Se+S3 are sums over two 
divisions of E from S. Given € > 0 we can choose an S € d£ that 
divides E, such that (44.5) is true. Then 


| Si— Sel = |(s+s:- [ rau) —(srss- [ rau) == 
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Thus (44.2) is true with 2e for €, and the existence of the integral 
over P follows by Theorem 44.1. Then (44.6) follows on taking S 
arbitrarily near to the integral over P. Theorem 43.2 (43.3) shows 
that the union of two non-overlapping partial sets of E is another 
partial set of E, so that the integral exists over the union, and we do 
not need all the next part to prove the integral finitely additive. 

Let the integral exist for non-overlapping elementary sets E, E1. 
Then there are S, Sı € of, respectively dividing E, E,, such that all 
sums S over E from S satisfy (44.5), and all sums S4 over E, from Sı 
satisfy 


Sa Í fa < ë, Hence 
E) 


S+ Sa being an arbitrary sum from S+S.. This is in o since of is 
additive, so that the integral over E U Ej exists as the sum of the 
integrals over E, E1. This proves that the integral is finitely additive. 

Let h(I) be a function of the T € Š and the y € T'. We can then 
regard the function as the y component of a vector function h(D. 
For example, we can have 


hD =S D) HD, or AD = F050) a= | fdu 
Then the variation of h in Eis defined to be 

Vh; ct; E) = inf V(h; S; E), Via; S; E) = sup (D7) X |h,(D)||, 
the inf being over all S € of that divide E, and the sup being over all 
divisions D of E from S with all possible specifications of the y. The 
sup can sometimes be +00. Note that if S, S; € æÆ both divide E, 
with I 
(44.7) 3,5 $, ET), then V(h; S; E)= V(h; Si; E). 
This is why it is appropriate to use the inf. 

The variation of h over a set X © R, relative to E, is 

Vh; A; E; X) = V(hi; A; E), 
hy (D) = hD ch(X; xg; D) WED). 


where ch(X;.) is the characteristic function of the set X. 
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If the variation of h in E is 0, we say that h is of variation zero in E, 
while if the variation of h over X relative to E is 0, we say that h is of 
variation zero in X, relative to E. 

If a function H of the partial sets of an elementary set E is finitely 
additive, and if H—/w is of variation zero in E, i.e. h is of variation 
zero in E where , 


hD =HD—-f(xy;3D) uD (el), 


then we say that H is the indefinite variational integral of f with 
respect to u in E. 


THEOREM 44.6. The indefinite variational integral H of f with 
respect to win E exists if, and only if, the generalized Riemann integral 
of f with respect to u in E exists, and for all partial sets P of E, 


H(P) = Jaa. 


Thus H is uniquely defined. 

Proof. If the generalized Riemann integral exists then by Theorem 
44.5, (44.6) and the additivity of the integral, we have for all partial 
divisions Q of E from S, 


| Qn)» (rio D) a | fdu) | = 2e. 


Let D be a division of E from S. Then for sum over Q, we use 
all I € D for which the real parts of the terms of the sum are posi- 
tive; then all 7€ D for which the real parts of the terms are nega- 
tive, obtaining 


(DdE| (F005 0) a= | Fa) |= 2 


Similarly for the imaginary parts, so that finally 


(DDF 


S (fe f fan; 


f(xy; D) uD- | fdu| = 8e. 
S; z) = 86, s (fu— f fdn; A; z) = 
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and the generalized Riemann integral is an indefinite variational 
integral. Conversely, if H is an indefinite variational integral then H 
is finitely additive for partial sets of E. Hence there is an S € of that 
divides E, such that all divisions D of E from S satisfy 


(DESY; D) oO — H(E)| = e, 
S(fu; S; E) E S(H(E), £) 
and fis integrable with respect to u in E, to the value H(E). A similar 
result holds for all partial sets of E. 


THEOREM 44.7. If Ei, Es are non-overlapping elementary sets, with 
“s, € ct, and dividing and being restricted to E, (j = 1, 2), then 


| Es (44.8) V(b; Si; E1)+ V(b; S2; Es) = Vh; S1+S2; E, U E, 


| TRATED) 
(2 “1 8) The proofs are straightforward. 
| i 9 THEOREM 44.8. If V(h; A; E) < œ, £ > 0, and S € cA dividing E, 


Vth; A; E1)+ Vh; of; E2) = Vh; cA; E, U Ep). 


satisfy 


É a re: S; E) < Vh; £; E)+e, then V(h;S;P) < Vh; o; P)+e 
NA 


as cat or all partial sets P of E. 


Proof. As S contains the sum of its restrictions to P and E—P, 
/ (44.7; ...; 44.9) imply 
V(h; S; P) = V(b; S; E)— Vh; S; E— P) < Vh; Æ; E) 
+e—V(h; A; E—P) = Vh; AH; P)+e. 


In the rest of the section we have to assume that (R, Š$, cË) is a 
decomposable division space. 


THEOREM 44.9. Let (R, $, A) be a decomposable division space, and 
let {X,} be a monotone increasing sequence of sets in Ri with union X. 


ail lim V(h; A; E; X) = Vb; oA; E; X) 


j> œ 


2 
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Proof, As X 2 X; it follows that 


(44.10) Vü; A; E; X) = Vh; Æ; E; X), 
(44.11) Vih; A; E; X) = lim V(b; A; E; X). 
j— œ 


Thus we can assume the limit finite. Let S; € A, dividing E, satisfy 
(44.12) V(b; S; E; X) < Vh; a; E; X)+e27 (j> D. 


As cf has decomposable vectors, there is an S* € œ that divides E, 
with 


SHXA\X) S SAN- O e T, X, empty, j = 1,2, ---) 


If Disa division of E from S*, and if Q, Q, are the partial divisions 
of D with associated points in X and X;\X;_1, respectively (j = 1), 
there is a greatest integer m (depending on D) such that Qm is not 
empty. Let E; be the partial set from Q, (j = 1, 2, -> m). Then 
from Theorems 44.7, 44.8 and (44.10; 44.12), 


m 


(D) F, [hI eh(X; x; D) = OLADI = > QUOI 


j= 


= Y Vib; S; E; X) < > (Vü; A: E; X)+e-27} 
j= j=l 
a 


= lim Vh; A; E; X) +, 


j— œ 


Vü; A; E; X) = vh; S*; E; X) = lim V(h; o£; E; X)te, 


jJ — eo 


Vh; A; Ej; Xm) tE < Vh; o; E; Xm) tE 


giving the opposite inequality to (44.11), and the result. 


THEOREM 44.10. Let (R, £, ot) be a decomposable division space, 
and let {X;} be a sequence of subsets of R, with union X. Then 


L82529; < 
STN Vh; ASE; X) = >, Vh; cA; E; X) 
= al 


Proof. By (44.10) we can assume the X, disjoint, and we can take 
the right side finite, and begin as in the proof of Theorem 44.9, 
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6 
obtaining 
(D) E 1h01 eh(X; x(y; D) = >, V; S; Bs X) 
ç f 
= Y VQ; S; E; X) < Y (yG; A; E; X) + 8-2), 

| ç j=1 j=1 A 

$ Vh; A; E; X) = Vh; S*; E; X) = Y Vh; A; E; X;)+ e. 
j=1 


| tee \ THEOREM 44.11. Let (R, Š, cË) be a decomposable division space. 


(2.2 À (44.13) If V(u; Æ; E; X) = 0, and if f is a point function, then 
ce (fu; A; E; X) = 0. Conversely, if V(Ju; ot; E; X) = 0, 
(2.26 and iff # 0 in X, S X, then V(u; A; E; X1) = 0. 


t qhe (44.14) If V(u —”; A; E) = 0, if f is a point function, and if f is 
; integrable with respect to ú in E, then f is integrable with respect to 

v in E, and the integrals are equal. 
| Proof. Let X; be the subset of X with |f| = j VU =2, 3,...). By 
t Theorem 44.10 and (44.10), 


j Vi fu; A; E; X) = > Vifu; A; E; X;) = 212.0 at; E; X) = 0. 
j= j= 


Hence the first part of (44.13). The second part follows on replacing 
X and f by X. and 1/f in the first part. Then (44.14) follows from 


I (44.13) and Theorem 44.2, on noting from the definitions that since 
f(u—7v) has variation zero, the integral of f with respect to w—¥ in 
E is0. 


Ex. 44.1. Show that Theorems 44.9, 44.10 are false for ordinary 
Riemann integration on the real line (Ex. 43.1 with n = 1), by 
taking X; as the set containing the first j rationals, with E = [0, 1] 
and for has p([u, v]) = v—4. 

Ex. 44.2. Prove that integration by substitution holds, i.e. if 


HP) = | ra 


exists for all partial sets P of E, and if either integral below exists, 
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then both exist and are equal. 


Í: dH = [|z 


Ex. 44.3. If h, j have variation zero, and k, = h,+j, (y € I), then 
k has variation zero. 


45. The Integrability of Functions of Functions 


We now specialize some results of Henstock (1963c), pp. 43-46, 
section 25 and Henstock (1964), extending the results to general 
division spaces. We are concerned with a function r(x1, X2) of two 
real variables that is homogeneous in the sense 


"n ¥ 
(45.1) r(axı, 4X2) = ar(x1, x2), (° > 0) 
so that if f, g are two point functions and we function of I € 3, 
(45.2) r(fu, gu) = rf, ge. ` 


Limitation (45.1) is solely in order that our generalized Riemann 
integrals can be restricted to the types already defined. A more 
general theory can disregard this limitation. 

We shall be concerned with two types of continuity condition 
on r. The first is that for constants A, B > 0, 


(45.3) Ira ya) —r(x, x)| = A|yi—x1il|+ B |ya — xel. 
E.g. this holds if the partial derivatives of r exist and are bounded. 
For the second condition we put, for each £ > 0 and fixed x1, Xa, 
r(x Xa £) = sup Ir(y1, y) -r&n %2) (|y;— x;| = 8, j = 1, 2). 


Then the condition is that for arbitrarily large n, varying s, > 0 
(i<k <n) 


(45.4) v5 Xik (j = 1, 2) fixed, 
k=1 
n n 
(45.5) Y Ceres Xa 8) > 0 as Y s, > 0 
k=1 k= 


Clearly (45.3) implies (45.5). 
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THEOREM 45.1. Let R, Z, R* be the real line, the complex plane, 
and the line of non-negative numbers, respectively, and let T be RXR 
or RX Rt. Let r(x, x2): T > R(or Z) satisfy (45.1), and let h; —k; 
have variation 0 in E (j = 1, 2). Then a—b = r(hi, hə) — (ki, Ke) has 
variation 0 if either 


(45.6) r satisfies (45.3) in T, or 
(45.7) r satisfies (45.5)in T when the h; = fu are integrable in E(j = 1,2) 


Here we have written a—b, r(hi, he) for the vectors with com- 
ponents 
a,—b,, r(h,; ha) 


r 7 


(y €L) 
Proof. Given e > 0, there are S; € c£ that divide E, with 
(j = 1, 2) 


(45.8) V(b; —k,; S; E) < € 


As A is partially ordered in the sense of divisions we can replace 
the S; by a single S € cA that divides E, for which both results are 
true. If (45.3) holds, then for each division D of Efrom S, 


(D) F a, —b, | = AD) Yay — kay + BD) F | ray — kal = (A+ Be 


and a—b has variation zero. If (45.5) holds, with h; = fu integrable 
to H, then by Ex. 44.3, k, — H; also has variation zero since h,—k, 
has variation zero (j = 1, 2). Since 


r(hy, he) — r(Ki, k2) = {r(hi, he) — (I, Ho)) + {r(H1, H) —r(kı, ke)} 


we therefore need only prove the first bracket of variation zero. 
Let D be a division of E from S, with intervals h,..., I, and 
various y. Then (45.4) is fixed at H(Z) (j = 1, 2) with 


os | eer H;I), Yik = h(I), 
> |r (hy, Gis ha (l))r (H), H))| = om r (Ui), H(I), ëk) 


Ek = V(b, — Ay; S; I)+ V(b, — He; S; 1) 
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By Theorem 44.7 and replacing k; by H; in (45.8), and by (45.5), 


5, s| = Vi — Hi; S; E)+ V(h2— H2; S; E) < 2e, 


n=1 
Vira, hy) —1(Hy, H3); S; E)+0 
by choice of S, completing the proof. 
THEOREM 45.2. In Theorem 45.1 (45.7) with H, the integral of h; 
let r have 
(45.9) r(xity1, X2t+y2) = r(x1, xo) +r(v1, Y2) 


for all (x1, X2), (71 yə), (Xi ti, X2 + y9) in T. Then a is integrable if, 
and only if, for some S € cË that divides E,` 


(45.10) (D) È rays hoy) 
is bounded above, for all divisions (D over E from S. 
Proof. We put c(E) = r(H (E), H(E)). It is finitely subadditive in 


` an obvious sense since from (45.9), if is a division of E, 


(D)¥ HD = HE), 
(D) ¥ (m (D, HD) =P) y Au), (O)Y HD), 
(O): cD) = cE). 


If D is from an S € æ that divides E, then Theorem 43.2 (43.2) 
shows that there is an S* € of that divides E, such that D’ = D 
for all divisions D’ of E from S*, and the finite subadditivity gives 


(D)Y c= (D) X c0). 


If S(c; S; E)has a finite supremum s we can take the second sum great- 
er than s—e, so that the first sum lies between.s and s— e. If S(c; 
S; E) is unbounded above we can take the second sum as large as 
we please, and then the first sum has the same property. By Theorem 
45.1 (45.7), S(c; S; E)is bounded or unbounded according as (45.10) 
is bounded or unbounded, and in the bounded case the integral of 
a is s, while in the unbounded case S(a; S*; E) lies in the set of 
x = A, for A arbitrarily large by choice of S*, so that a cannot be 
integrable. , 
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Ex. 45.1. For r(x, xa) = x4x57"(x; = 0, j = 1, 2), where 0 < £ < 1, 
(45.1) is true. Prove that (45.5) is true, and (45.9) true for —r. 
(For (45.9) use Hélder’s inequality. For (45.5) begin with f = 0 
where i 

fx) = x +z — (x+ 2)! = 0 (x = 0, z = 0) 


x; = 0, 


(+z) (%_+ z) = (x1+lzl) (xk? +] 257'l), 


ate. = (x, +2,)' (Xə + Zo i [a t+lzl xe +z lea 


Then for Xj +Z; = 0, 


For y; = X;+2; and by Hölder’s inequality (t = 1 |p), 
IOo Ya) — 1%» x) = x 12 “|+|2| xa +l |z | 
and (45.5) follows.) 
Hence if f, g are non-negative and integrable with respect to 


u > 0 in E, it follows that f'g!" is integrable with respect to win E, 
for fixed tin 0 < t < 1. 


Ex. 45.2. Prove that r(x1, x2) = max (x1, x2) satisfies (45.3) with 
A = 1 = B, and (45.9), and that (45.10) is bounded above if either 
S(a; S; E) lies in a compact set, for some S € d£ that divides E, 
orifh, =f u where u = 0, fi = fs, fs = fs, and where f; is integrable’ 
with respect to u. Hence show that also max (fı, f2) is integrable 
with respect to u. 

Appling (1962a,b), (1963), and subsequent papers, gives many 
interesting integrability results for Hellinger-Burkill integration. 
The corresponding results for generalized Riemann integration can 
be obtained for the most part from Theorems 45.1, 45.2. 


46. Limits of Integrals 


When u((u, v)) = 9-4, Lebesgue gave two sufficient conditions 
for 


(46.1) frou- fou >o) 


His are Lebesgue integrals on the real line, with extensions to more 
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general spaces, and f(x) — f(x) as j> œ, for almost all x € E. 
The first condition is that of monotone convergence, the f, being 
monotone increasing in j with the left side of (46.1) bounded. The 
second condition is that of majorized convergence, with |f;| = F for 
integrable F. 

These results are proved for variational integrals on the real line 
in Henstock (1963c), p. 82, Theorem 36.1, and p. 85, Theorem 37.1, 
where the u need not be completely additive, so that the reason for 
the failure of (46.1) in Riemann integration does not lie in the finite 
additivity of Jordan measure as contrasted with the complete additiv- 
ity of Lebesgue measure. Here we see that the reason is that the 
division space for Riemann integration is not decomposable. We 
need a decomposable division space to prove (46.1) in Lebesgue’s 
cases, but this is the only extra condition required. The y below can 
go through all positive integers or all real y > 1. 


THEOREM 46.1. Let (R, Š, ot) be a decomposable division space. 
Let u > 0, and for each x € R let f(x, y) = 0 be monotone increasing 
in y=1. If for each y > 1 f(x, y) is integrable with respect to u in 


"an elementary set E, with indefinite variational integral H(., y), and 


if H(E, y) is bounded above as y — œ, then 
(46.2) JG) = lim f(x, y) 


exist (finite) for all x save a set X with V(u; ot; E; X) = 0. Putting 
f(x) = 0 in X, then f is integrable with respect to u in E with indefinite 
variational integral H(.) = lim H(., y). 


yore 


Proof. We can restrict y to take integer values since 
Sx, n) = f(x, y) = f(x, n+ 1) 


For fixed j, k > 0 let X(j, k) be the set of x where f(x, J) k, and 
let X(k) be the set of x where 


f(x) = lim fx, D> k, or f(x, j)> OG o). 


j—> œ 


(n=y=n+1) 


Given = > 0, let S, € & dividing E be such that for all divisions 
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D of E from S, 
\(D) DS. u-HE, j) < e27 
If Q is the partial division from D with associated points in X(j, k), 


QZ ku = (D) VA. Du = H(E, j+ = M+e, 
M = lim“ H(E, y). 


yee oo 
Hence as u = 0, and by definition of the variation over X(j, k), 
V(u3 S; E; XG, k)) = (M+e)/k, ` V(u; ot; E; XG, k)) = M/k. 
As X(j, k) is monotone increasing in j and tends to X(k) as j — oo, 

Theorem 44.9, which uses decomposable vectors, gives 
V(u; 4; E; XK) = M/k, XS XQ) (all, 
Vu; A; E; X) = 0, 
while f(x) exists in \X. By Theorem 44.11 we can now take f(x, y) = 0 


for x € X without altering A(., y) and then (46.2) is always true. 
We now take k = 1/m for integers m, using Theorem 44.10. If 


Y= U XG, l/m), V(u; S; E; XU, 1/m)) = mM +e), 
j,m=1 


V(u/(n-2)*™); S;; E; X(j, 1fm)) = (M+e)/2/*", 
V(ul/(m-2)+"); S; E; Y) = M+e. 


Here, if x € Y we take the smallest j and then the smallest m, such 
that x € X(j, 1/m), so that Y is split up into disjoint sets, countable in 
number, and then S is the vector obtained by using these sets, the 
corresponding S;, and the property of decomposability. Note that 
VY is precisely the set where f(x, y) = 0 for all y = 1. 

As (46.2) is now true for all x, let n be an integer, and let q(x) = n 
be the smallest such integer (depending on x) for which 


F(x) —f(x, a) = ef(m-2/*") — (x€ Y) 
As cf is partially ordered in the sense of divisions there is an S# € A 
that divides E, that has the properties of both S, and S.:By using 


the disjoint sets X, of points x € Y for which g(x) = q, with the 
corresponding Si, the property of decomposability ensures the 
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existence of an S* € of that divides E, and that has the property of 
Sž» at each x € Y. Let D be a division over E from S*, and Q the 
partial division from @ for which the associated points lie in Y. Let 
r = max q(x; D) QED). 
Then as f(x) and f(x, y) are zero outside Y, 
\ 
D) E (/e)—f(x, a))} u = (Q) Y (fo) — f(x, a)} wu 
= (Q) Y eul(m-2/*™) < (M+e). 


Further, Q can be split up into partial divisions Q,, -. ., Q, for which 
the associated points lie in X,, ..., X,, respectively, and we have 


103) LS, d) #-H(E,, Q)| < e2 


by Theorem 44.5 (44.6), where E„..., E, are the corresponding 
partial sets. As H(E,, q) lies between H(E,,n) and H(E,, r), these 
being finitely additive, we have j 


HE, n)—2e < Y; HE, 0 — 2 < $ OEN Du 
q=n q=n 


= (D) >; f(x, Ux) u = H(E, r) +2e, 
H(E, n)—e(M+2+¢) = (D) X, f(x) u = HE, r) +e(M+2-+-). 
As we are given that H(E, n) tends to M as n > œ, we can take n so 


that 
|H(E,n)-M|<e, |(D)>) f(x) u—-M| < &(M+3+28), 


and fis integrable with respect to win Eto the value M = lim H(E, y). 
y — œ 


This completes the proof. 


THEOREM 46.2 Let (R, Š$, o£) be a decomposable division space, let 
ou = 0, and for each y = 1 ‘Tet I(x, y) be integrable with respect to u in 
ep Let f(x, y) = fi(x) for all (possibly integer) y = 1 and some fi 
integrable with respect to u in E. In the case when y takes all real 
values y = 1, also let 


(46.3) inf f(x, y) 


Y<y<Z 


be integrable with respect to u in E, for each Y, Zin 1 = Y < Z. 
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Then 
(46.4) i lim inf f(x, y) du = lim inf Í JG y) dp, 
Ey— œ 


yoo 
if the right side is finite. 
Changing f(x, y) = fi (x) to f(x, y) <fe(x), for all (possibly integer) 
y = 1 and for some f2(x) integrable with respect to u in E, with 


(46.5) sup f(x, y) ai<Y<Z) 
Y<y<Z 


integrable with respect to u in E, when y takes all real values in y > 1, 


(46.6) [a er sup f(x, y) du = lim sup | f(x, y) du, 
y— œ 
the left side possibly having the conventional value + co. 
If in (46.4) or (46.6) lim f(x, y) exists except possibly in a set X 


with V(u; cA; E; X) eh 0, then we do not need the corresponding 
(46.3), (46.5). 

If with the given X and integrability conditions, for f(x) = 0 in X, 
and f(x) = f(x, y) = f(x), f(x) = lim f(x, y) (x ¢ X), then 


yore 


[ tau = tim | fC») de 


yoo 


Proof. In the first part, by considering f(x, y) —fi(x) we can assume 
f(x, y) = 0. First taking integer values, then 


f< XSD majen) 


so that Ex. 45.2 applied to —f(x, j) (m = j = n) gives the integrability 
of 


min f(x, j), 
m=<j<n 


_ proving (46.3) integrable in this case. As it is monotone decreasing in 


Z, and is bounded below by 0, we can apply Theorem 46.1 to 
f@,Y)-— inf f(x, y)=0 (Z > œ). 
Y<y<Z 
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Thus inf f(x, y) is integrable with 
yoy 


J inf f(.,y)du = lim inf /(.,y)du = inf [aon du. 
E y> Y E 


Z— = JEY<y<Z | >Y 
Assuming the right side of (46.4) finite, we apply Theorem 46.1 as 
Y — œ and we see that 

lim inf f(x, y) = lim f inf f(x, yy 

y — eo Y— = U2>Y 
is finite except possibly in an X with V(u; ot; E; X) = 0, obtaining 
(46.4). 

For the second part we apply the first part to fo(x)—/(x, y). 

If lim f(x, y) (x ¢ X) exists, we need only use a subsequence of y for 
witich the integral of f(x, y) tends to the right value in (46.4) to 
obtain it without using (46.3) (or tends to the right value in (46.6) to 
obtain it without (46.5)), as we have reduced to the sequence case. 

The remaining results follow easily. 

Extensions for Lebesgue integrals are given in Pratt (1960), while 
the corresponding results for the generalized Riemann integration 
are in Henstock (1963b). See also Henstock (1963c), pp. 88-9, Ex. 
37.1. 


THEOREM 46.3. Let u = 0, p > 0 a real number, and (f(x, j)} a 
sequence of point functions for the decomposable division space 
(R, $, oA) such that, given e > 0, there is an integer k(e) with 


(46.7) If. BIB = f EEE A de = e 


the integrals existing for each j,k = k(e), then there are a point 
function f, a subsequence {j,\ of integers, and a set X with 


(46.8) f(x) = lim xj) G X), Vu; £; E; X) = 0, 


hn — oo 


and for each integer j = k(e), the integral exists in 
(46.9) A-SI? = [ina du = € 
If g satisfies the condition for f in (46.9) then f = g except in a set X. 
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If {f(x,j)} satisfies the hypotheses of the theorem we say that 
(f(x, D) converges in mean with index p, while if {f(x, j)} satisfies 
(46.9) we say that {f(x, j)} converges in mean to f(x), with index p. 

Proof. We choose the sequence {j,} so that j, < Jn41 (n =1,2,...) 
and 


Í RODA OI? du < 22 (Gein k=j) 
E 


As at the beginning of Theorem 46.1, if X, is the set where 
Ioi- ojal = 27", then W(u; A; E; X,) < 2” 


If x is not in the union Yy of Xy, Xy41,---,» then 


Y [fe i) S06 j, )| = a =m, f(x) = lim /(x,j) 
n=N n= 


exists. Hence using Theorem 44.10, 
XCYy, Vu; A; E; X) = V(u; ct; E; Yy) = 27M (1 —2 P), 
V(u; A; E; X) = 0. 
Taking k = j, in (46.7) and using (46.4) (Fatou’s lemma) we have 


[ipe aa = tm int [DA e dae 
E n— co E 


(j= k (2) 
giving (46.9), When for f we can substitute g, then by (46.4) again, 


Í |\f—g|? du = lim int f IK- j) — gl? du = s, 
E n— œ E 


for each £ > 0. Theorem 44.11 completes the proof. 

Ex. 46.1. A sequence can converge in mean without being pointwise 
convergent. (Put f, = 0, apart from two sides of a triangle, the third 
side being on y = 0. Let the triangle move repeatedly from Otol 
with area tending to 0, but with height tending to infinity.) 


Ex. 46.2. If a sequence is pointwise convergent, and convergent in 
mean, the limits are the same almost everywhere i.e. except in a set 
with variation 0. 
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47. u-Measurability 


In a decomposable division space (R, $, of) let E be an elementary 
set over which 1 is integrable with respect to a function mu of I € S. 
Let of also have the property that if S € of divides E, and if Dil, 

I,} is a division of E from S, there are disjoint sets J; S L with 
union Æ, such that J, contains the associated point of 1 (j = 1, oP 

n). Then we can defne a step function f in E to be a fonctions F that 
is constant at £ on J, for j = 1,2,..., n, and some such division 
D of E. 

A function fis u-measurable if f is the limit almost everywhere of a 
sequence of step functions. Hence by Theorem 46.2 a bounded u- 
measurable f is integrable if = 0 and if every step function is 
integrable in E. More generally the -measurable f can lie between 
two functions each integrable in E, and then f is integrable in E. 

If fis the limit almost everywhere of a sequence of u-measurable 
functions then f is -measurable. For proof see Henstock (1963c), 
pp. 96-7; and p. 95 gives a partia] converse that Lee (1965), Lemma 3, 
has improved. To replace this and Henstock Linke p. 94, Theorem 
39.2, in part, we have: 


aa} () a: 
ele THEOREM 47.1. Let = 0 be such that 1 is integrable with respect to 4 


in E. If f is integrable in E to H, then f is u-measurable, provided that 
hi pale 1) there is a sequence {S,} S cA, each S, dividing E, such that to 
oe € E there is an integer j = j(x) with the property that if 


x€led,,, yel, k=jxX) 


then x is the associated point of a finite number of non-overlapping 


intervals of the Sj, with union I. We then say that x is an extra _ 


associated point of I.V a A Ka aot X Ex un AK VES E .X)=Ü| 
Proof. In the integration we can reble u u re the ‘integral H of 1 


with respect to u, and we can choose Sř eck dividing E, with 
(47.2) \(D)) Y fH-H,| < 2-4 


for all D, from Sr. As of is partially ordered in the sense of divisions 
we can suppose that {S,} satisfies (47.1; 47.2). We choose a special 
sequence {D,} satisfying (47.2), oy. 
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(47.3) D1=D2.=Ds=... 
For each integer j we put 
FQ) =O =f) GES) 


where J is the set associated with T in D,, so that Jj; is a step function. 
By (47.1), we can have either f,(Z) or f(x) multiplying H in (47.2), 
where x is any extra associated point of Jin 3,,, Denote either value 
by f. By Theorem 44.5 (44.6) and (47.2), 


ms a (D) È} IHD — HD] = 2” 


Let E; be the partial set from the partial division Q, of D, consist- 
ing of intervals J for which either 


(47.5) GD) H(D — H,(D| > 27H) 
or, for at least one extra associated point x of J, 
(47.6) I AD — B) (D| > 27H) 


or both. From (47.4; 47.5; 47.6), 
2HE) = Q) YH) < (Q) Y AD-E] < 2” 


Removing from Æ; all points that are associated points of intervals 
non-overlapping with E, we have a set K,, and each interval J with 
associated point in K;, that lies in an interval of D, must lie in £. 
Hence as H is additive and non-negative, 


(47.7) |z: ct; E; U x) <= ee gee? 
jak Fas 


In the remaining intervals of D;, (47.5; 47.6) are false, so that 
IfO-AD/HD|<27, (fQ -AD = 27, 


ID- = 27 w= k, j = j(x), x € Tin D,, x € Ux) 
J= g 
Thus by (47.1), f(x) — f(x) as j > œ, except for 
yere T s 
k=1 j=k 
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Note that by repeated bisection of E we can prove that the system 
of Ex. 43.3 obeys (47.1). A 

nali ca smda S; (P), 3⁄ (Ode Ar m Fr, 
i THEOREM 47.2. Let u = 0 be integrable and let f € L, (i.e. let f be 
u-measurable with | f|? integrable, for some p = 1.) Then there is a 
step function g, depending on £ > 0, such that 


[ier du < e 
E 


(Lee (1966), Lemma 4). Proof. We first assume that | f| = M, so that 
if f(x) is the function of Theorem 47.1, with f replaced by f?, we 
have, for some interval I depending on x, and j = j(x), 


1 Š : 
GO| <a fr dis z = M427, f(x) < M 


IFC) Fo"? | <= 2M, lim f(x)"” = fix) 
J> 
almost everywhere. Hence by our form of Lebesgue’s bounded con- 
vergence theorem, we can take g = Gx? for large enough j. 

If f € L, f not bounded, we put f = f if | f| = k, and otherwise 
f® = 0. By Theorem 47.1, f is bounded and u-measurable, the 
limit almost everywhere of f} (x). Hence f® € Lp If-f®1 = If], and 
ff > 0 as k — o. Hence by the monesi convergence theo- 
rem, we can choose k so large that 


Jure du = de 


and the result is completed by the first part. 


48. Integration in an Infinite Dimensional Space 


We now expand Ex. as 12. Let W be the space of all sequences 
x= a a with lx; | = 4. We put x, as the sequence xy Xa ..., X 


n? 
0, 0, „and x; as "ihe sequence 0, » 9, X_43---, SO that 


246 


THE GENERALIZED RIEMANN AND VARIATIONAL INTEGRALS 


x = x,+x/’. The volume of 


I, = X [a b ax X = +, +] -=X l [a;, b,]x W, is 
j=1 j=l 


j=n+1 
ul) = T] @;—a) 
j=i 


A functional f on W is called cylindrical of order n, if f(x) = SE 
for all x. A set X S W is called cylindrical of order n, if its charac- 
teristic function has this property, and then X = W,XY, for some 
Y S€ W, where W, is the set of (x,, ..., x,) with x, € W. 


THEOREM 48.1. A u-measurable functional f on W that is cylindrical 
of every finite order, is constant almost everywhere. 


(Xn; x) is cylindrical of every finite order, bounded, and u- 


1G, measurable, and so is integrable relative to u, say with integral F,,. 
wf, Let D,, be a division of W consisting of intervals T, with b,—a; = 


1/r (j= 1,2, ..., n). Since £, is cylindrical of order n, F,,(Z,) is 
the same for eal I, of D,,. Also BG) is the same, so that the 
ratio 


dmn = F,,()lu(1,) 


is the same for all I, of D,,. Hence dp = dian 
n, r, since 


Fa W) = @,)> F,G) = (Da) È dmr) = d,,,u(W) = 
(48.1) Hence F,, (1) = Z,,u(I) (¿SD nt = 1.2, ...) 
kein Jn is bounded by +m, so that | F,,(/,)| = m-u(,) for all 

w» and not just those in D,,, and F,, is continuous, in the sense 
me if (Ly is a strictly increasing sequence of J,, with union be- 
tween J; and J,, this being another Z, then F, (L) > Fn(J,)- By 
_this continuity, finite additivity, and (48. 1), 


(48. 2) F, (I) = dpt) (L SW, n =1,2,...) 
and F, —d,u(I) has variation 0. Hence {f(x) ch(X,,; x) —4,,} un) 


has variation 0, where x is the associated point of J, i.e. by Theorem 
44. E 


is independent of 


a br i me poor FA A Sho AA 
f TK, P Wy UP LOAN. Pe SOR X 


A AAA TK gpl Lo o.t ! 
n } AT ar a la E Wied 


ae Proof. Let X, be the set where |f| =m. Then f,(x) = f@) < seb 
ch 
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(48.3) KE) ch(X,; x) = d, almost everywhere 


Since W is the union of the X,, it follows that for some m, Xm is of 
positive variation, and then Z, = d, for all r > m, since Xm S X, 
Hence letting m — co we prove the theorem. 


THEOREM 48.2. (Jessen (1934), p. 273) If f= 0 is integrable in W 
with respect to u then for almost all x € W, the integral 


(48.4) fD = | fe x de (m=1,2,...) 


exists, and we have 


wp = [ra fai 


m -> co 


(48.5) 


Proof. We first use Fubini’s theorem, an analogue of Henstock 
(1963c), p. 109, Theorem 44.2, obtained since we have a product 
division space. Then f(x) exists almost everywhere since 


as.) x= | a= [| | [| += dul = [fe = [eo du 


a: o < 
Clearly f,,(x) is cylindrical of order m, so that By al Ain sp 
there are constants a, b, or a conventional +00, such that, almost 
everywhere in W 


(48.7) lim inf f,(x) =a, lim sup f,(x) =b 


m> co m —> œ 


Taking any number c < b, we write 


(48.8) X, = (x:f,@) >=), Y, = U x, 
j=1 


By (48.7), Y E W, WAY is of variation zero. Since f is cylindrical of 
order m, so is X,,. We write Y,, as a union of disjoint u-measurable 
sets 


sh Zm 1 Xm-1\Xm Zm-2 = Kon X, U Xab .... 
Z, = W,XA(A; S W) 
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4, 
since Z; is cylindrical of order j. Thus 
sau =f ff 4x) du} du = | soo du 
Y Z; Aj W; A; 
=c-V(u; £; W; A) 
= c-V(u; £; W; Z) - 
) By (48.6 ince the Z; are u-measurable, et aye 


fo) dum eS, Vif; A; W; a 


Lun Ñ fas of ke, | 


X fŒ) du = > 
= cV(u; ot; i F A= | 


so that if m — co and c — b—, Y w Y 
M > cVig he ie b= elie 
a C Wisa, 
*° z za sgh fh cin th tie Satie qe MA hat |. Ses t ren M< 


true. D 


THEOREM 48.3. If f is bounded and Ds or a T. Ae Re |f| are 
integrable relative to u, then (48.4) exists almost everywhere in W, 


Proof. If | f| = M, apply Theorem 48.2 to f+ M and M. Other- 
wise apply to | f | and | f| —f. a 


49. Haar Measure on Locally Compact Groups 


Haar (1933) has given a construction of a left invariant measure on 

locally compact groups, which has been proved unique by von 

Neumann (1936), followed by Weil (1940), who gives the existence 

} of a left-invariant Lebesgue integral, and Cartan (1940), who proves 

the existence and uniqueness of the integral. This book at times 

a needs the Haar measure, but not the Haar-Lebesgue integral as it 
is cove by Ex. 43.14. Thus we proceed as follows. 

Let @ be the family of compact closures of non-empty open sets. 

These open sets form a base for the topology since the group is 

) locally compact. Let G € Go, so that G is a neighbourhood of the 

group unit. Then each x is covered by x-G. Let C € @. Then C is 
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covered by a finite number of x+ G, so that we can define the integer 
(C: G) to be the least number of x-G that form a cover of C. 


LEMMA 49.1. For each G € Go, each C, Ci € @, we have the follow- 
ing results: 


(49.1) (C: G) > 1, 

(49.2) (x-C:G)=(C:G) (all x € T), 
(49.3) (CU G: G) = (C: G)+(Ci: G), 

(49.4) (C:O<(:9, if CSC, 
(49.5) (C: G) = (C: CG: G). 


Proof. The last is the only non-trivial result, and is true since each 
x. C? that is in a cover of C, is covered in turn by (x-Ci:G) = 
(C1: G) sets y-G. Fixing D € @, we arrange that u(D) = 1 by 
using the ratio 

u(C: G) = (C: G)/(D : G) 


LEMMA 49.2. For each G € Go, each C, Cí € @, we have the 
following results: 


(49.6) 0 < W(C:G) < œ, 

(49.7) uw(D:G) = 1, 

(49.8) u(xC:G)=u(C:G ET), 
(49.9) u(CUC,: G) =< u(C : G)+u(C1: G), 
(49.10) C:a: if CCC, 
(49.11) (D : C°)z = u(C: G) = (C : D°). 


The last follows from (49.5), 
(D:G)<(D:C)-(C:G@), (C:G)=(C: D°). (D : G). 
LEMMA 49.3. Let C, C1 € @ be disjoint. Then there is a Gi € Go 
such that for all Gz S Gi, G2 € Go, we have 
u(C : G +u(C1: Ge) = u(C U C1: G>) 


Proof. By Theorem 14.2 (14.3) there are two disjoint open sets 
Gs, G4, such that 
CC Gs, Ci S Gs 
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Let us put 


F= G, -X=U xR yer 
x€C 


Then given G € Go, there are z, x, with 


zey-G, z€ (aF, x€C, z€x-1.F 
aec 


Let Y(G) be the set of x € C for which 
(G.G) N F) 


is not empty. Then Y(G) has the finite intersection property. Also, 
since x` is continuous, if x € Y(G)’, then 


(y-G) N (x7? FP) 
is not empty. Since T is regular, there is a Gs € Go with Gs S G, 


so that Y(G;) S Y(G). Hence there is a point a € Y(G), and also 
a € Y(G), for all G € Go. Hence, for all G € Go, 


(y-G)N (@?+F) 


is not empty, y is in the closure of a`". F, so that y € a~*-F, and 
Xis closed. As C and F = \G3 are disjoint, then u ¢ X, Gs = VX € Go, 
and by construction x- Gs and F are disjoint, for all x € C. Similarly 
there is a Gç € Go with x-Gz S G4 for all x € Ci. We take Gi = 
Gee Gr € Go; and then 


x-Gi S G3 (all x€ C), x-GiS G4 (all x€ Cy) 

and the lemma follows easily. We have proved more than is strictly 
required. 

THEOREM 49.1. There is a finite function u defined in @, called the 
Haar measure, for which 
(49.12) u(D) = 1, 
(49.13) u(x- C) = aC) (C € ©, 
(49.14) u(C U Cr) = (C)+ (G) (C, Ci € ©), 
(49.15) (D : CO) = u(C) = (C : D°), 


(49.16) if C, C, € @ and are disjoint, u(C)+ w(C1) = u(C U Ci). 
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For each C € @ the interval [(D : C°)~1, (C : D°)] is compact, so 
that by Tychonoff’s theorem (Theorem 13.8), the Cartesian product 
of these intervals for C € @, is compact in the product topology. 
It follows that if X(C, G), for C € @, G € Go, is the collection of all 
u(C : Gi), for Gi € Go, Gi S G, then X(C, G) has the finite inter- 
section property, and there is a u in the Cartesian product for which 
UC) € X(C, G)’, for each GE Go. Further, if we assume the unique- 
ness of the Haar measure, given C, Cı € @, there is a G, GC G 
for which G: € Go and 


lu(C)—u(C:G)| < $e, | (Cry) —w(C1: G)| < de 


Hence as e > 0 is arbitrary, we prove (49.13; 49.14; 49.16). The 
other two are obvious. 


50. The Law of the Iterated Logarithm 


Kolmogoroff (1929) gives a property of the sum of a sequence of 
independent random variables that really concerns the measure of 
a set of sequences. More complicated results are true, but Kolmogo- 
roff’s is sufficient for our purpose, and can be stated as follows. 


THEOREM 50.1. For each n let F, be monotone increasing from 0 
Gt — o, to 1 at +00. Let z = {z,} be a real infinite sequence, with 


co ° 
f x dF, = 0, f x2 dF, = o° < co, 
th an 
n n 
sa rz > ORs S, = 2 Zk 


Let the interval function h(I,) for the Cartesian product I, of |z;, b;], 
for 1 = j = n, and (— co, co), for j > n, be 


ws IEG) -E@)} 


and denote the norm variation of h in a set X of z by V(X). Let X(m) 
be the set of z where |z, | = m, (k = 1, 2, ...). If, as n > œ, m, is 
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monotone increasing, m,,/s, monotone decreasing, 


(50.1) S2 +> e, 

(50.2) m,,-log log (s) /s7 + > 0, 

then for each e > 0, and almost everywhere in X(m), using V, 
(50.3) |S,| = (1+e)s, 4/(2 log log (s?)) 


Note that if m, is constant, (50.1) implies (50.2). We need many 
lemmas, and slight emendations of Kolmogoroff’s proof. 


LEMMA 50.1. 
(50.4) (1—x/3)"1 = 1+ x/2 (O = x = 1), 
(50.5) 1—x/3—x2/(8.4) —... > 1—x/2 (0 = x = 1), 


(50.6) 1+x > exp {x(1—x)} (x > 0), 

(50.7) 1—x =< 1/(1—x?/8) < 1+x (0 < x < 1/2), 

(50.8) (1+4x)(1—x)-? < 1424x (0 < x = 1/2). 
Proof. These easy estimations are obtained as follows. 


(1—x/3) (I +x/2) = 1+x(1—x)/6 = 1 O=x= 1) 


1—x/3—x?/(3-4)— ... = 1—(x/3) {1+ (x/4 +x2/(4.5)+ ...} 
> 1—(x/3) (1 —1/4* = 1—x/4 > 1—x/2 ((=x=1) 
If JG) = log (1+x)—x(1—x), then (0) = 0, 


F'O = -142x4 1/043) = (422/149 >0 (= 0 
(1—x9/8)< 1; (14x) (1—22/8) = 1+x—(x2/8) —(x5/8) 
= 14x(1—x/8—x2/8) > 1429x/32>1 (O< x< 1⁄2) 

(1+ 24x) (1 —x)? = 1+22x—47x2+24xš = 1 +4x+x(18— 47x 
= +24x?) = 1+4x+4x > 1+4x (O< x< 2) 


Let us now put 


U, = max Sk, W,(x) = V((z: S, > x}), 
1l1<k<n 


Fae U, m = ys, 
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LEMMA 50.2. If 0 = xÀ, = s,, then W,(x) < exp {—x2(1 — 0a) / (2s). 
0, = xA,,|(25,)- 

Proof. Omitting suffixes k,n, take a> 0, ais = 1. Then since 
|z] = As, 


a° °° 
e l+ +y | E 
bi ads . a®A?s? ao? als 
Pa kh a a 3.4 J. lü - s) 


L MOO fig GAN a ON n 
a a a (1+ >) Pl 2 ( ‘ad 


where we have used (50.4). Thus since A,S;, is monotone increasing, 


ce 22 
(50.9) f eaz dF, < exp E (1+ ve 


By (50.9) we have 


j AY Í exp (aS) dF, ... dF, = [] 7 exp (az,) dF, 
— — o0 k 


qa2s2 AAnSn 
(50.10) <exp| 5 (1+ ° )! 


Further, for all x, and using (50.10), 


W(x) e* = iG ie | exp (aS) dF, ... dF, = (exp (aS,,)) 


2 2 
(50.11) W,(x) = exp (= ax + T z (1 + pa )) 


We put a = xs,” (x = 0), so that as XA, = s, We have a/,s, = 1. 
Since 1,5; is monotone increasing, then also aA,s, = 1, and (50.11) 
gives the lemma. 


LEMMA 50.3. If xÀ, = Sp then W,(x) < exp (—x/(42,5,))- 
Proof. In (50.11) we take a = 1 /A,5,)- Then 

W(x) = exp {xA AHLIDA 1 4 = x| AnS) 
LEMMA 50.4. If x4, = Sn then W,(x) < exp ( —x2 (As). 
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Use Lemma 50.2 with 
0, = xA,/(2s,) = 1/2 
LEMMA 50.5. Under the conditions 
(50.12) xÀ, Ís, = On < 1 /256, 
(50.13) ist = v, > 512, 
then W(x) > exp{—>7(1 +6)/(2s2}, € = max {964/ (log LAN 
1924/o,}- 
Proof. For ó = ¢/24, then 
(50.14) 62 = max (16 log »,/?,, 64@,) 
Using (50.12; 50.13), 
640, < 1/4, (16 log y), < (16 log 512)/512 = (9 log 2)/32 < 1/4 
Hence by (50.14), 


(50.15) 0< ô< 4 
Let us take 

(50.16) a = x/{s%(1—8)} 

(50.17) x/s? < a < 2x/s; 


From (50.12; 50.17), 
GAS < 2xÀ,Ís, 


(50.18) GAS, < 20, < 1/128 
Also by (50.16), 
(50.19) v, = x2/s% = e — ô < ats? 
Using (50.18; 50.5; 50.6), and as for (50.9), 
GA,Sn = 1, 


5 ao? GAnSn (a2,s.,)° 
Í exp (2) dy = 1+ a s 


ao? AAnSn ao? AAnSn ao? a aozZAnSn 

-1 (12) = ex [6-0 + m 
@o? adnSn ao aoz 

> exp |S (1 = 2 oe ah = exp a (1 aAnSn) 
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The last step follows since |zx| = 125%, so that 


of =< 13s? = Y,s la 
It follows that 
š n °° a g2 
(50.20) u(exp (aS,)) = II f exp (azp) dF, > exp r a -ai,s,| 
k=1 v—° 


By (50.14; 50.18; 50.20), 


22 
(50.21) ahs, < 20, < 82/4, u(exp (aS) = exp {* 5 (a — a1} 


Now by (50.18), and then Lemma 50.3, as y > ©, 
4ai,8,<1, @<!1/ (As, 0 = e? W,(y) =< exp (ay —y](42,S,)) > 0 


p(exp (aS,)) = sf e” dW,(9) = af e W0) dy 


0 x c g °° 
(50.22) J| +| Et +| +{ | = ait Sat Sot Jet 1) 
— ° 0 x c g 


where x = as%(1—8), c = as? (1+8), g = 8as?. Now W,(y) = V(X) 
for some X in the space of all real sequences, so that W,{y) = 1, 


0 
(50.23) aJı = af e? dy = 1 


—e 


By Lemma 50.3 and (50.18), for y = s, 
W, O) = exp ( —y|(Q2,s,)) < EXP (—2ay) 


(50.24) aJs < a f e-” dy = |-| ERA 
g 


g 


py (50.13; 50.15; 50.19; 50.21), 


2 2 62 2 2 
(exp (aS,)) > exp = (1 -7)| > exp (> š E) 
512-15 
> exp ( 4-16 ) = exp (240) > 8 
Hence from (50.23; 50.24), 
(50.25) aJ, +aJ; < +u(exp (aS,)) 
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From (50.12; 50.14) and Lemma 50.2, if 
y<8as? then 6, = y, (Qs) < On < 87/8, 
W,(y) = exp {-°1-8/8)/2sy)}, 
(50.26) a(J,+ JO < 4 | exp (u(y)) dy over 0 = y <as%(1—6), 
as 48) = y = Bash, š 
where u(y) = ay—y?( —#/8)JQs), vO) = a—y(1—8/8)/s 
with a maximum of u(y) at 
y = asa/(1— 8/8) 
which by Lemma 50.1 (50.7) lies between x and c. Hence we need 
only look at 
u(c) = as(1+6) —tas(it 8°) (1-4.6") 
= last1 — 8+ ZO +6} < tai 78") 
since by (50.15), (1 + 62) < 9/4; and, more easily, 
u(b) = a’sz(1 —9) —iasii — dP (4 — +6") 
= tas? {1 — 0+ 1641 —6)} < 120 - 3-6?) 
Hence from (50.26), 


g 
(50.27) a(Ja+ J) <a | exp (asd — 58) dy 
0 


< 8a's? exp (Fa°si(1 —+6°)) 
By (50.13; 50.14; 50.15; 50.19), 
log (32a"s) = log (32”,(1 —6)~*) = log (128»,) < log »Ż 
= 2log "p = $0,0 = Las (1 — 6282 
< ise? 
(50.28) log (322259) < a°s{8"/8 < a2s26/2 
From (50.21; 50.27; 50.28), 
a(Jn+ Jy) = + exp {log (3202s?) +4a?s3(1 —+6*)} 
< 1 exp (22501 +182— 16) 
(50.29) | a(J,+ Ja) < +u(exp (aS,)) 
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From (50.21; 50.25; 50.29), 


al, > +u(exp (aS,)) > + exp {zasl -30 0< <+ | 


(50.30) aJ; > + exp {4a°s2(1 —6)} 


But as W, (y) is monotone decreasing in y, 


(50.31) aJ, = af e” W, (y) dy < ae® W, (x) ` 2as26 


< 2a*s*e"W, (x) 
From (50.8; 50.15; 50.28; 50.30; 50.31) and 246 = e, 
W, (x) > (4a°s;) 1 exp (s, —8)/2 —a*s7(1 + 8)} 
= (4a2s) 1 exp { —a?s°(1+36)/2} = exp {—log (4a°s”) 
—a’s*(1+36)/2} = exp ( — a2s2(1 +48)/2} 
> exp [—x°(1+46)/{2s°(1 — 6)?}] > exp {—x?(1 +248) /(2s5} 
= exp { —x?(1 + e)/(2s)} 
giving Lemma 50.5. 
LEMMA 50.6. u((U,,—5S,,)?) 
E Fe mls (U,—S,)? dP, ... dF, < s 


Proof. U, = max S; = max (U,,_,, Sm) 
1<j<m 


U.n—Sm = max (U, _,— Sm-1— Zm 9) 
If X is the set where the first term in the max is positive, 
u((U,,—S,)2) = Mn —1—Sin—1 — Zn)” ch(X; -)) 
= p((Um-1— Sm—1—2Zm)") = H((Un—1—Sn—a)”) + o, 
the last step following since U,,_,, S,,_1 are constant relative to z, 
and since the integral of z,, relative to F„ is zero. By induction 


Q on 
u((U,—S,)) = X of < S 
j=2 
We can now turn to the proof of the theorem, supposing that 
0 < 6 < i, ó fixed. Since s, — 00, 4, > 0, 2, log log (s2) — 0, we can 
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find a number N such that 


(50.32) E 

(50.33) c(t) = log logt, ce(s?) > 4/6 
(50.34) 22, < 6/16 

(50.35) Aye(s2) < 4/28/9 < 8/4 


For fixed N, N(1), ..., N(k—1), we choose N(k) so that 
(50.36) (Sng /Snac—1)” = 1+ó6/4 
(50.37) (Sy@y41/Swec—ay)® > 1+6/4 
By (50.34; 50.37), 
(Snæ SNe- = (Na+ N+ SNE- 
= (Naws — Aird SNN- > (1+6/4) (1 —ó/16) > 1+6/8 
By (50.32), and multiplying the inequalities together, 
(50.38) sway > (1+6/8)* 
From (50.36), for 
(50.39) x(t) = +/(2t-log logt), x(sia)/x(Sha—y) < 1+5/4 
From the existence of at least one of the inequalities 
S, > XC82) (1+6) (N(k—1) = n = N(k)) 
with (50.39), follow the inequalities 
(50.40) Uno > USK») (1+8) = XSh) (1 +6/4) 
From Lemma 50.6, 
V({z: U,—S, > »/m-s,})-ms? = u((U,,—S,)*) = s? 
V({z: U, —S, > «/m-s,}) = 1/m, 
V({z: U,— S, = /m-+s,}) = 1—1/m 


U, = S,+ O(s,) = S,+0(x(s2) 


From (50.41), if (50.40) is true for an infinity of k, then, for these k 
after a certain stage, 


(50.42) 


almost everywhere 


Sway > XB) 1+8/4) 


259 


LINEAR ANALYSIS 


The product measure of the set where (50.42) is true, is 
V, = Wr [u(siray) (1+6/4)] 
By (50.35) and Lemma 50.2, 
U(Siap)Ancey < SN 
V, = exp { —72(sk aq) (1+ 6/4)? (A — Once) Cka) 
= 2exp { — e (s Na) (1+8/4 (1 — Onc) 
where by (50.35), 
Ona = Liw) (1 + ó/ A)Anag|(25nae) =2-"2¢(shay) (1+8/4) Anca 
< 6(1+6/4) /9 < 6/8 
V, < exp {— (hu) (1+ 8/4)? (1 —8/8)} 
< 2exp {— (sia) (1+ ó/ 4)} 
By (50.38), 
V, < 2exp {—c2((1+6/8)*) (1 +8/4)} 
= 2{log (1 +ó/8)) 1" ölt — Akai ole 


where A is a constant depending on 6. Thus the sum of the V; is fi- 
nite, so that the set where (50.42) is true for some k > ko, has vari- 
ation that tends to 0 as ko — 00. Hence the theorem is proved. 
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SPACES 


51. n-Dimensional Vectors 


IN the notation of section 35 a finite dimensional linear space T is a 
space with the property that there is a finite set of linearly indepen- 
dent elements of T, such that all other elements of T are finite linear 
combinations of the elements of the finite set. Let these elements be 
e ..., €p Say. If x € T then x = xet ... +X,@; for some sca- 
lars x, ..., Xp Thus we can represent x by the vector (n dss Xh) 
of its components or coordinates x, and e, = (1,0, ...,0), e, = 
(0, 1,0, ...,0),... We write z = (0, ..., 0), ax = (ax, ..., aX)» 
x+y = (X1 Yo <- Xant Yn) Xy = Oy -- x, also, where 
ais-an arbitrary scalar. With these rules for operations on vectors we 
have set up a bijection between the x € T and the (Ky 455 Ry) that 
preserves the algebraic operations of addition, and multiplication by 
a scalar. Thus we say that T is algebraically isomorphic to the space 
Z" (if the scalars are arbitrary complex numbers) or R” (if the scalars 
are all real.) 
If fis a linear functional in T it has a simple form 


(51.1) fs) = ¥ x, fe) 


j=1 


If fis bilinear we write a, = f(e;, e) and then 


n n n 
(51.2) JGx, y) = > 5; xy] f. (e;, e) = X, lik Xj} k 
j=l k=1 j,k=1 
Writing the aj, as elements of a matrix A, the last expression is xAy’ 
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in matrix notation. Similarly, if fis Hermitian then 


(51.3) fey) = Y. xf le, ex) 
j, k=1 


The terms non-negative definite, positive definite, originated in 
matrix theory. 


THEOREM 51.1. Jf f is a bilinear non-negative definite functional in R", 


(51.4) (djk + apj)? =4a;av, ap = fepe) (jik =1, 2, ...,n) 


Proof. We put x = e;, y = ex, in Theorem 26,1 (26.2). For the unit 
matrix, 


n 2 n n 
(51.5) (Èi) <5 af È 
j=1 j 


N 1/2 
enabling us to deal with the Euclidean norm ||x|l2 = | > al 


We write R" as R3. 
If fis a Hermitian non-negative definite functional it is still biad- 
ditive, so that in Z”, 


n 2 n 
(51.6) | >: (anset aus} = af >, ase | 
j, k=1 j, k=1 


and with x = e,, y = e,, we again have (51.4). 
The unit matrix case here leads to 


n 2 n n 
(51.7) {3 Isp} = ph |x; |? > ly; |° 
j=1 j=1 k=1 


t > anz} 


j, k=1 


and the Euclidean norm ||x ||, with x replaced by EAR writing Z” as 
Ze 

More generally, we can consider the results of section 40, with Y 
the set 1, 2, ..., n, and Z+ the set of all vectors with non-negative 
components. We choose L to be 


n 


L(xD = È |x 


for which the only ‘null function’ is the zero z. Thus Theorem 40.3 
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(40.15) gives 
(51.8) X ea dtd Pb |y) = ab, | x;y; | (a> 0, b > 0) 
Y Siya d in (51.8)if and onlyif, it occurs for each j, so that, for 


a, b independent of j, 


(51.9) galg) = bly] = %(alx|]+) G=1,2,...,2) 
Hölder’s inequality, (40.21), gives 


n ljp( n 1/q n 
(51.10) | 3 Ix | > I| > ¥ l 
j=1 j=1 j=1 
(p > 1, 1/p+1/4q = 1) 
and Minkowski’s inequality, Theorem 40.4, shows that 


n 1/p 
ixi = {3 x1} 
j=l 
is a norm in R”, Z", which are then written FE, Zp- 
(51.11) Equality holds in (51.10) if, and only if, æ |x] = b%|y,|* 


(I <j <n) 
We can write Minkowski’s inequality in the form 


n 1/p n 1/p n 1/p 
fŠ iyt = 15 xii} = {5 ath 
j= j= ‘ i j= 

+43 ih 


The condition for equality in the second inequality, is found from 
(51.11), and then, for each j, |x,+y,| =|x;|+]y;|, if the first inequality 
is an equality. Thus we have that 
(51.12) equality holds in Minkowski’s inequality if, and only if, 
alx] = bl y;| 0 <j <n); with one or both of x;, y; Zero, or x;/y; is 
a positive real number, for each j = 1, 2, ..., n. 

In this case we can show that as q > œ, 


(51.13) ixl > xl]. = sup [| 
1<j<an 
n 1/q A 
(iixil.< P ist = ma ||x||., > xl.) 
j=l 
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When we use ||x||_, in R”, Z”, we write them as R®,, Z2. Hélder’s 
and a related inequality are 


(5114) xiyla = xylo Ixl Hylle = Hxylh 


Corresponding to each norm || xll, (1 <p = œ), there is a norm 
of each linear functional fon R", and on Z". From (51.1; 51.14), tak- 


ing y; = /(ep, = fj, say, we have 
norm (f) = sup | fG@/I|xll, = IEI 


where q = co when p = 1, and q = 1 when p = ©. Actually equal- 
ity occurs, 


(51.15) norm (f) = {Ifll» where f = f€) 
(l<=p =<, I/pt+l/q = 1) 
Forp=1, let fl = fl. Then [f(e;)| = Ifl 
exll, = 1 
For 1 < p < o take 
x, =| exp (—iarg()) =1GG GAO. x; = 0 (# =9) 
Gein) 


Fe) = YU = lf, xg = Y 1692 = It, 


Iœ, = NET = NF Ila 
For p = © we take 


x, = | #|/f, (f # 0), x=0 (f =0 (f= 1,22, uuu M) 
fo) =È x= YMG l xl = 1, 


j=l 


IÆ = I fll 
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52. Contraction Mappings in Real n-Dimensional Vector Spaces 


All spaces Rr, Zp (=P = co) are complete. For 
xl. = ixi, = 7 Ixl (=p < ©) 

so that ||x||, > 0 if, and only if, ||x||.. ~ 0, i.e. if, and only if, for each 
fixed j, x; — 0. Thus the completeness of Rr, Zp, follows from the 
completeness of R', Z* = RŽ, and so from R! alone; and the fixed 
point theorem for contraction mappings follows (see section 16.) 

Let y = Ax+b be a mapping of R” or Z” into itself that uses a 
matrix A and a constant vector b (writing vectors as column vectors). 
Then a fixed point x satisfies x = Ax+b, x(I— A) = b, where I is 
the unit matrix. As might be expected, the conditions imposed on A 
to make a contraction mapping depend on the particular metric 
used. For 


n 
ixl e062) = Y ly-xl If y= Ax+b, w = Az+b, 
j=l 


oily; w) i aoi(x, Z), then oily, w) = 01(Ax+b, Az+b) 
n 


= y larl |z; —xkl1 
j, k=1 


lI 


01(Ax, Az) = >; y jy (Xp_— Zk) 
j=1|k=1 
Y 
A sufficient condition for a contraction mapping, is therefore 


n 


ll 


n n 
>. Í laul} 521 = sup X lal 018, Z) 
k=1 (j=1 k j=l 


(52.1) ry lal < 1 (1=k=n) 
Pry n 1/p 
For lx], e, 2) = p x-z} » É, w) 
j=1 
; n j n P 
= o}(Ax, Az) = > > a; (xx — Ze) 
j=1 |k=1 
n n pla n 
= > [> lapl") > |x, —zkz|” 
j=1 \k=1 k=1 
We therefore obtain a sufficient condition as 
n n pla 
(52.2) AALOE 
j=1 \k=1 < 
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For ||xll.. e<(x,z) = sup |x,—z |, 0.(y, W) = @..(Ax, Az) 

1<i<n 
> G; (X, — Zk) 
k=1 


n 
= sup =sup > la] |x; —zk.l| 
j J k=l 


= sup > [al o— (x, z) 
j k=1 
A sufficient condition for a contraction mapping is thus that 
(52.3) È lalc (alj) 
=1 


For the metric g., this is also necessary. We take 
Xk — Zk = | 4,14, (k = | PE ee n) 
for j = 1, 2,..., n, in turn, to show this. 

Finally, y = Ax+b has a unique fixed pointif, and only if, the 
determinant of A —Jis not zero, so that we have been finding suff- 
cient conditions for the non-vanishing of that determinant; but noneis 
necessary. This shows, at the same time, the usefulness and the 
limitations of the method of contraction mappings for a very simple 
space. I 
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53. Real and Complex Sequence Spaces 


MANY infinite dimensional spaces can be put in one-one corre- 
spondence with spaces of sequences by a bijection that preserves 
addition, and multiplication by scalars, and then one can often 
use results on finite dimensional spaces by letting the dimension 
tend to infinity. Subsequently we shall give a few examples of this 
process. We write 


x = {x,}, Z={0}, ax = {ax} x+y ={x,+y,}, 
xy = {x,Yn} 


where a is any real or complex number, while the sequence e’ is 
that which has 1 in the jth place, and 0’s elsewhere. A sequence x for 
which there is an integer N such that x, = 0 (n > N), is by the 
mathematician’s usual economy of language, called a finite sequence. 
If fis a linear functional of all finite sequences x, then for these, 
N 


(53.1) O= ¥ xf) 
But if the x, are not ‘zero for all but a finite number of n’, the corre- 
sponding infinite series need not be convergent, and f(x) need not 
exist even if the series is convergent. To link the two properties we 
need something like continuity or measurability on the space of 
sequences. Continuity is dealt with in this chapter, measurability in 
the next. 

Similarly if f is a bilinear (or Hermitian) non-negative definite 
functional, then /*!2 (x, x) will serve as a\pseudonorm where it is 
defined, while if x and y are finite sequences with the same N, then 
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in the bilinear case, 


J 1 


N 
(53.2) f= È age He =I 


where we can regard the a, as elements of an infinite matrix, with 

j,k =1,2,... Again, by using continuity or measurability condi- 

tions we can often ensure the existence of fin a substantial part of a 
6 pace of (x, y). In the Hermitian case, 


N 
(53.3) SED Y, Wx 


An example of a bilinear positive definite functional, is 


°° 


flex) = X, XnYn 


n=1 


Let ls be the space of all real sequences x with finite |Ix ls = f (x, x) 
This is the original Hilbert space. By (51.5), letting n — œ, and 
taking 


°° 2 
(53.4) x, y, € le, P ixn} < |ixllĝ-y lls 
j=1 


Similarly an example of a Hermitian positive definite functional, is 


a(x, y) == y x, Ya 
n=1 


and we can write J, again for the space of all complex sequences x 
with finite ||x|l2 = g (x, x). Clearly, if x, y are real, f(x, y) = g(x,y), 
so that g is an extension of f to complex sequences. Also we again 
obtain (53.4), this time from the limit of (51.7). In either case l2 isa 
linear space, from 


Y lax, toy? = > (lal lyl+lel ly,l)?<lalPixlle+loP ly lls 
j=l jel 


+2|ab||Ixllellylle 
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More generally, let Z+ be the space of |x| = {Ix,l}, with L as 


© 


Lx) = È Ixl 


j=1 
In this case the X of section 40 is the set of all positive integers. We 
can let n > œ in (51.8) to obtain 


` (53.5) X Peal) + Y Ybly) =abY Ixyyl G= 0, b> 9) 
j= j=1 j=1 


(53.6) Equality holds in (53.5) if, and only if, for a, bindependent ofj, 
pal) = bly epal; G =1,2,..J 


Let l, be the space of sequences x for which 


° 1/p 
ixl = 1D lgl} <2 
j=1 


where 1 =p =< œ. Letting n> © in (51.10) we have Hélder’s 
inequality, 


53.7) — |Ixyll,<IIxl[llyll, (@@>1, Ip+l/q = 1) 
(53.8) Equality occurs in (53.7) if, and only if, for a, b independent 
of j, 

a’ |x|? =b ly G =1,2,...) 


Minkowski’s inequality now follows, in the farm 


(53.9) (Ixtyll, <llxi+lylll, = lll, +lly ll, 
showing that ||x||, is a pseudonorm. Clearly it is a norm. 
(53.10) If p = 1, equality occurs in (53.9) when, for each j, either 
x; = 0, or y; = 0, or both, or x;/y; is real and positive. 
(53.11) If p > 1, equality occurs in (53.9) when a|x| = blyl and, 
for each j, either x; = 0, or yj = 0, or both, or x,/y; = b/a. 

Let m be the space of bounded sequences, i.e. all for which 


\ 
IIx||.. = sup |x] < 90 
j 
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Further, let c, co be the respective spaces of convergent sequences, 
and of sequences tending to 0. These are subspaces of m, so that we 
can use ||x||,,. Not every point of even co lies in the union of spaces 
L(p = 1), for see Ex. 53.1. But it is obvious that (53.7) still holds 
when p = 1, gq = œ, or when p = ©, q = 1. 


THEOREM 53.1. If lo = co, each continuous linear functional f on l 
is given by the formula 


(53.12) j= x nfe) 


(1 = p = co) 


(53.13) with norm (f) = llf||,, where f, = f(e) (FS 1,25 22 J): 


(53.14) Conversely, if \|x|l, = eo, Ifill, = œ (1 = p= œ, 1/p+1/4 
= 1), then 


is a continuous linear functional on l,. 
Proof. Let x" be the vector constructed from x by 
x (=N) 
en 
0 (¿j> N) 


Then as N > œ, since 1, = co, 


lx- = X IxË-0 (<p< oe), 
j=N+1 


I|x—x™|[,, = sup |x;| > 0 
J> N 

By continuity and (53.1) we have (53.12). For (53.13), by (51.15), 

norm (f) = sup |F lly Œ € 4) = sup ISEMIX, E € 12, 

= ll. 
In all cases || f || > |If||, as N — œ, so that 
norm (f) = ESIP 

By (51.15) again, given M < norm (f), there are x € Land an integer 
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N, with 
IFCOIIXI, > M, E> M, E = N, => M 
giving the opposite inequality and so (53.13). Then (53.14) follows by 

Hölder’s inequality. 
Ex. 53.1. Show that 
{log (n+1)} € c| Ug 


pel 


54. Completeness in Real and Complex Sequence Spaces 


In order to apply earlier theorems it is important to show that /,, m, 
c, Co are complete. 
THEOREM 54.1. l, is complete, using ||x||,, for 1 = p < œ. 


Proof. If {x"} S L (x” = {x7}) is fundamental, then given e > 0, 
there is an integer M with 


(54.1) Lig- P (m=>M, n= M) 
j=1 


Hence for each fixed j, {x7} is fundamental and so convergent to x;, 
say. Also, for fixed N, 


N 
Dlg- <? (m=M, n= M), 
oe 

Y l-xlP< 2? (n=M) 

j=1 


Letting N — œ, we see that as e > 0 is arbitrary, x” > x = (x). 
Also 
x"—x € L (n= M) 
so that by linearity of L, x € L, and the result is proved. 
THEOREM 54.2. m, c, Co are complete, using ||x ||... 


Proof. Let {x"} E m (x” = {x7}) be fundamental, so that for 
g > 0, there is an M satisfying 


sup | xj —xj'| < = (m= M, n= M) 
i 


x 
x 
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For each fixed j, then {x;} is fundamental, and so convergent to x;, 
say, 


(54.2) lle e (m= M, n> M), 
|x"—x,| = ë (n= M), sup |x/—x| = e 
j 


for n = M, and x = (xj) is a bounded sequence, and m is complete. 
To show that c is complete we take {x"} © c.Then y” = lim x? 


j> œ 


exists, and from (54.2), 
Iy” —y”| = e (m = M, n = M) 


and (y”) is fundamental, and so convergent, say to y. From (54.2) 
again, 

lim sup |y"—x| = € (n= M), limsup|y—x| = = 

j — œ ' j— e° 


As e > 0 is arbitrary, y = lim x, x € c. If {x"} S co, then y” = y = 
j> co 


0, x € co. 


co 


THEOREM 54.3. Let f(x) = >` x,y; exist for all x € X, where X = l 


j=1 
(1 = p < ©), m, c, or co, with the given norms. Then f is continuous, 
norm (f) < ©. ; 

Proof. As f is the limit of continuous functions, the partial sums 
of the series, f is a Baire function, X being a Baire space since it is 
complete (Theorem 17.3). If N is an integer, the set X where | f| = N, 
is a Borel set (Theorem 19.5 (19.12)). The union of the Xy is X. Hence, 
for some N, X, is of the second category. By Theorem 18.5, Xy is a 
Baire set, and by Theorem 29.4, Xy is a Dı— G-set. Hence there is 
a non-empty open neighbourhood G of the origin z with 


GS D(Xy), \f@|=<=2N (x€ G 


As G contains a set ||x|| = £, for some z > 0, we have f bounded and 
continuous. 
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55. The Sumnbility of Sequences and Series 


An interesting brief history of divergent series is given in Hardy 
(1949). These series are usually attacked by using some kind of 
smoothing process. For example, if vı = 1, v, = (—1)/t?-2, the 
infinite series is divergent, with partial sums x, = (—1)"*? (n = 1, 
2,...). We smooth the partial sums, using 


yy, = K (x+ ... +x) =0 (Keven), k™ (k odd), 
wero (k>) 


This is the first arithmetic or Çesaro or Hölder mean. We could 


have used z(u) = (1 AREY xu" = (u—1) x (—u)* = (1—u) ul +u)! 
k21 kzı 


+ 0 (u > 1—), the Abel mean. Most smoothing processes on {x} 
are linear and continuous, 


(55.1) f(x, u) = » a,(u) Xz 
where the parameter u takes positive integer values and tends to œ, 
or u takes all real values in [a, b), where b can be + co, and where 
u — b. By a simple transformation we can assume a = 1, b = œ, so 
that the notation ‘u = 1’ is supposed to cover both cases. The coeffi- 
cient a,(u) of x, is called a convergence factor, and it is sometimes 
regarded as an element in an infinite matrix {a,(u)}, particularly 
when z takes integer values alone. 

The most convenient convergence factors are those that transform 
c into c, or a space of functions convergent as u — œ, which we also 
denote by c, and also that transform a substantial number of diver- 
gent sequences into sequences of c. Similarly we consider m, co, and 
the corresponding spaces of ultimately bounded functions, and of 
functions convergent to 0, for which we use the same symbols. For 
speed, we list the various conditions first, and then we write symbol- 
ically the statement: 

‘In order that the linear functional f(x, u) should transform the 
space X into (at least part of) the space Y, it isnecessary and sufficient 
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that («) .. a (X > Y)(«)..- 


(55.2) > |a,(u)|< 00, alu) = fle, u), 
=1 
(55.3) lim sup }, |a,(u)| < œ 
u— œ k=1 

(55.4) lim gG exists, for each fixed positive integer j, 
(55.5) lim au) = 0, for each fixed positive integer j, 
(55.6) lim Y a,(u) exists, 

u— œ k=1 
(55.7) lim J, a,(u) = 1. 

u— œ k=1 


(55.8) (co> m; c— m; mm) (55.2) (u=1) (55.3). 
Proof. Theorem 54.3 gives (55.2) necessary. Also, for each x € co, 


lim sup | f(x, u)| < œ. 


u— co. 


By Theorems 34.1, 53.1, we have (55.3), 


lim sup ||f(w)|]1 = lim sup norm (f(., u)) < © 


u—-> œ u — oo 


For sufficiency, let x € m. Then 


» |a,(u)x;,| = l|x]l. ` >; |a,(u)| < © ë 
k=1 k=l 
lim sup| Y a,G)x, | = ||xll..: lim sup > |a,(w)| < œ% 
u— co k=1 u —.c° k=1 
(55.9) (co > c) (55.2) (u=1), (55.3) (55.4). 


Proof. For (55.4), e? € cy. Conversely, given € > 0, there is an n 
depending on e€, such that 


È alre 


k=n+ 


|x,| < £ (k >= n), <e X |a,(u)| = sM(u > u) 
k=1 


lim y ax(u)x, = x ( lim au) xx 


u— œ k=1 u — co 
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°° 


(55.10) lim /(x, i) = Y (am a,(u)) (x € co) 


u— œ k=1 \u-> œ 


(55.11) (co > co) (55.2) (u = 1), (55.3), (55.5). 


Proof. For (55.5), e! € cg. Conversely, we use (55.10) with zero 
limits on the right. 

The convergence factor a,(u) is said to be efficient for {x,} if there 
exist 


°° 


JG, u) = > a, (u) Xk (u = 1), lim JG, u) 
k=1 u— co 
A K-matrix is defined to be a convergence factor efficient for every 
convergent sequence (Cooke (1950), p. 63). 


(55.12) (c> o) (55.2)(u=1), (55.3), (55.4), (55.6). 


This was first proved for infinite lower semi-matrices by Kojima 
(1917) and extended to general infinite matrices by Schur (1920), 
written 1918. 

Proof. After (55.9), take x, = 1 (all k) for (55.6). For sufficiency, 
use (55.11), 

x€c, y= lim xx, Yy=%-V YE, 


Kk —> co 


fx, u) = y a a,(u) +füy, u) 


If a K-matrix preserves the limit of every convergent sequence, it 
is a T-matrix (Cooke (1950), p. 65), and is sometimes called regular. 


(55.13) (c > c, limit preserved) (55.2) (u = 1), (55.3), (55.5), (55.7). 


Sufficiency was first proved for infinite lower semi-matrices by 
Silverman (1913), written 1910. Necessity and sufficiency was proved 
for row-finite infinite matrices by Toeplitz (1911), and for general 
infinite matrices by Schur (1920). 

Proof, After (55.11), for (55.7) put x, = 1 (all k). For sufficiency 
follow (55.12). 


(55.14) (m — Co) (55.2) (u= 0), and 
(55.15) PAZO E ET, 
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(Schur (1920), Satz III, 4’, p. 82) Proof. By (55.11) we have (55.3; 
55.5). If 
(55.16) lim sup YX |a,(u)| = 0 
u — œ k=1 
then there are M > e > 0 and a sequence u; — eo, with 


co 


(55.17) e<Yalu)<M, bG, k) =4a,uy) (7 =1,2,.., 
k=1 


We define {x,} with |x, | = 1 (all k) in the following way. By 
(55.17) there is a k(1) with 


co 


(55.18) Y [0,4 < te 


k=k(1)+1 
. From (55.17; 55.18), for 
sgn (z) = z/|z|(z # 0), sgn (0) = 1, 
x, = sgn™* (b(1, k)) (1 = k= k(1)) 


> Y 100,H|-2 X 1, W| 
k=1 k=k(1)+1 


(55.19) | F D(L, k)x, 
k=1 f 
= s—+€ = +e 


By (55.5; 55.17) we can choose we > nı = 1, and then k(2) > k(1), 
with 
ka 


JPG; O| aja: S Wa be aie 


k=1 k=k(2)+1 
x, = sgn 1 (b(n,, k)) (k(1) < k = k(2)) 


°° k(2) kG) 
(55.20) > b(n,,k)xx| = Y lba k)|]— > lbn k)| 
k=1 k=kQ)+1 k=1 


co 


— > |b(ns,k)| = e—2e/8)—2(e/8) = e/2 
k=kQ)+1 
and so on. Hence by (55.19; 55.20; .. .) we define a bounded sequence 
whose transformed sequence is not in co. Hence (55.16; 55.17) are 
false and (55.15) true. The sufficiency is obvious. 
An extension of the theorems of this section was given by Tamar- 
kin (1935), Rogers (1946), in which we suppose that if x is in the 
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space in question, there is a v = v(x) such that (55.1) exists for all 
u=v. As co is the smallest space here, it is sufficient to prove the 
following theorem, and then in other theorems, for the vo that 
exists, we need only consider all u = vo. 


THEOREM 55.1. If to each x € co there is a number v(x) > 0 such 
that (55.1) exists for all u = v(x), then there is a number vo = 0 such 
that (55.2) is true for all u = vo. 

Proof. We follow the proof of the boundedness of so(x), given 
in Theorem 34.2, noting that | f(x, u)| is a Baire function, the limit of 
the continuous function 


n 


| > a(u)x;, 


k=1 


when the limit exists. 

Let a,(u), b,(u) be two convergence factors with the same range 
of u > 1. For this purpose we can change the u in a,(u) from an 
integer to a continuous variable by defining 


alu) =a) G(=u<j+l,j=1,2,...) 
Let X be a family of x, Then a,(u), b,(u) are said to be absolutely 
equivalent for X, if 


co 


f, u) = pa a,(u)x,, g, u) = 2 b,(u)x, 


k=1 
exist for all = 1, with 
JG,u)—g(x,u) > 0 (u — co) 


for each x € X(Cooke (1936; 1937) for the definition and Theorems 
55.2,'55.3)s 


THEOREM 55.2. In order that a,(u), b,(u) are absolutely equivalent 
Jor m, it is necessary and sufficient that (55.2) is true for au), b,(u) 
(u = 1), and that (55.15) is true for a,(u)—b,(u). 

Proof. Use Theorem 54.3 and (55.14). 


THEOREM 55.3. Let {y,} be a positive sequence, and let X be the 
family of all x with |x,| = y, (all k). In order that a,(u), b,(u) are 
absolutely equivalent for X, it is necessary and sufficient that a, (Uy, 
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and b,(u)y, satisfy (55.2) (u = 1), and that (55.15) is #rue for 
MORAO 

Proof. Use Theorem 55.2. 

Instead of applying a,(u) to the sequence of partial sums of a 
series 


°° n 
(55.21) Y co wth m=} G 
n=1 j=1 
we can apply a,(u) directly to the terms c;, obtaining, for c = (c?) 
(55.22) h(c, u) = > a,GDc, 
n=1 


We can study this by changing it to a transformation on {x,}, using 
results already obtained, by applying a lemma of Abel and Hada- 
mard (see Hadamard (1903)) or one due to Henstock (see Cooke 
(1950), p. 66). Here we use the former. 


THEOREM 55.4 (Abel and Hadamard). If Y, b,c, converges for all 
n=1 


convergent series (55.21), then 


co 


(55.23) Y [b,~Beal < © 


Conversely, if (55.23) is true, and if (55.21) is convergent to x, then 
the following are convergent. 


(55.24) > b,c, = b,x+ `M (b,—b, .,) (x, —x) 
X n=1 n=1 


Proof. The proof (Kojima (1917), Schur (1920)), uses the trans- 
formation 


n n—1 
(55.25) Y bec = > (b;—b,, x; +b,x, 
j=1 ` j=l 
of the convergent sequence {x,} by the convergence factor 


a(n) = b-b < n), a) = b,, 47) =0 (>n) 
We use (55.12), obtaining, for all z, 


n—1 
(55.26) > 15;-8j4114+18,| = M 
= 
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Hence (55.23). Conversely, if (55.23) is true, then 
n—1 °° 
|b,| = | b,+ >; (bb) | = Ibl +È lbj— bal 
j=1 j=1 


and (55.26) is true. The other conditions of (55.12) are satisfied, 
giving the results. 

Thus we can prove theorems due to Bosanquet (see Dienes (1931), 
pp. 394, 396), Bohr (1909), Carmichael (1918-19), Perron (1920), 
Hahn (1922), and Takenaka (1922). 

Ex. 55.1. Show that the unit matrix a,(m) = 1 (m = n), O(m # n) 
is a T-matrix, so that not every T-matrix can sum divergent series. 

Ex. 55.2. The Çesaro mean of order r(r # —1, —2, ...) is the 
a,(n) given by 

A=1, Alen! = (r+1)(r+2) ... +n); 
Gln A, = AC (0 = k <n), 0(k > n) 


Show that, for r = 0, a,(n) is a T-matrix. (Equate coefficients in 
0-37 (1-27 =(—2 1 = > Anz" (lz < D) 
n=0 


Ex. 55.3. Are dl necessary and sufficient conditions for (c > co), 


(m > o). $$ me Rak Sehucfl? 20) solves Ho Lotter. 
Seo Hardy (949), T, Heorem Š yp.4-%-. 


56. The Summability of Power Series 


Power series are very important, and their summability interesting. 
Let 


co 


J(2) = } ¢z-a" 


n=0 
be convergent in some circle |z —a| < c. Putting ë = z—a we can 
assume a = 0. Then we use 


n= 


5,(Z) = ez, s(u, z) = 3 a,Gu)s,, _ (2), 


co 


tu, z) = Y a,(u)z", 


n=1 
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in the summability, with u = 1, u > œ. We say that a,(u) is efficient 
for f at a point z, if lim g(u, z) = f(z). 


u—> b- 


Lemma 56.1. If the power series }, cz’ is convergent for some 
j=0 
z = 0, then for some M, depending only on z, 
(56.1) |o= M, (allj), 


(56.2) IAW- W) Mra- (a = |wz-*] < 1), 


(663) | g(w, w) fl) 3 a,(u)| = È lanl M 0-0. 


These results, analytic continuation, complex integration, and the 
calculus of residues, are assumed known. For example, 


LEMMA 56.2. If f(z) is convergent in |z| < c, and if 0 < h < c, then 


DPE P 


THEOREM 56.1. In order that, for each power series f(z) convergent 
in a circle C, |z| < ¢ (i.e. C = S (0, o)), glu, z) should converge in 
C, and should tend to f(z) as u — ©, uniformly in each compact set 
contained in C, it is necessary and sufficient that 


(56.4) >. a,(u) exists in u = 1, and tends to 1 as u > ©, 


n=1 
(56.5) Y la) <0 (u=1, 0< 4< 1), 
n=1 
(56.6) im ¥ja@)|q'=0 0a D. 
u—-> œo n=1 


Proof. We can use the methods of section 55, taking the series 
convergent for z = 1. Alternatively, we take f(z) = 1 (all z) for 
(56.4), and then 


(56.7) f@=A-274, „O= G-2*)/A—2), 


gu, z) = >” a,(/(1—z) —t(u, 2)/ —2) 


n=1 
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By (56.4) it is necessary that t(u, 2) should converge in |z| = 1, 
and should tend to 0 as u > œ, uniformly on the compact set 
|z| = h, where h < 1. We take q < h =< 1, 


t(u, Z) 
ie es a 


=<}, (7) max |t(u, z)| > 0 
n=1 h 


|z[=h 


°° `: co q” 
au = 
>! AU) |g > ae 


as u — oo, using Lemma 56.2. 

For sufficiency let F be a non-empty compact set in C. As 
|z| is continuous it attains its maximum on F, so that F lies in 
S(0, c(1—2e)) for some £ > 0. Taking r = 1 — e, so that f is conver- 
gent at z = rc, we use Lemma 56.1 with q = (1 —2e)/(1 —e). We have 


n 


lle Myre, È Òs = G) >: af 


j=1 
+È awts) 


Taking |z| = c (1—2e), the series are convergent as n > ©, with 
the result, from (56.3; 56.4; 56.6). 

For summability outside the circle of convergence we look for a 
region in which f can be defined uniquely, so that we can specify 
the ‘right’ value to which g(u, z) should tend. The easiest such region 
is found as follows. For each z = 0, the set of gz (q > 0) is called 
a ray r from the origin through z. By power series in intersecting 
circles we can continue f in a unique way along r from S(0, c), to 
all points gz, (0 = q = 1), but for no q > 1, for some point z, (possibly 
at infinity) on r. If z, is finite, itis a singularity of f, satisfying |z,| = c. 
Let D(f) be the starlike region that includes all such gz, (0 = q < 1), 
for all rays r. Then D(f) is called the star domain of f. It is maximal 
for a family of f with the same D(f), in the sense that if z, is an iso- 
lated singularity of f, and if f itself does not change in value at 
z € D(f) near to z,, as z moves in a circle round z,, then f+log (z —z,) 
does so and it has the same D(f) as f. Thus we suppose that for 
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z€ D(f), 4,(u) should be efficient there when g(z, u) — f(z), the value 
obtained by analytic continuation along r. Now D(f) is a union 
of parts of rays, and the method of analytic continuation ensures 
that D(f) is open. For a more general starlike set we needa different 
proof. 


THEOREM 56.2. (56.8) Let F be a closed set in |z| =1,\F having 
a point with modulus > 1, ` 


(56.9) let F include the line l = (z: z = rl z > 1}, 
(56.10) if z€F, q>1, let qze F 
Then E(f; F) is closed, where 


E(f; P) = U zF, 


the union being for all rays r through the origin. 

Proof. Let w € E' (f; F). Then points z € E(f; F) lie in S(w; 1), 
and in a set z,F, so that by (56.8), 

Izi=Iz,] 1z-!<Iwl+l 

S(O, |w|+1) is compact, so that if by considering |z —w| < nT; 
n = 1,2, ..., we find a sequence of z — w, then the corresponding 
sequence of z, has a subsequence convergent to a point v. As each 
z, is a singularity of f, so is v. The corresponding subsequence of 
z-z_> € F is convergent to wo 1, Hence as F is closed, 


wo t€F, wEvF 


If s is the ray through v, then v = gz,, for some q = 1, and by (56.10) 
we have the theorem since 


wez F, w€E(f; F) EUG F) S EQ; F) 


We put the open set P(f; F) = (f; F) as the partial star domain 
of f relative to F. Then fis uniquely defined in P(f; F) since 


IGF zlS zF, P(f; FP) S DO) 
By (56.8; 56.10), 
(56.11) if z € P(f; F) then qz € P(f; F), forall 0=q < 1 
(56.12) SO, c) E PU; F) 
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THEOREM 56.3. In order that, for any power series f convergent in 
S(0, c) for some c > 0, g(u, z) should exist in P(f; F) and converge 
to f(z), uniformly in each compact set CC P(/; F), as u > ©, it is 
necessary and sufficient that (56.4) holds and 


(56.13) t(u, z) converges in VE, tending to 0 as u — © uniformly on 
every compact set in \F. 


This theorem has a complicated history, essentially the same suffi- 
ciency results were proved independently by several people, beginning 
with Borel (1901), pp. 164 sqq. Dienes (1913) gave the D(/) case, 
Buhl (1925) and Vermes the P(f; F) case, with t(u, z) = E(uz)/E(u), 
where E(u) is a suitable integral (entire) function. Okada (1925), 
p. 68, § 3, Satz II, took D(f) with the general ¢(u, z) and proved the 
sufficiency. I took P(f; F) and a general t(u, z), and the combined 
proofs of Vermes and myself are in Cooke (1950), pp. 189-91. 

Proof. After Theorems 56.1, 56.2, we use (56.7) to show that 
(56.13) is necessary, since the only singularity of (1—z -lis a pole 
atz=1. 

For sufficiency we use 


pea | POLO y 


Oni l-v 


where f is convergent in S(O, c) (e > 0), and where 7 is the circle 
lv] = h for fixed h > 0. By (56.8; 56.13), since \F is open, the radius 
cı of convergence of t(u, z) is greater than |z|, for each z € VF, and 
thus cı > 1.If z€ P (f; F), open, there isan £ > 0 with w € P(f; P), 
if |w—z|<2e. We can take |w| as near as we please to |z|+2e, 
so that as we can suppose c maximal, there is a singularity z, on 
|z,| = c, and by the size of ci, 


wéz F, wz, €F c > |w.z-1| = |wl+c"1, 
c+cy = |z|+2e > |z|+e 
Hence we can choose h to lie in the range 


(56.1 ` epi < h< min (1; e(|z|+ 8) 1) 
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so that if |w| < |z|+ s, there are power series for t(u, v~t), f(wv), 
(1—v)~*. Thus the coefficient of v™? in the integrand of T, is a con- 
vergent power series, giving 


°° 


I, = 5; a,(u) S„—1(W) = g(u, w) 
n=1 
We now deform 7 to become a contour c round the real line from 
0 to 1, so that the points of 7 lie inside or on ø, and we pass over 
a pole of the integrand at v = 1, with residue 


-iu DAW) = FO) È al) 


We choose c so that this is the only singularity of the integrand be- 
tween 7 and o, and so that the integrand is uniformly convergent to 0 
on g as u > oo. Then we show that 


gu, w)-f09 Yas) = 1, — 0 


uniformly for w in a circle with centre z. If z lies in a compact set 
CC P(f; F), we can cover C by such circles, and so by a finite 
number, and uniformity holds for C. 

Thus in the rest of the proof we show that a suitable choice of 
ø is possible. The function (1—v)~* has only one singularity, at 
v = 1. Also, when v € o, the contour for v~* lies on or within the 
circle |z| =h71, so that by (56.14), t(u, vt) is a power series in 
21, The trouble lies in its uniform convergence as u — co, and in 
the properties of (wv). Now z~* is continuous, except at z = 0, so 
that F-1isclosed, except that z = 0 is missing. By (56.8), F-* < S(0,1). 
Let z € P(f; F). By (56.10), z ¢ y. Ffor each y € D(f), so that y € zF—x, 
and zF-1 C D(f). By Theorem 13.7 (13.15), 


o(zF-1, /D(f)) =36 = 0, (zx z2) = |z1—Za| 
We take ø a contour round F~}, within 6 of it, and |w—z|<6. 
Then wo has a greater distance than ó from \D(f), so that wa © D(f), 


and f(wv) is uniquely definable for v € o. Further, o 1 is a compact 
set lying in VF, so that by (56.13), ¢(u, vt) — 0 as u > œ, uni- 


284 


SEQUENCE SPACES 


formly for v € o. Hence 


[| = max | f(wv)/(1 —v)| max |t(u, 0| > 0 (# — œ) 


the convergence being uniform in w for |w—z| = ó. 

Note that by a theorem of Vitali, if a sequence of regular func- 
tions is uniformly bounded in a circle, and convergent at a set of 
points with limit-point an interior point, then the sequence con- 
verges uniformly in the circle. Thus the weaker conditions of con- 
vergence of integrals are rather pointless here. 

Also note that we require g(u, z) > f(z) in P(f; F), saying nothing 
about points on the boundary of D(f), where the power series for 
f can still converge. In fact a,(u) need not be a T-matrix (see Hen- 
stock (1947)). 

Ex. 56.1. t(u, z) is an integral (entire) function, if \F is un- 
bounded. 

Ex. 56.2. If c is the radius of convergence of f, and if |w| > c, 
then |s,(w)| < |w/c|" M, and g(u, z) is convergent in |z| < ccy. 


Ex. 56.3. ` z"/n® is convergent in |z| = 1, with a singularity at 
n=1 
z = 1 that can be found by differentiation. 


Ex. 56.4. In Ex. 56.2 justify the following transformation by 
absolute convergence in |z| < cc. 


Y a,(u)s,_,(z2) = 5 cz! > a,(u) 
ime j=0  n=j+1 


a transformation of the series itself. 

Ex. 56.5. Let h(z) be an integral (entire) function given by a power 
series in z with non-negative coefficients h, (n = 0, 1, 2, ...), an 
infinity being positive. Prove that 


Gi) ht) — e as u > œ, u real, 
Gi) for each integer n, h,u”/h(u) — O (u > œ), 
Gü) t(u, z) = h(uz)/h(u) satisfies the conditions of Theorem 56.1, 
(iv) if t(u, z)—> 0 for a particular z, then t(u, qz) > 0 for each 
q € [0,1), 
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(v) if h(u,z)— Oasu— œ, uniformly for z in each compact set F 
contained in an open set G, then ¿(u, z) satisfies (56.13), for F = 
VG, U S), where S is the set |z| < 1, and where Gi is the set 
of gz for all z € G, all q in 0 = gq = 1. 

Ex. 56.6. h(z) = æ in Ex. 56.5 gives the Borel polygon of summa- 
bility. 


57. Hausdorff Summability. 


In this book we have dealt with general, as opposed to special, infi- 
nite matrices. But the subfamily of Hausdorff matrices has points of 
interest. Here, u takes integer values 0, 1, 2,...and we write a,(u) 
as ap for n = Q, 1, 2, ... If A = (a,,) and B = (b,,) are two such 
functions of u, n, written in matrix form, we write AB = C when 
itis possible to define the c,,, as 


°° 


Cun = = Ay; Din 


j=0 
This idea is taken directly from matrix algebra, with finite series 
replaced by infinite ones, so that convergence is required. Let d de- 
note the diagonal matrix (d,,) with d,, = 0 (u # n), d,, = d, (n = 
0,1,...). If d, = 1 (alln) we write d as I, the unit (infinite) ma- 
trix. Then if AB = I we write B = A. Let A denote the difference 
matrix with elements 


E (8) (0<n<y), =0 (n > u); 4° = AA = C, 
with 
°° u j u 
ba =D Zl d u Gad S AG Ae SS Sd (ey ei 
j=0 n=0 j=0 n=0 j=0 


Comparing coefficients of x”, we have C = Jand A = A~. 
The matrix A dA is called the Hausdorff matrix relative to {d,}. If 
its elements are a,,, then a,, = 0 (n > u), while for n = u, 


un? 


oo fas cual Ü 


jean 
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Rearranging the factorials and putting k = j—n, 


u\ (jy _ [AÀ (u-n _ (US aye [u—n 
(5) (x) = (a) Cian)» = (>e) 
u—n u u—n 
= ps (À >a, 
thelast being in the forward difference notation. 
If eis a diagonal matrix with diagonal using {e,}, then 
(Ad A) (Ae A) = (Ad) (AA\(e 4) = Ade A 


since the sums of non-zero terms are finite. Thus the product of two 
Hausdorff matrices is another of the same type. 
The Hausdorff matrix A =A dA sends co into m, if, and only if, 


crn EOE aw 


for some M > Oindependent ofu =0,1,2... 


THEOREM 57.1. If g(t) is of bounded variation and 


1 
(57.2) d; = Í t” dg(t) (n = 0,1,2,...) 
0 
then (57.1) is true. 
Proof. If V(t) is the variation of g(t) in [0, t], 


u\ =n u—n 1 u 1 wig 
aan = (yu (e) [| ae = (i [maar ae 

HJ K=0 0 n) Jo 

°° °° 1 

Y la,|= Yx (‘) | t”(1— t)” dV(t) = V(1) < œ 

n=0 n=0 n 0 
To prove the converse we need more definitions. If f is defined on 
[0, 1], a Bernstein polynomial B, (f) for f, is 


Us 5 n ; car 
B= X fil [r] 2! xy 
j=0 J 
The moment of a polynomial P(x) = }, b,x’ is defined to be 
j= 
M(P) = Y bd; MG =d, 
j=0 
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If {d,} satisfies (57.2), then clearly 
1 
(57.3) M(P) = | P(t) də (t) 


0 
By the binomial theorem, 


(57.4) a, = M (í) xa — =") 


THEOREM 57.2. If (57.1) is true, then 
(57.5) d, = lim M(B) (n =0,1,2,...) 
k— œ 


Proof. First, we have 


M(B,(1)) = u(y () x -x) = M(1) = d 


j=0 J 
k 
(57.6) dg = do 
Fork >n > 0,m = j+n, the binomial theorem gives 
k fkn 
xt = x"((1—x)+x)#-" = > [ j ) sma —x)k-i-n 
j=0 


k (k—n)!m! [k 
> a me (=) aem(1 — ym 


x m(m—1)...(m—n+1)(k A AA 
e a Am) ® (1—x)! 


But by definition and (57.4), 


the Bernstein polynomial 


B(x") = A (2), () xm(1—x)k-™ 


m= 


d, — M(Bx(x")) = y eee ae = (z)! akm 


A, | Kk-1)...k—n+l) (k 
n—1 m\" n—1 m\" n\" 
a — | lkm z| Gkm | = | — M 
> (F) om | 5, Ce) | = (E) 
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Further, for 0=y = 1; j= 0,1,...,n—1; k = n; and then y = 
mk; 


yta: a AAAI 2 b Basa. 
k—j k-j = k-n+1’ 


ky(ky—1)...(ky—n+1) ti n(n—1) 
k(k—1)...(k-n+1) ` k-n+1 


|d, — M(B x") | = n(n—1) M/(k—n+1)+(u/k)" M > 0 
(k > œ) 


0=y— 


0=y— 


giving the result. 


THEOREM 57.3. The Hausdorff matrix A = AdA sends co into m, if, 
and only if, (57.2) is true. 


Proof. We have already shown that (57.2) implies (57.1) and co > m. 
In turn, this implies (57.1) and (57.5). To complete the theorem we 
show that (57.5) implies (57.2). We use (57.6), defining 


gO = 0, gA) =d, g= > aa (O<x~<1) 


m<kx 


k 1 
MBO) = Ý (|b dy, = f 1” de(t), 
m=0 0 


1 
d, = lim t” dg,(t) 
k— œ vg 


The variation of g, (t) in [0, 1) is 


k 
> | Br | =M 
m=0 


independent of k, so that by Helly’s theorem (Theorem 39.8) there 
is a subsequence {k(j)} of integers for which g,p(t) > g(t) point- 
wise, with g(t) of bounded variation, and by Theorem 39.7 we have 


(57.2) for this g. D9 a 
THEOREM 57.4. If f(x) is continuous in 0 = x= 1 then lim BALA) = 
F(x) uniformly in [0, 1]. yine Ih 
Proof. For fixed x € [0, 1] and a fixed integer p, set 
é,(x) = max {|f(x)—f(m/p)|:m = 1,2, ...; |m—px] = Pp}. 
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By the uniform continuity of f, the upper bound & of €,(x) in [0, 1] 
tends to 0 asp > co. Let Y be a summation over all min 0 < m = p 
with |m—px| < p”, and let Y” be a summation over the other m 
in 0 = m = p. As fis bounded by some M > 0, 


I-BAN = YUG) ml (P) "a -x= 
+I mip) (Z) "a ~=” 
l/o)— BAY s, M ) x"(1- aP hL p y (2 ) x"(1—xyP-™ 


Y, (7) x"(1—x)P-™ <s 8, — 0, 


Thesecond sum is more difficult to majorize. We have 
“ (P m p-m —3/ Š 2{P m —m 
by x” =x)" < ph Y (m—px) x™(1— x)? 
m a= m 


> (px —m)? 6 ) xL —x)P-™ = 


E (p°x? — (1 —2px) m+ m(m—1)) _ ) x”(1 — x)?” 


px? + (1 —2px)px+ p(p—1)x2 = px—px? < ip, 
> (7) x” —x)P—™ p > 0. 


Hence the result. The Weierstrass approximation theorem for con- 
tinuous functions is a corollary. 


58. The Combined Summability of Bounded and Zero-one Sequences 


The summability of a given bounded sequence by a T-matrix a,(u) 
can often be made to depend on the summability by a,(u) of sequen- 
ces of integers 0 and 1 alone, froma set S depending on the given se- 
quence but not on a,(u). When the bounded sequence has only a fi- 
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nite set of limit-points, Cooke and Barnett (1948), Theorem I, Co- 
rollary, prove that a finite set S exists, each of its sequences corre- 
sponding to a limit-point, and conversely, and that the result can be 
extended to the case where the bounded sequence {z,} has a count- 
able infinity of limit-points of a restricted type. After a seminar on 
this and other matter at Birkbeck College, London, I produced 
Theorem I of Cooke and Barnett (1948), in which a function &,(X) 
is constructed from a,(u) and {z4}. It was assumed that g,(x) > g(x) 
(say) for all x of an interval, which corresponds to a continuum num- 
ber of points in S. Subsequently, in Henstock (1950), Theorem 2, 
g, > g almost everywhere; then the example of § 2 was produced, 
imitating something like Ex. 46.1; finally leading to the mean con- 
vergence of g, to g, in Theorem 1, for which S is countable, and a 
new ‘limit under the integral sign’ was needed. Hill (1951) shows 
more simply that S can always be countable, and his proof can be 
simplified. Here we give the integration proof as well, as it has points 
of interest, and connects with Dowidar and Petersen (1963), p. 1, 
Theorem 1. Restricting their work to real sequences they assume g, 
pointwise convergent, replacing z, by fx), where f is continuous; 
and then assume non-negative a,, with g, > ginan everywhere dense 
set. 

We combine the theorems of Cooke and Barnett, Henstock, Hill, 
Dowidar and Petersen, to obtain the following result. 


THEOREM 58.1. Let z = {z;} be a given bounded sequence of com- 
plex numbers. Then there is a countable sequence of 0, 1 sequences, de- 
pending only on z, such that the summability of each of these by any 
convergence factor a,(u) implies the summability of JG) = (/(z,)) for 
each continuous function f. This has not yet been proved in full gener- 
ality. Hill’s proof deals with f(z) = z, and Henstock’s with 
S(x+iy) = fix) +fo(y). The full theorem could need integration by 
parts in two dimensions, as arises in the theory of Section 63, and 
isolated in Ex. 63.1, but for simplicity we deal with the easy case. 

Proof. First let f(z) = z, with z, = x, tiy, for real x,, y, (n = 1, 
2,...). There is an integer b > 0, independent of n, with 


[x | = b, [yal = b m = 1 Deira) 
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For real x let [x] be the integer m with m = x < m +1. Then for each 
r=1,2,...,let 


x, = {Xn Xp = [rx,]/r, ||x—x, llo = 1/r 
y; = {Ponts Ven = [ry,]/r, lly—y, Il. = 1/r 


Now [rx,] takes a finite number of values in —rb, —rb+1,...., rb. 
If mis one of them let x,,, be the 0,1 sequence given by 


| 1 ([rx,] = m) 
0 ([rx,] = m) 


rmn 


and similarly for y,,,. Then each X,, y, is summable by a,(u), if all 
Xm Yrm are Summable, since 


rb rb 
x, = > myx,,, /r, y, = > MY p/P 5 Z, = x, + iy, 
m=—rb m=—rb 


c° 


È aldra- Y) alza 
n=1 n=1 


= Y lasl-2/r 


For the second proof let Š, = —b, ë, = b, Ep fds Eigse) a and 
Gf = +b, BF = b, R... .. Et... sa be two sequences each distinct 
and dense in (—b, b). Let the convergence factor a,(u) be efficient 
for the countable number of 0, 1 sequences w” = {w7}, where 


naa I (X =u); c 1 (y, = ë*) 
n = w, = 
0 (x, > En), 0 (y, = En) 


We prove that a,(u) sums { SED} = (A(x,) +A0,)}. The Em EZ are 
independent of {z,}, but the w” depend on all three sequences. Clear- 
ly the theorem is true if, and only if, it is true for real sequences 
{Xn} and continuous functions f of the real variable x, which is the 
reason for the restriction to a special form of J. Thus we omit {43}, 
and replace w?”—1 by w”, We need not assume a,(u) and f(x) real. 
As f is continuous on [—5, b], 


(58.1) k = sup |f(x)| < œ 
[x| <% 


n 
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Since |x,| < b, and by absolute convergence of the second ser ies, 
(58.2) > 14,0) f%)1<k Y |a,(u)| = EMG < co 
n=1 n=1 


We are given that a,(u) is efficient for w”, so that if 


glu, x) = X (aG) : x. =< x), glu, En) = Y a,a)w" 


n=1 
(58.3) lim gu, Em) =gE,)  (m=1,2,...) say 
Since Ixl =b, & = —b, E, = b, 
(58.4) g(—5) = lim g(u, —b) = 0, 
Uu —> œ 
g(6) = lim glu, b) = lim Y a (u) =1 
u—> œ u ->œ n=1 


Using points of {¢„} alone, let —b = < 4 <... < t, =b bea 
division of [—b, b]. Then 


GES ¥ Ie(t)—e(,,)| = lim Le, 4) atu, b-a) 
j=1 u 


=o j= 


= lim sup M(u) = M < œ 


Here, M is independent of the division, so that as {ém} is dense in 
(—5, b), we can define 


h(—b) = 0, hb) = 1, h(x) =limg—,) (-b<x <b) 
where š, — x—. From (58.4; 58.5) and an arbitrary division 
(58.6) —b = % =< 0 =... < v, = b, ba [h(@;) —h(v,_1)| = M 
and his of bounded variation. We prove that 
(58.7) ie | A(x) —g(u, x)] dx + 0 (u > œ) 


We put (j) = v;, and v as the norm of the division, and use 
Theorem 39.6. 
(j) 


(58.8) x j |h(v(j—1)) —h(x)| dx = vM 
J=1 v%(J—1) 
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By definition of h and by continuity of the integrals we can choose 
t(j) (j = 0,1,..., n) from (Ë, Y, so that 


—b = t(0) = %(0) < t(1) < %(1) < t(2) < %(2) 
<... =< I(n) < vn) = b 


t(j) -t(j—-1)<0(j = 1,2, ..., n) with t(j) so near to v(/) (j =1,2,... 
n) that from (58.8), 


È eG- D) -H(o(J—D)| (0) -G -D) = om 


vo) 
X f sky |g(zG—1) —A(x))| dx < 20M 


j=1 


n t(j) b 
(58.9) Y> Í lel —1)) —A(x)| ax+ | | g(t()) —A(x)| dx = 30M 
J=1 vt(j—1) t(n) 


But each ¿(j) is a ém, so that by (58.3) there is a u depending on ¢(0), 
. + > t(n), such that for all u = uo, (58.9) gives 


n t(j) 
(58.10) > j | g(u, t(j)) —h(x)| dx 
j=1 It-1) 


b 
+Í |g(u, t(n)) —h(x)| dx = 4uM 
t(n) 
From Theorem 39.6, 


n t(j) b 
È [° le((9)—zGa2)| dx f [elu 9) -g0 | a< 0m 
1 t(n) 


jal Jij- 
This with (58.10) shows that the integral in (58.7) is less than 50M, 
for all u = uo. But that integral does not contain (0), ..., t(n), so 
that uo can be taken for just one division of the type given, with norm 
less than v, and uo depends on v alone. Hence (58.7), and g(u, .) con- 
verges in mean to h. 
We now find an integral expression for the sum 


co 


b 
su), = T af) fle), = L G) deta, x) 


k=1 


(See Theorem 39.3 (39.5)). Theorem 39.7 shows that s(u) tends to a 
limit as u > œ, so that a,(u) sums { f(x,)} 
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In another language, lim s(u) is an operator on the continuous 


u -> œ 
functions fof x in — b= x = b, that has a simple spectral resolution 


b 
lim s(u) = f F(x) dh(x) 


where h(—b) = 0, A(b) = 1, and h is of bounded variation, but not 
necessarily monotone. 

To show that (58.7) is the most that can be expected and that 
g(u, x) need not always tend to a limit almost everywhere, we take 
the example in Henstock (1950), 8 2, pp. 30-1. Let-w-take-integer 
vatu ‘i jut 
azna) =l= azn); as (n) = —1, 

a(n) = 0(k = 3n—2, 3n—1, 3n;n = 1,2,...) 
Then a, (n) is a T-matrix. Further, let (£) be the set of points 
+(Qm+1)2-"(n = —1 =m; and m = 0, 1,..., N—1 
=2"—1; n=0,1,2,...) 
and let (x,) be defined by 


XaN+sm+1 = Ü, Xgvisme2 = (M+e,)/N, Xonam = (m+1—e,)/N 
for 0 = m < N, s, > 0,n =0,1,2,... We then obtain 
[ 0 (<0) 
1 (= x< (m+e,)/N) 
2 ((mt+e,)/N = x< (m+1—s,)/N) 
| 1 (x= (m+1-«,)/N) 


Thus for x=0, g(N+m, x) =1 except for an interval in 
(m/N, (m+1)/N). Hence 


s(N+m, x) = 


1 (£, = 0), 
(q = 0, n> s)g(N+m, q:2~*) = 1, Elém) = 
0 €,, < 9), 
1 @=0) 
A(x) = 
0 (<0) 


But the set of x for which g(n, x) oscillates between 1 and 2asn — co, 
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co =N-1 
N U (@m+=ə/N, (n+1—«,/N) 
n=1 m=0 
a @,-set with measure or variation 


= 1—2 X æ > 0 
n=0 
for suitable choice of {e„}. Thus g(n, x) does not ‘tend to a limit al- 
most everywhere’. A similar example can be constructed to show that 
g(n, x) need not tend to a limit anywhere, except at —b, b, even 
though s(n) tends to a limit. However, a special set of conditions 
ensures convergence almost everywhere. 


THEOREM 58.2 (Henstock (1950), Theorem 2, p. 31; Dowidar and 
Petersen (1963), p. 3, Theorem 2). If all a, (u) = 0, and if, for a dense 
set of points š, = —b, Ë, = b, ba, +++ mse ey We have g(u, Em) > 


> g(€,,)(U > co), with g(—b) = 0, g(b) = 1, then lim g(u, x) exists 


for all but a countable number of points in [—b, b]. 
Proof. EEn x= Ë, # =< t, tHhen,since a,(u) = 0, 
(58.11) glu, Em) =u, §), gE) <a), h(x) < g(&), 
A(t) = A(t) 
and his monotone increasing from 0 to 1. By Theorem 39.3, h has an 
at most countable set of discontinuities. Now let Eye hy =, tg 
< Š, < t,. Then 
ECU, Èm) = g(z, t2) = glu, Ë) 
g,,) = lim inf g(u, t) = lim sup g(u, t,) = g(é,) 


i — œ 


h(tı)= lim inf g(u, te) = lim sup g(u, t2) = h(ts) 


Uu — œ i —> co 


h(t2—) = lim inf g(u, ts) = lim sup glu, t2) = h(ts +), 


u — œ Uu —> co 


lim g(u, x) = h(x) 


u — co 


at each point of continuity of h, and so the theorem is proved. 
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Dowidar and Petersen (1963), p. 2, Proposition 1, and a result 
of Hill (1944), are included in the following theorem. 


THEOREM 58.3. If X is an arbitrary separable subset of the space of 
bounded sequences, there is a sequence (uj) of u for which a,(u;) 
sums all x € X, and all f(x), where f is any continuous function. 


Proof. If x € X we construct the g(u, x) of Theorem 58.1. For 
some uo, they are of uniformly bounded variation for u = Uo, With 
g(u, —b) = 0 if |x;| = b. Applying Helly’s theorem (Theorem 39.8), 
there is a subsequence {ut} for which g(u;, x) is pointwise conver- 
gent in [—b, b] to a function g(x) of bounded variation. Using 
Theorem 58.1, x and J (x) are summed, for a single x € X. 

We can repeat for each member in turn of a sequence {x,} from 
X, taking successive subsequences, so that the diagonal sequence 
{u} is such that a,(u;) sums all x; (j = 1,2, ...). Nowa separable 
subset X of a topological space, is defined to be one that contains 
a countable set Y with Y Ə Y. Thus we choose the x; € Y, so that 
{x} is dense in X, and JG) dense in f(X) by continuity, and 


°° 


X, DODE = È lau) sup 1/4) LG) ~ 0 


n=1 


as sup |x,,—x,| > 0 
q 


Hence the result. 


THEOREM 58.4 (Dowidar and Petersen (1963), p. 3, Proposition 
2). If, for every continuous Jf in [—b, b], and for some Junction h of 
bounded variation in [—b, b] and independent of f, we have 


s b 
lim s(u) = lim > a,(u) f(x,) = J : F(x) dh(x) 


uu — co 
then for a sequence {u,} tending to infinity with $ 


h(x) = lim glu, x)+h(a) 


except possibly for a countable set of x, where glu, x) is the function of 
Theorem 58.1. 
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Proof. As in Theorem 58.3, for some {u,} independent of f, 


Jim sty) = |? SO e0) = Tim gG, 9): 


[| reo ate) — 129} = 0 


We take a bounded sequence of continuous functions that is point- 
wise convergent to the function 

Je) =1@<1), j@)=0 G> D 
for some t in (—b, b), and Lebesgue’s bounded convergence theorem 


(Theorem 46.2) with an extension from u = 0 to |u| of bounded 
variation) shows that 


b 
[ - JG) dle) —W)} = 0, UH- =0, 


A(t+) = g(t+)+h@ 
Hence, except at a countable set of points, 
h(t) = h(t+) = g(t+)+h@ = g(t) +h@ 

THEOREM 58.5 (Dowidar (1961)). Given a sequence {x,} © [0,1], 
the limit-points being dense in [0,1], and given a function g of bounded 
variation on [0,1], with g(0+) = g(0) = 0, g(1) = 1, there is a T- 
matrix {a,,} that sums {x,} and {f(x,)}, for any function f continuous 
on [0,1], with 

lim X a, J (x,) = F F(x) de(x) 

Proof. Let r, = k|(I+ 1) when j = T+KI+1)+k (1 = k= l+], 
l= 1);ri = + 
From {x,} we choose a subsequence {x p} with 


|x, rl <j, n(1) < n(2) < 
I+1 1 x 
4, ni) = ( k Í x1 — x) +1 dg(x) 
0 
for the same range of j, k, and a,, = 0 for all other values of n. 
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Clearly 
lim Qin = 0 


I— œ 


for each fixed integer n. Further, by the binomial theorem, 


°° I+1 i+1 1 
È an= > ( $ ) Í x01 — x+ dg(x) 


n=0 k=1 k 


iA z (3 | ) xt(1—xy*1- dg(2) 


k=1 k 


| 


1 
= i {1— (1 —x)'*9} dg(x) ~ sü)—zg(0+) = 1 
0 
(J + œ) 
Similarly, if V(x) is the variation of g(x) in [0, x], 
I+1 [+1 1 
Py lani = > ( $ )Í xk(1— x} +t dV(x) 
k=1 0 
= V(1) < co (all D 
Also we have 


Ža am f(t) -È |! Sa) (7) x(x)! do(x) 


= I (B(/)—f(0) 0 —x)'*1) dg) > 8 F(x) dg(x) 
=f {g(0+) —3(0)} 


The last step follows by Theorem 57.4 and then uniform convergence 
under the integral sign. Finally, 


|x Xn T r;| > 0, lf (Xnciy) —JfGr)| — 0 
°° © 1 
im Ë afe) = Tim Fagen fins) = | SO dev) 


1— œo n= 
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59. The Summability of 0,1 Sequences and Category 


This chapter deals with more specialized topics, first the theory of 
0,1 sequences in connection with category, then 0,1 sequences and 
measure, in each case using a mapping from 0,1 sequences to points 
of 0 = x= 1; finally, the similar problem in connection with meas- 
ure and general bounded sequences is tackled. We begin with a 
result of Steinhaus (1911). See also Maddox (1967). 


THEOREM 59.1. If a,(u) is a T-matrix, there is a 0,1 sequence not 
summed by it. 


Proof. By taking the real part of a,(u), we can assume that a,(u) 
is real. By (55.3), 


(59.1) È la)I<M (u= U 
n= 
For convenience let us put 
A(m, n, u) =È | a,(u) | 
By (55.7; 59.1) we can choose z: = U, and then-n;, so that 
(59.2) > a,(u) = È (allu>u,), A(n, +1, co, u) < 1/24 


If x, = 1 for 1 = n = n, then 


e° °° 


> a,(u)x,= Y a,n) —2A(n,+1, co, u) > 2/3 


n=1 n=1 


Next, by (55.5; 59.1), we can choose ug > u+ 1, and then n2 > nt, 
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so that 
A(1, nı, u2) < 1/6, A(ne+1, œ, u2) =< 1/6 


If x, = 0 for n, < n = n, then 


> a,(us)x, 


n=1 


= A(1, n, u,)+ A(n,+ 1, ©, u) =< 1/3 


Next, by (55.5; 59.1), we choose us > us+1, and then ns > nə, so 
that 
A(1, Ho, u3) < 1/48, A(n3+1, co, Us) < 1/48 


If x, = 1 for n, < n = n,, then by (59.2), first part, 


co 


> alu) x = ` a,(ug)—2A(1, n, uz) —2A(ng+1, co, Us) > 2/3 
n=1 n=1 
And so on. Such a sequence {x,} is not summed by a,(u), since 
u; — 00. 

Hill (1945) has built on this result in the following way. A 0,1 
sequence {x,} corresponds to an infinite binary decimal 


eo ne SD s Sas 0=x=1 


The correspondence is not a bijection, since, for example, 


0:0111 ... = 01000 ... 


But no trouble is caused by this since such infinite decimals corre- 
spond to numbers m:27” for integers m, n, these numbers being 
countable. Thus for topology on the space of 0,1 sequences we can 
use the corresponding metric topology of [0, 1]. Let Y be the space 
of all x € [0, 1] that are not of the form m-2~” for any integers 
m, n. Given a T-matrix a,(u), let X © Y be the set of infinite deci- 
mals for which the corresponding sequences are summed. 


THEOREM 59.2 (59.3) f(x, u) is continuous in Y, where 


I(x, u) = f(0:xi x2...; W) = Y'a (u) x, — (u> U) 


n=1 


(59.4) X is of the first category in Y. 
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Proof. The continuity of f(x; u) in Y follows from (59.1), since, 
for each N, 


°° co 


È a,G) y,— Y a,(u) x, | = M- sup |y, —x,|+2 X fa,(u)| 
n=1 n=1 n<N m=N+1 


This need not hold in \Y since there are two {x,} to each x € VY. 
For v > u = U let F(e, u, v) denote the set of x € Y for which 


Kx, v) —f(x, u)| = e 


Then F(e, u, v) is closed in Y since JG u) and f(x, v) are continuous 
in Y. Thus the intersection F(e, u) of the F(e, u, v), for all v > u, 
is also closed in Y. Now for x € X, f(x, u) is convergent, and so 
fundamental, as u — œ, so that X lies in the union F(e) of the 
F(e, u), for u = U, U+1, U+2, ... If X is of the second category, 
so is F(e). Hence, for some u, F(e, u) is dense in an interval (a, b) < 
S (0,1), and F(e, u) 2 (a, b) N Y. Let y be the infinite decimal for 
the sequence in Theorem 59.1 that is not summable by a,(u). Then 
YE Y, as all x € VY are summable, so that there is an x € (a, b) q y 
with 


*n = Ja. (#=N) (some N), f(x, v) fly, v) + 0 @ + œ) 


by (55.5). Hence also Kx, v) ultimately oscillates by at least 1/3, 
asv — co, and x ¢ F (e, u), if 0 < £ < 1/3. This contradiction shows 
that F(e) (0 < £ < 1/3) and so X, are of the first category in Y. 


THEOREM 59.3. No Sequence of T-matrices exists Sor which every 
0,1 sequence is summed by at least one member of the sequence. 


Proof. A countable number of sets X of the first category, is still 
of the first category, while Y is of the second category. : 
Every 0,1 sequence is summed by some T-matrix, for if x€ Y. 


X,} has an infinity of zeros, and @,(u) can be zero for them, and 
C so sum x to J. Thus the collection of T-matrices with different X is not 


countable. 
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60. 0,1 Sequences and the Borel Property 


As in the previous section we represent the 0,1 sequences as infinite 
binary decimals in [0,1]; but we replace category by measure mY. 
This can be defined from Lebesgue outer measure, using the function 
K(a, b) = b—a of intervals. Alternatively we use the variation, since 


mX = V (I; A; [0,1]; X) 


For proof we use Henstock (1963c), p. 121, Theorem 49.1; p. 49, 
Theorem 28.1; and the Carathéodory definition of measurable sets. As 
the measure and variation of a countable set are both 0, the double 
representation of some decimals makes no difference to the results. 
Thus we can restrict our attention to Y, the set of all x in [0,1] that 
are not equal to r-2-” for any integers r, n. Again we suppose that 
XC Vis the set of sequences summable by a,(u). 


THEOREM 60.1. A T-matrix 4,{u) either sums almost none of the 
0,1 sequences (i.e. mX = 0) or else sums almost all (i.e. mX = 1) 
to the value 1. 


Proof. We use the set F(e) of Theorem 59.2, the set where J€, u) 
ultimately oscillates not more than e as u — co. Itis a union of closed 
sets relative to Y. By using Lebesgue’s bounded Convergence theorem 
repeatedly, we see that if Wis an open interval, an open set, a closed 
set, or F(e), then J and / -ch(W;,.) are integrable in [0,1], so that for 
mW denoting K(i; A; [0,1]; W), which is the VE; [0,1]; W) of 
Henstock (1963c), p. 80, Theorem 35.3, we see that, for x almost 
everywhere in F(e), and each e’ = 0, 


m((x—6, x+ ó) N F(e)) > 26(1 —¢’) (all 6 in 0<65< ó = do(e’)) 
(60.1) i 

Let us say that x, y € Y are linked, if Xn = Yn (n = N), for some 
integer N. By (55.5), if x € F(e), and if y is linked to x, then y € Fle). 
Thus if F(e) is of Positive variation or measure there is a point x 
Satisfying (60.1), and then all y linked to x also satisfy (60.1), for 
6 additionally satisfying (y—ô, y+ ó) S (0,1). Taking x—6 linked 
to x, a finite number of (y—6, y+6) abut and cover [0,1], apart 
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from a finite number of isolated points, and an interval at each 
end of length < 26. Hence 


mF(e) > (1—e’)(1—46) (all £ > 0,56 > 0), mF(e) = 1, 


x= n F(1/n). 
n=1 


By Henstock (1963c), p. 61, Theorem 31.2 (31.9), and p. 54, second 
part of Theorem 28.6, we can write the variation of / for F(e) as an 
integral, and then obtain mX = 1 if mX > 0. A similar proof follows 
by Lebesgue methods. 

In the case mX = 1, f(x, u) tends to some limit function f(x) 
almost everywhere, where f(x) = f(y) when x is linked to y. To show 
f constant, 


{x:s<fxy< =U [fats = See ee (s< t) 


N=1n 
so that the first set is K N X, where K is a G,,-set. If mK > 0, then 
similar arguments show that mK = 1. Takings = r-27-", t = (r+2)- 
27”, we see that for each n there is just one r with mK > 0. The 
intervals [r-2~", (r+2)2~"] have the finite intersection property and 
so have a point c in common, and f(x) = c almost everywhere. 
Finally, as 1—x has the representation 


0-(1—x1)(1—x2)... when x=O-xxe..., f(x)+f—-x) = 1, 


1 
2c=1, c=+ 


We say that a 7-matrix a,(u) has the Borel property, if 


co 


(60.2) Yau) x, > (u> co) 


for almost all 0,1 sequences {x,} (i.e. f(x) = + almost everywhere). 
Thus either a T-matrix a,(u) has the Borel property, or else it sums 
almost none of the 0,1 sequences. 

To proceed further, it is convenient to use the functions of 
Rademacher (1922). For n = 1, 2, 3, ...,0=x<l 


(-1)§ (k< 2'x<k+1, k=0,1,...,2"—1) 
R, (x) = 


0 (otherwise) 
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Then we have the convenient results 


(60.3), x =0-xıx2... € Y, x = +(1-R,_,(x)) (m = P. are) ) 


Pp 2 
(60.4) flo, 1) = È a(x, = + Y aG) a0) Ryn) 
The last series is convergent since if 
(60.5) AR(u; x) = y a,(u)R, _,(x), 


n=1 


e° co 


|AR(u; x)| = È la,(u)l IR,_,G)| = >, lanl) 


n= 


Further, for an integer k depending on x, we have by cancellation, 


x i (k+1)+2-" 
(60.6) O<s,(x)= Í R,—ı(t) dt = f 1 dt = 27” 
0 k. 27” 
(k= 2x < k+1) 
zk 1 (m=n) 
60.7 R R dx = 
(60.7) Í (2) R) dx y ly 


(60.8) More generally, if m(1),...,m(n) are distinct integers and 
j(1), ..., J@) are integers, 


J 1 (all j(1), ..., j(n) even) 


1 
Re PON . . . R, VP dx = 
! ol ) m | 0 (at least one of j(1), ...,j() odd) 


For (60.7), if n > m then R,(x) is periodic, a multiple period being 
the length of the intervals on which R,,(x) is constant, so that the 
integral over such an interval is 0 by cancellation due to R,. Hence 
the result when n > m, and so when m > n. When m = n, R,,(x) 
= R,(x) = 1 except at the ends of the intervals, and the result follows. 
Then (60.8) follows in a similar way, it being easy to see that we 
need only take the case j(1) = 1 =... = j(m. 
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THEOREM 60.2. In order that the real T-matrix a,(u) should have 
the Borel property it is necessary that 


°° 


(60.9) Alu) = Y au) < © (u= 1) 
(60.10) Har N = Ü 


Proof. To prove the necessity, we have 


AR; t) = Y, Y a Gb 40) R, a(t) Ry) 


n=1j=1 © 
the double series converging absolutely in [0,1] by (55.2), with the 
|R,| bounded by 1. By Henstock (1963c), Theorem 37.1, p. 85, 
we can integrate term-by-term. Using (60.7), 


°° ) 


[ aras; t)dt = Y au) | 
0 n=1 


finite for u = 1. If a,(u) has the Borel property we use (60.4) for 
AR(u; t) > 0, so that the integral above tends to 0, by Lebesgue’s 
bounded convergence theorem. 

This T-matrix theorem is due to Hill (1951). Garreau (1951) 
gives an example to show that (60.9; 60.10) are not sufficient. 
He defines a matrix G by putting gn = l, 8in = 0 (n = 1) in the 
first row. For the second row he permutes the 1, 0, to obtain gar = 0, 


4 

Son = 1, Son = 9 (n > 2). In the next (;) rows the first 4 elements 
are the permutations of +, 4,0, 0, and the rest are 0. Proceeding 
in this way, for k = 1,2, ..., we have y ) rows, in each of which 


the first 2k elements are the permutations of k numbers k 1, and k 
numbers 0, and later elements are 0. Here, 


°° k—1 ; 
(60.11) > gh, s= ko (x = Y: (7) +r, lsrs (x)) 
n=1 j=1 J k 
and (60.9; 60.10) are satisfied, while clearly Gis a T-matrix. 


Now let the first 2k elements of the 0,1 sequence {x,} consist of 
(k+j) rs and (k —j) 0’s. If j = 0, there is some nth row of the matrix 
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that contains 0’s and 1/k’s, such that all 1/k’s correspond to 1°s of 
the sequence, giving a sum 


G(x) = X gx; = 1 
j=1 


There is also some Nth row such that all 0’s in Xp «+ + Xək correspond 
to 1/k’s and then Gy(x) = j/k. This follows since there are only 
(k—j) 0’s. Thus the oscillation of G,(x), for rows containing 1/k’s, 
is at least 1—j/k. If j< 0 we interchange 0’s and 1’s of the sequence 
and have an oscillation of at least 1 —|j|/k. Thus a 0,1 sequence {x,} 
is summable by G, if, and only if, |j|/k — 1 as k + œ. But the matrix 
H of the first arithmetic mean, is 


(li<r<uv =° 


5 1/u Ša 
ur = Ekee o ae 
0 (otherwise) r=1 os 2k 2 2k 


while H has the Borel property. This is proved by using Theorem 
60.3. Hence j/k — 0 almost everywhere as k — œ, and G cannot 
have the Borel property, and (60.9; 60.10) are not sufficient. 

Cooke (1950), p. 223, 12, points out that if H * is obtained from 
H by repeating rows an arbitrary number of times, so that H* isa 


T-matrix, then H* also has the Borel property, and yet Y (h) > 0 
Zi 


arbitrarily slowly. Thus the examples of Garreau and Cooke show 
that no condition that depends on the rapidity of convergence of 
sums of squares, can be necessary and sufficient for the matrix to 
have the Borel property. However, there are sufficient conditions 
that we consider after examining the Rademacher functions in more 
detail. 

Lemma 60.1 (Stirling’s formula). (anylekk+te* < k! =< (2o0)'!2 k*t + 
e~*(1+1/4k), the last bracket being = 5/4. 

The proof is left to the reader! 


LEMMA 60.2. J 
1 i(27)! 
Í |AR(u; x) Ë dx = M, llaa) where M;= (2) ue h My; 
0 i ( 


°° 


a@) Il, = x Gin 
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Proof. By the multinomial theorem, 


f aruas- [ (È aoro) ax 


1 
z z| (a,a (2) Ray- eree 


, (2j)! 
eeo (ann D) R, (XP) ` de < 
( n(m) ) n(m) 1¢ ) id)! ae . jam)! (OY 
where the last sum is over all positive integers j(1),...,j(m) with 
sum 2j, and over all distinct n(1),..., n(m). The series is absolutely 
convergent, by (55.2), so that we can integrate term-by-term and 
use (60.8). Then the only terms left are those with J0), . . 7m) 


equal to 2K(1), . ” 2k(m), and < £ (e)> O 
f |AR(U; x)? dx = F ap) ”® ... 
0 
(2j)! 
(2k(1))!... (2k(m))! 


the sum being over all positive integers k(1), 
and over all distinct positive integers n(1), . 
summation, since 


llau) | = Ya, a 0920... 


oe Onm 


.. +, k(m) with sum j, 
-., n(m). For a similar 


Al 
2k(m) J: 
eo) Eyl... km)! 


the lemma is proved if M; is bounded by the given number, where 


_ QA! K(D)!...k(m)! 
m M, = sup 7! ` kG)! ... Ckm)! 


By Lemma 60.1, 
V <2! (2) 5 ( 5 ym 1 (e 
opt Nay OPP a KAYO ... km ~ V4) j 
1 
Lemma 60.3. f exp (b- AR(u; x)2) dx = (1 —be |laGp ||) 1 
0 2 


(all b < Satz?) 
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Proof. From Lemma 60.2, and then Lemma 60.1, 
1 ° fl pi i 
i exp (b- AR(u; x)°) dx = Y° Í eee x)” dx 
o, j=0%9 J: 


= (bex (2j)! 2j 2)! _ 


5(2j)7 +Y 2e- 5.41 
“E T Gp eles Gy? 


mene ~ Arij 
ISA 1 co ' < 
ee f exp (b- AR(u; x}) dx = x (flat) 113)? 

V o j= 


giving the result. 
LEMMA 60.4. If |la(u)ll} = M for u = 1, 2,..., and if b, > 0 


= 47 


> b, < ©, then c(u; x) = exp (b-AR(u; x?) = O79 
u=1 
4 most everywhere in (0, 1), where b is any fixed number less than 
€ Myt. 
p By Lemma 60.3, for each integer u, and for each N > 0, 
the set of x where c(u; x) = N/b, has variation not greater than 


(1—beM)-*b,N~*. Hence the set of x where c(u; x) < N/b,, for all 
integers u, has variation not less than 


1—(1—beM)-1 Y b,N-1 = 1—KN-1 
u=1 


for some K > 0. Taking all N > 0 we obtain the lemma. 
THEOREM 60.3. A T-matrix a,(u) has the Borel property if it satisfies 


¥ exp (—6-[Ia(u)|lz2) < co, foreach 8 = 0 


u=1 


(60.12) 
or, equivalently, if, for each fixed 8 > 0, there is some {b,\ satisfying 
(60.13) b,>0, > b < œ, Ila)? = d{log (b757! 

u=1 


These are equivalent since b, = exp (—ëllaG2) lz”). (60.12) is due 
4 to Hill (1951), (60.13) independently due to Henstock (1955), p. 255, 
(7) Theore (ii). 

Proof. To prove Theorem 60.3 we put 

Cun = 8~"? log"? (6; 7)-a,(u) = a,GD)-llaG2ll;1, 
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If CR(u; x) is the AR(u; x) for {cun} then by Lemma 60.4. 
exp (b+CR(u; x)?) =< Abr! 5 


almost everywhere in (0, 1), where b is any number < gi and for 
the same points, 


b-8~* log (b7*) AR(u; x)? = log A+log (bD 
|AR(u; x)| = 5"b-2(1 + (log A). (log (z) ty 
lim sup | AR(u; x)| = ó!⁄zp—1/e 
and this for each 6 > 0. Hence AR(u; x) — 0 almost everywhere in 
(0, 1), and a,(u) has the Borel property. 
From Lemma 60.4 and Garreau’s example, we can obtain infor- 


mation on the rate of growth of AR(u;x) as u > co (see Henstock 
(1955)). 


THEOREM 60.4. If a,(u) is a T-matrix, and if £ > 0, there is a Uy > 0, 
depending on a,(u), x, e, such that, for almost all x € (0, 1), 


po 


(60.14) | AR(u; x)| = (K+ 6) ||a(w)||2-log’? u(u = uo) ° 


(60.15) where K is a constant that can be taken as low as e"!2, but can- 
not be lower than log"! 4, 
Proof. Replacing a,(u) in Lemma 60.4 by c,,, with b, = a" log? emesa 
u+1), we see that for some N = N(x) > 0, depending on x fòr : 
almost all x € (0, 1), and for each fixed b < e—1, we have 
exp (b-CR(u; x)?) = Nu-log? (u+1) (w= 1,2,..2 
CRU; x)? = b-1llog N+ bl log u+2b—1 log log (u+1) 
As b is any number less than e~1, while N depends on b, x, we see 


that 
ICR(u; x)| = (e! + e) log"? u, 


|AR(u; x)| = (ez +6) |la(u)|l2-log"* u 


giving (60.14) and the first part of (60.15). The second part follows 
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from Garreau’s example and Lemma 60.1 (Stirling’s formula). For 
16-22% x) S ORF 
25(ak)!2 ` Vk] ` 4 (akz? 


16 f=) i Te 5 EA 
25k) V 3 PANG)” ae 3 


By this and (60.11) 


16 4—1 5 
—— |] sus — 4%, 
25(ak)'2 \ 3 mile 


log Ni—+ log k+k log 4 = log u = log No +k log 4, 
log u/(k log 4) +1(u+ oo), Y g8, = k7! 
n=1 


and we have the second result in (60.15). The exact value of K is un- 
known. K <,/2 by improving Lemma 60.2. 


61. Measure and Variation in the Space of Bounded Sequences 


One of the objects of this section is to extend Theorems 34.1, 34.2. 
We began by using multiplicative functionals f(s; x) defined for all 
x € T, all s = 1, s taking all such real number values, or integer val- 
ues only. We then considered f(s; x) to be defined for all x € Tand 
all s = so(x), where so(x) can vary with x. With mild restrictions on f 
it turned out that we can replace so(x) by a constant. We now go 
deeper, and'use a measure or variation on the range s>1.The two prob- 
lems we wish to consider, may be written for a general T as follows. 

Using the ordinary measure or variation on (1, oo), is it possible 
to have necessary and sufficient conditions on f in order that 
ess lim sup | f(s; x)| < œ for all x € T, where in taking the essential 


S—> co 


limit we omit a set of s of measure or variation zero that can possibly 
depend on x? 

Replacing + oo by a finite b > 0, we suppose that 1 =s < b, and 
then can use a one-sided approximate limit like the two-sided limit 
of Saks (1937), pp. 218-19. Is it possible to have necessary and 
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sufficient conditions in order that lim sup ap | f(s; x)| < œ for 
s—>b— 


allx € T? 

In both problems our hypotheses involve each fixed x € T, and all 
s in a set contained in s = 1, and initially varying with x. By some 
means we have to turn this into one involving a fixed set of s, and 
for each such s, a set of x ‘thick’ enough for our purpose. We use 
Fubini’s theorem, and so need a measure or variation on T, and then 
there arise two more problems. 

Let a measure or variation V be defined on T, and let f(x) be mul- 
tiplicative and measurable on T. If f is finite on a set of positive varia- 
tion, does it follow that f is finite almost everywhere on T, and is given 
by some simple formula? More generally, for the same T let f(x, y) 
be a bimultiplicative and non-negative definite real functional of 
X, y € T with f(x, x) measurable, and finite on a set of positive varia- 
tion. Can we prove that f(x, y) and J(x, x) are finite with simple for- 
mulae, almost everywhere ? 

Naturally, in this fourth problem we must have some rule to pro- 
ceed from values f(x, x) to values JG y), so that we assume that 


(61.1) J(x:y, xy) = f(x, x) —f(y, y) 
the left side existing when the right exists. Note that if 
(61.2) JO, yD = fO, y) 


we can replace y by y~} in (61.1) to show that 
(61.3) JG: y, HY") = fly, x+y) 


If T = R", with the usual algebraic, topological, and measure or 
variation structures, then in the third problem we can prove f finite 
everywhere in T and possibly a similar result holds in the fourth prob- 
lem. The results of Theorem 32.10 (32.36; 32.37) for convex functions 
can be used here. From a functional analysis point of view, R” is a 
rather trivial space. But, as is pointed out in Henstock (1963a), 
pp. 319-20, the methods may fail in a more complicated T. 

A space just a little more complicated than R”, is the space m of 
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bounded sequences, which we can assume real, since if {z,} is a 
complex sequence we can write w,,_, = rl Z, Won = im z, (n = 1, 
2,...) and use {w,} instead. In m the group operation is addition, 
(x) H {Yn} = (x,+y,), while the volume u(D of the interval I that 
is the Cartesian product of real intervals [xn Pad (n = 1, 2, is ), is 
taken to be 


wD) = I (,—x) 


In order that this volume be finite, it is usual to deal only with the 
‘unit cube’ W, the Cartesian product of [ —i, +] forn =1,2,...¥For 
each y € M we can then consider the unit cube neighbourhood y+ W 
of y. The theory of section 21 relative to measure, needs that for 
some set ES W, and so for W itself, E is strongly-po (ô) relative to 


itself, i.e. (for E = W) 
MW) = (WN W+W)) = 5-u(W) (v € G(ó) € Go) 


In particular we require that for v = {va} € G(ó) 
HW (v+ W)) = |] {1-l»,]} = 0, > |v,| < co 
n=1 n=1 


by the convergence of the infinite product, and G(6) © c. As c is a 
complete linear subspace of m, using lly||.., then Z = c, and the clo- 
sure of D(G(6)) is contained in c. Thus D(G(6)) is not even dense in W. 
To tackle the theorems of this section on necessity of conditions we 
seem to need far stronger tools than are provided by those of Ba- 
nach-Steinhaus type, such tools being given in Henstock (1955; 
1956). This section is based on those papers. 

A further extension is to the space T of functions continuous ona 
compact set, with Wiener measure. See Graves (1951), and Fau Dyk 
Tin and Silov, G.E. (1966). But this theory is too long to be described 
here. 

As in section 48, for x € mlet 


, 
X, = TX). s Xa 00... 3. x = 0, a 0, X tusa y, 
F 41 
x +x, =X 
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Let W, be the set of x’, for x € W, W; the corresponding set of 
x”, and u, the n-dimensional measure on W,, i.e. 


U(X) = WXXWH) (XSW, 


Also, as usual, we define the first integral as 


Pra | pza wom 
x w 
THEOREM 61.1. 1// (x, z) is a bilinear non-negative definite function of 
x, z € m for which 
(61.4) a, = f(t’, t) exists, for jn =1,2,..., where 
t =00m= p 1a =); 
(61.5) G(y) = AGE y), b,(y) = SY, t) exist, for j = 1, 2, OSES) 


where yem is fixed, 


(61.6) Pes asa, 
n=1 
(61.7) daily) < 0, Y by) ç, 
n=1 n=1 
(61.8) lim f(x, x) = lim f(x’, x) =0 


almost everywhere in W, 
(61.9) lim f(x, +y, x; +y) = K, for some constant K = 0, almost 


everywhere in W, then f(x +y, x+y) is measurable for x € W, and 
definable ( finite) for almost all x € W by the formula 


(61.10) f(x+y,x+y)= Y @;x2;X, + >, (a,(y) + b,(y))x, + K. 
j, n=1 n=1 
Proof. The integral of an odd power of x over [— 4, 4] is 0. Thus, 
putting 


FAX) = fex) = 3 yx,  (n=1) 


i 1 
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weave, form =n, (chal will su) 
kuesena= | f E aE 3 


j, k=n+1 j=1 k=n+1 


wE Syafi PCER Y G. 


j=n+1 k= j, k=n+ j=1 k=n+1 


tae | du = J: [ { > “l+ 3; (z+ ag)xxa Y 


n<j<m n<j<k<m 


(z+ adx] du = X> a/80 


a 
l<j<n<k<m n<j<m 


+2 > a;ax,|144+ > q; a, ,)2/144 


n—<j—<k =< n<j<k<m 
+ > (ax +a, )2/144. 
1<;<n<k<m 
By using Theorem 26.1 (26.2) we have 
(61.11) | (a-du X a2/80 
Ww n<ij<m 
m m 
+ > Qat F aya) [36 = Y' ay Y ayy /36 
n<j<kem 1l<j<n<k<cm j=1 k=n 


Hence by (61.6) there is an n(j) such that if 


808) = L), 1 (%,G0—g@0 du < 4-7 (m = n(p) 
y= IRG EEV l f isao 


1/ 
-gdu f 1 dul ET 
Ww 


> h < 1 


j=1 
Hence by Lebesgue’s monotone convergence theorem, Theorem 46.1, 
3 184100) —8(X)|< co, g(x) = lim g (x) 
j=1 ` jroo 
exists almost everywhere in W, and by Fatou’s lemma, Theorem 
46.2, and using (61.11), 
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[tee soy as = [ (tim fen — GD] da 
w w U 


= lim inf f ho) -hP du = X a, 136 
j—> œ Ww k=n 
Thus f,(x) > g(x) in mean with index 2, and 
f g°(x) du < co 
wW 
By the Cauchy—Schwar{z~-Buniakowsky inequality for integrals, 
co = | s6) a 


exists, for each u-measurable set X CW. Let x € W, let n be an 
integer, and let X(n) denote the interval containing x of the form 
y ai 1 $ 
kj=2x,<kt+l(l<j<n), —A=x=<1L (=m 


where K; is an integer depending on x and n. We have 


f o-n du = im [| O-A) da 
Kn) m— œ “I(n) 


= lim | > Dp XjX,+ 2, 2 (z, + ay) x] du 
(n) 


` m —> co Sapa j=lr=n+1 


qa — À — — v p a 


= lm 2 mu,(Im)a;12= mI) Y a,/12 
+1 n+1 


m — œ j=n j= 
| SAX) du = X, ap] xx, du, = Y ay2-™-Y.3-1 ((ç+ 1° 
KO jr=1 ` Jr) j=1 
-k2 E (4,,+4,;) 270-92- (k,+ 12— k?) 27H (k, 
1<j<r<n | 


FP hep 2 = > ay 2+ K+ 3-5) p(T) 
j=1 


+ X> (G+4,)2-"(K,+2-2)-(k, +274 u, (10) 


1l<j<r<n ⁄ 


G(I(n))/u,(T(n)) = f(z@, zm) + a, .2-2.(12) 1+ Š a,(12)-* 


j=n+1 
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where z is the midpoint of I(n). Also 


n 2 
Ye, 2) — KP =| E ay (2f 26 — xx) 
> r= 


añ 


n 
= y (a, tap) n27 22-2 
j,r=1 


|S (2, 2) -RE | =n: 
Hence we have 
(611) G(U@))/u (1) -AE 0 (n + ç) 
To show that f(x) tends to a limit almost everywhere, and so tends 
to g(x) almost everywhere, we need only show that G is differen- 
tiable almost everywhere, in the sense that the ratio in (61.12) 
tends to a limit. I omit the proof as it can be found in Saks (1937), 
pp. 152-5, on noting that a set of measure zero is a set of variation 
zero. 


Similarly we can prove that 


G) = Y aG), dG) = Y b(0)x 
j=1 j=1 


tend to a limit almost everywhere, using (61.5; 61.7). Thus 
lim f(x,, y) lim f(y, x) 


n — co 


exist for x almost everywhere in W, and also 
f&+y, x+y) = lim /(Ç +x; +y, xr x” +y) 


ñ — co 


= lim (/(x,, H En x) +S, x) +E y) 
HIO, x) thee, +y, x, +y)} 


< Š 1 Gkx;xe+ >, (z(y) +b, (y)) x+ K 
ik= j=1 


giving (61.10). 

We can prove a converse when (61.1) holds, so that f(x, z) is sym- 
metric by (61.3), for f(x, x) and f(z, z) existing, since (61.2) is true in 
this case. 
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LEMMA 61.1 (Henstock (1955), p. 240, Lemmas 1,2; Henstock (1956), 
p. 487, Lemma 1(3.3)) If the u-measurable X S W has variation V, 
then for some k > 0, 


(61.13) E du = max (kV*, 4V—2), 
° 2 
(61.14) E du) = 3 min (V, 1—7), 
2 
(61.15) oF {fs du} = jz min (V, 1— V). 
j<n 


Proof. Let x, denote the y with y; = x; (j < n), Y; = X41 (j > n), 
let Vi(x;) be the variation, in the x,-direction, of that part of X for 
which x% is fixed, and let Vz be the variation u(Y) of the set Y of x 
for which 

Vi(x}) = ôV 
Then the variation of the remaining set of x} is 1— V2. In the integral 
of the characteristic function of X we.separate the variable x, Then 
by Fubini’s theorem (the generalization of Henstock (1963c), p. 110, 
Theorem 44.3, as (R, $, o£) is a product division space) we have 
6V(1 —V2)+ Vs = V, V(1 —ôV) = (1-6) V 

The least value of the integral in (61.13) occurs when the x, form an 
interval symmetrical about x, = 0, in which case, for the section 
with a given x}, the interval has length V,(x1). Hence by Fubini’s 
theorem, 


| xa du = V8 V?/12 = &(1 —6) V4/{12(1 —6V)}=kv* 
x 


For example, 6 = + gives k = 9/1024. For the second estimate in 
(61.13) let Y = W\X. Then 


[amf -f= if ara =3-40-r1 
X Ww Y Y 


(61.14; 61.15) are inequalities of Bessel type. Let c(x) be the charac- 
teristic function of X. Then for real numbers a,, 


n 2 n n 
o= Í fec- >: ax] du = V—2 > af x; du + > a;/12 
Ww j=1 j=1 x j=1 
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The first inequality in (61.14) follows on taking 


a; = 12 xa 


with n — œ. Then the second inequality follows from 


[== [-[-——[a 
x Ww r Y 


Similarly, for real numbers än, We obtain (61.15) from 


2 
0 al fa- > anx] du =V-2 > a, | X;x, du 
wW 1<j x 


<n<N 1<;j<n<N 


at ty aes ap = 144 | yx, du 
1<j<n<Nn x 


f sa =| =f --[ xx, du — (j= n) 
x w dy y 


THEOREM 61.2. Let f be a bilinear non-negative definite function of 
x, z € m satisfying (61.1), and let X € W be the set of x where the 
measurable f(x +y, x+y) exists. If u(X) > 0, then u(X) = 1, and f 
satisfies (61.4;...; 61.9), while, for almost all x € W, f(x, t) (n = 
1, 2, ...) and f(x, y) exist. Further, with the other hypotheses, f(x, x) 
exists almost everywhere in W if, and only if, f(y, y) exists. 


Proof. Let j < n, and let xš, be the point y € W with 
Yk =x A=k <j), = xa (j=K=<n-1, 
Yk = Xk. (k=n-1); MCX, Xp) = {x x,):x€ X}, 
X, (xz) = ((x;, x) : x € Xa} 


the last sets being for fixed xz. By Fubini’s theorem, 


(61.19) S aE) da = ween) 

w 
AS Xin S Xm if, for a set of x € X of positive variation, 
(61.17) Uol X nEn) = 0 


we can take X; as this set of positive variation and contradict (61.16). 
Hence (61.17) is false for almost all x € X, and the plane sets Xn 
A 
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contain distinct points of the form 
(Xj x), (x;-+b,, Xn) (k = 1, 2), 
(xj;+b3, X,+,) (63 bg # 0) 
for almost all (x;, x,) € Xn. Thus by (61.1), if x is the corresponding 
point in W, there exist 
f(2x+2y+b,ti, bt) (k = 1,2), 
JOQx-+2y+bsti+ bat", bsti+b,t”) 
By linearity we can remove the second by from the first term, and a, 
exists, and then from the second term we have the existence of 
flbst+bat", bat! + bat”) —flbst/, bst) = f(2bst+b4t", bat”) 
Subtracting b? f(t”, t”) and then dividing by 2b3b, we have djn. Further 
(61.18) fe+y t) G=1,2,...) 
exists for almost all (x;, x,) € X;,, and so for almost all x € X. Thus 
for 
x€ X S X, wX\X2) = 0, 

J(x+y+w, xty+w) = /(x+y, x+y)+2/(x+y, w)+f(w, w) 
exists, where w is an arbitrary finite linear combination of the tin- 
dependent of X>, and Xs is cylindrical of every finite order. Hence by 
Theorem 48.1, u(X2) > 0 becomes u(X2) = 1. Further, changing 
x to —x in (61.18), we see that ay) = b,(y) exists, the equality fol- 
lowing from (61.3); and also f(x, t?) exists, for almost all x € W, with 
j=1,2,... Also f(x+y, x+y) exists for almost all x € W, so that 
if we change x to —x, we see that f(x, y) exists for almost all x € W. 

We now have to show that (61.6;...; 61.9) are necessary. We 
choose a set Xs S W in which f(x+y, x+y) = N. Since u(X) = 1 
we can choose N so large that u(X3) > 0.99, using Theorem 44.9. 
For a particular x; we put 

X(n) = (x, : x +x, € Xs} 
Then by Jessen’s theorem, Theorem 48.2, 
(61.19) lim ,(X(#)) = MX), V = u,(X() > 0-99 


n — œ 


lim | /(x;'+x,-+y, x, +x, +y) du, = | fxty, x+y) du 
Xs 


n — œ 4X(n) 
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6L fixtxy ty +x, ty) di, < N 
X(n) 


This is true for n > no, where no depends on the x almost everywhere 
in W that gives the x; . We now split up finto parts that have already 
been shown to exist. 


FEHI +y, X TX, FY) = J(x,, STK +y, ALK FY Xe +y) 
(61.21) = > aj X; Xy + 2" a(x, +y) x,+ fx, +y, x, +y) 

For s uchay us denote the last term by 4,, and also put 

(61.22) Ju = p ys > a(x, +y) = T', A, 


#By (61.19;. . : ; 61.22) and Lemma 61.1, 


n n 
N> Y ay. | xxx du,,+ >, 2262 +y) [| x; dupt A,V 
X(n) j=l Xn) 


i X;X_ du, 
X(n) 


+A V= r,4GV->) 


n 
=% a| ate } 2lapl 
j=l ` vx 1<jak<n 


n 
— Y 2|a (x, +y)I f x; du, 
j: X(n) 


j=1 


f 2) 1/2 
-2| ae sb; ( Í ak du, | 
{igj<k<n 1<j<k<n \WX(n) 


ae p a(x, +" | Pi (I. x; ds) | +A,V 


j=l j=1 


n 1/ 
=r,év-p-> [ Y aa) 0-7" 
j,k=1 
—27 2A — Vy"? (12)-*2#+4,V = 977, (1200)-* 
—T', (600) "s —2T'z Ms (1200) “2 +-994,(100)-* 
= T'.(91(1200) 1 —(600) “2 —(1200) *!2) + A,.(99(100) "1 
—(1200) sy + (Ts —4}12)2 (1200) "Ë 


97 40+50 99 2) - 7 1148 | 
(0-7 a0) „(a 


= 1200 "* 1200°" 
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Thus we obtain 
(61.23) I, = 200 N, A, < 2N 


which gives (61.6) on letting n > ©. Also the integral 


[ e, x49) du = Him J fix Lx” +y, XE +Y) dh, 
Ww n— œ Wy 


n 
= lim p ay 12 + f(x, +y, x+} 


n— e \j=1 
and by (61.23) with a; = 0, we have the existence of 
lim f(xy +y, x, +y) 


almost everywhere in W. It is cylindrical of every finite order, so 
that (61.9) is true. Thus 


(61.24) f tory x+y) du = ¥a,/12+K 

j=l 
Since f(x, y) exists, for almost all x € W, (61.7) follows by using the 
functional f*(x, w) = f(x, y) /(w, y), which satisfies all conditions on 
the original f(x+y, w+y) with y; = 0 (all j) 

There remains (61.8). From Theorem 61.1, fE xi) and f(x, y) 
tend to limits almost everywhere in W as n > ©. But by (61.21), 
fx, xr) tends to a limit almost everywhere. As in the first part of the 
proof, for some g = g(x) # 0, and almost everywhere in x, there 


exists 

lim fix,tgt’, x,), lim fl, xn) 

n—->oo n — œ 
The last limit is cylindrical of every finite order, and so is constant 
almost everywhere. Changing x to —x, we sce that the limit must 
be 0 almost everywhere. Thus if wis any finite linear combination of 
the t;, 

lim f(x, tw, x) = lim f(x, Xn) 

n> e° n —- œ 
and this limit is also cylindrical of every finite order, and hence is 
constant almost everywhere. Substituting (61.21) into (61.24) and 
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using what we have proved, we have the constant 0 since 


[tim fos, x3) du = 0 
Ww 


n —- œ 
This result requires a little care. First, A, is bounded by 2N, so 


that the limit of its integral is K. Secondly, the integral of the limit of 
f(x, x.) is the limit of the integral, lim T',/12, by Theorem 61.1, 


n— œ 


giving the result. We cannot argue directly from 
[ janx du = o 
w 


since the integrand might not be majorized. 
If f(y, y) exists, and since f(x, y) exists for almost all x, we have the 
existence of f(x, x) almost everywhere from 


fixty, x+y) —f(y, y) = fi<+2y, x) 


Similarly, if f(x, x), f(ix+y, x+y) exist for almost all x € W, they 
exist simultaneously for almost all x, so that f(2x+y, y) exist, and 
the existence of f(y, y) follows from the existence of f(x, y) for almost 
all x. 
THEOREM 61.3. A necessary and sufficient condition on a real double 
sequence {ann} Satisfying 
N 
Y a, >= 0 (allxEW;N = Je Be isa 
m, n=1 
in order that 
°° N 
yas oy = lim Y E e 
m, n=1 N— = m, n=1 


should exist for almost all x € W, is that 


This is a special case of Theorems 61.1, 61.2 in which y is zero and 
(61.5; 61.7; 61.9) are automatically satisfied. 


THEOREM 61.4. Let f(x) be a linear functional of points x € m, and let 
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y be fixed in m. If f(x+y) is measurable and exists forx € X S W with 
u(x) > 0, then 


(61.25) f(x) exists for almost all x € W, and f(y) exists; 


(61.26) S(t) exists for n = 1,2,...; 
(61.27) > I) < co; 

n=1 
(61.28) lim f(x) = 0 almost everywhere in W. 


Conversely, if f(y) exists, and if f(x) satisfies (61.26; 61.27; 61.28), 
then f(x +y) is defined for almost all x € W by the formula 


(61.29) È At, +/0). 


Proof. For the first part we replace f(x+y, x+y) in Theorem 61.2 
by f?(x+y), since we can clearly assume f real. Then (61.25; 61.26 ; 
61.27) occur easily. If f(y) = 0 we substitute —x for x in the present 
form of (61.9), and subtract to obtain, almost everywhere in W, 

lim f(x,) f(y) =0, lim f(x’) =0 


If f(y) = 0, we note that f(x) exists almost everywhere in W, and 
lim /2(x) = K 
H — œ 
almost everywhere in W, giving (61.28) if K = 0. If K = 0 we use 
(61.8) to obtain, almost everywhere in W, 


lim f(x,)=0, f(x) = lim Ax) = lim {f(x 


h — œ R — co 


+n} = lim f(x) 
ñ — œ 
The last limit is cylindrical of every finite order, so that /(x) is con- 
stant, and so 0, almost everywhere, and K = 0, contrary to hypo- 
thesis. Hence (61.28) is always true. For the converse we need only 
follow the proof in Theorem 61.1 that involves c, (x), replacing 


a,(y) by f(t’). 
LEMMA 61.2. For almost all x = {x,} € W and for each bounded 
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sequence {y,} we have, as n — co, 


(61.30) b3 xz == Ont: log log m); 

(61.31) È I» = n+ On"? log log m), 
£ 

(61.32) ya = Ant O": log log n), 
pe 

(61.33) Ý xy, = O(n log log n), 


< 
= 


= l 


n 


(61.34) > (+y)? = dnt X y2+ On"? log log n). 
j=l 


j=1 
Proof. These results can be proved by Kolmogoroff’s law of the 
iterated logarithm, Theorem 50.1. In each case we have a function 
J(x;) with 


1/2 1/2 
-=f JO) ax, J | {fe} dx = 0 


and we can take 
1/2 
Z,=f%)-Kf); È = o? = j š {O -NPF dx 


lx] = +, |z,| = M independent of) = 1,262. 


The conditions of the theorem are satisfied, and I(f) appears as the 
coefficient of n. 
We can now deal with the following interesting example. 


A y) = lim a’ xy, 
j=1 


n— co 


Then /;(x, y) is non-negative definite, bilinear, symmetric, and meas- 
urable in (x, y), and in x for each fixed y, with f(x, x) measurable. 
But for almost all x € W we have some seemingly contradictory prop- 
erties. From (61.33), f(x, y) = 0 for each y € m. It follows by Fu- 
bini’s theorem that fi(x, y) = 0 for almost all (x, y) € W> W, using 
the product variation. Secondly, from (61.32), f(x, x) = 1/12, 
which shows that the line x = y, of product variation Zero, is in some 
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sense a line singularity of f(x, y). Further, from (61.34), AG +y, 
x+y) > 1/12 for each fixed y € m, while combining (61.32; 61.34), 
fi(x+y, x+y) = 1/6 for almost all y € W. We can use 
J(x—y, x—y)'!# 

as a pseudometricinatleastpart of W, and the last results show that 
W is not separable under this pseudometric. Of course there are easier 
examples of non-separable spaces. Also the constant K in Theorem 
61.1 (61.9) is, for fı, given by K = 1/6 for almost all y € W. 

Having cleared up the preliminary results, we can now tackle the 
further problems on convergence factors. 


THEOREM 61.5, Let f(t, x) be linear in x and measurable in (t, x) for 
t = 0 and x € W, such that there is a set A(x) of t, depending on x, and 
of variation zero for almost all x € W, with the property that f(t, x) 
exists when t ¢ A(x). Then, for almost all t, 


IAG JIB = X Ge) < o 


and for x in a set depending on t and lying almost everywhere in W, 


(61.36) lim f(t, x) = 0 


H — œ 


(61.35) 


and conversely. 

Proof. Fubini’s theorem shows that the set B of all (t, x), with 
t € A(x), has product variation zero, so that the intersection of B by 
a space £ = constant, is also of variation zero for almost all constants 
in £ = 0. Then Theorem 61.4 gives (61.35; 61.36), and also the con- 
verse on using Fubini’s theorem again. 


THEOREM 61.6. If in Theorem 61.5, 


(61.37) lim sup | f(t, x)| < co (t$ A(x)), then 
(61.38) ess lim sup || f(t, )||s = co 


Here, for almost all x€ W, there are numbers M = M(x), 
N = N(x), with f(t, x)= N for almost all t= M. Hence there are 
a set X of x of variation greater than 0-99, and two numbers Mo, No, 
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such that if x € X then 
M(x)= Mo, N(x) = No 
By Fubini’s theorem and (61.23), for almost all t = Mo, 
(61.39) At, .)||Ë = 200M 
which gives (61.38). 
THEOREM 61.7. If in Theorem 61.5, 


(61.40) lim f(t,x) — (z $ A(w)) 


exists for almost all x € W, then (61.38) is true, and 
(61.41) En = ess lim f(t, t”) (n = 1,2, ...) 
t— œ 

exist; and from these conclusions we can prove that 
> g = œ 
n=1 

Proof. The set of x where the essential limit of f(t, x) exists, has 
complement of variation zero, so that as in the proof of Theorem 


61.2 we can find x and x+at"(a = 0) in the set, giving (61.41). 
Then, for each integer n, 


(61.42) 


2 g = ess lim ` ft, t) < 200N, 
j=1 


t>o j=l 


and (61.42) follows on letting n — co. 


THEOREM 61.8. If in Theorem 61.5, for almost all x € W, 
(61.43) lim f(t, x) = 0 (t $ AGO) 
t —- co 


(61.44) then ess lim || /(z, .)||ə = 0. 
t — œ 

Proof. Given e > 0, we can take No = e in Theorem 61.6, and 
then use (61.39). Theorems 61.5, ..., 61.8 are Henstock (1955), 
p. 245, Theorem 3 (i, ii, iii, iv). 

We now consider the one-sided approximate limit as £ + b—, 
where b > 0 is some fixed number. The upper and lower thicknesses 
of a set A € (0, b), relative to the variation in (0, b) as t + b—, are 
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respectively defined as 
lim sup h'a (A N (b—h, b)), lim inf h-441(A N (b—h, b)). 
h— 0 h—> 0 


When equal, the value is the thickness of A; while A is thick if its 
thickness is 1, and A is thin if its thickness is 0. There should be no 
confusion between these thick and thin sets and those given in 
Chapter 2. Note that 


(61.45) 0 = h™u(A N (b—h, b)) = 1 
lim supap/(ü =c, lim infap f(t) = d, 
t— b— t— b— 


if the sets of t, respectively for which f(t) < c+e, f(t) > d—e, are 
thick for each € > 0, but for no £ < 0. If c = d, we write 
lim ap f(t)=c 
t— b- 

There are appropriate modifications for infinite c or d. The approx- 
imate limit of Saks (1937), pp. 218-19 uses values t > bas well. 
If we had taken b = +00, we would have needed (t, + co) to have 
finite variation, say V(t), for some fo = 0, and all t= to. Using 
v = V(to), we could map [%, +00) on to (0, v] by using u = V(t), 
reducing the approximate upper and lower limits to those as u + 0+, 
similar to the ones given. 


THEOREM 61.9. Let f(t, x) be linear in x, and measurable in (t, x) 
for x € W, and for t in a thick set A, independent of x. If, for almost 
all x € W, f(t, x) exists when t lies in a thick set A(x) depending on 


x, then for t in a thick set B independent of x, 


(61.46) f(t, .)||ə < œ, 
and, almost everywhere in W, 
(61.47) lim f(t, x)=0 (t€B). 


Conversely, (61.46; 61.47) are sufficient for f(t, x) to exist almost 
everywhere in W, for t in a thick set. 

Proof. The following sets are measurable for almost all values of 
the variables concerned, by the measurability of f, and the variations 
of the sets are also measurable in the given variables. We need only 
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use Fubini’s theorem. 


Y(h) = ((t,x):b—h = t < b, t € Ai, x € W, f(t, x) does not exist} 
Alh, x) = (t:G, x) € YO} (KEW), X(t) = {x : (t, x) € YH) 
(b—h= t< b, t€ AD) 


(61.48) lim h714(A(h, x)) = 0 
h—>0 


for almost all x € W. By Fubini’s and Lebesgue’s bounded conver- 
gence theorems 


A = (b—h, b) N A; [ u(X(t)) dt = (YH) 


= Í u(AGh, 9) du < h 
Ww 


We have used (61.45; 61.48), and the result is true for 0 < h < hj(6). 
Hence those z in (b— h, b) N Ai for which X(t) is not measurable, 
or for which u(X(t)) = +, form a set of variation smaller than 
26h. As Aj is thick, we take all ó > 0 to prove that for each t in a 
thick set B, there is a set of x € W, of variation greater than + 
in which f(t, x) exists. By the necessity of Theorem 61.4 (61:26; 
61.27) we prove that || f(t, .)||2 is finite when z€ B. For the converse 


we can use Fubini’s theorem and the sufficiency in Theorem 61.4. 


THEOREM 61.10. In Theorem 61.9, if, almost everywhere in W, 


(61.49) lim supap|f(t, x)| < œ 
t— b- 
(61.50) then lim supapl|l]/G, .)Ilze< œ 
t— b— 


(61.51) ie J/G )ls= 3 G€ B,athick set). 


Proof. Replacing ‘f(t, x) does not exist’, in the definition of the 
set Y(h) of Theorem 61.9, by ‘f?(t, x) = N or does not exist’, we 
obtain sets Y(N, hA), A(N, h, x), X(N, t), and for N > N3(x), 


lim AÍ la (A(N, h, x)) = 0 
h— 0 
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for almost all x € W. Thus we can find a set X © W with Ni(x) < No, 
for some fixed No, with u(X) > 0-995. Then for 


| u(X(No, t) N X) dt = j u(A(No, h, x) du < 6h 
A X 


Those t € A: N (b—h, b) for which X(No, t) O X is not measurable, 
or has variation not less than 0-005 form a set of variation less than 
200 6h, and the remaining set of t € (b— h, b) has variation greater 
than (1—2006)h. As A: is thick, we take all 6 > 0, and obtain that 
for each z in a thick set B there is a set of x € W of variation greater 
than 0:995-0:005 = 0:99, in which f(t, x) = No. By (61.23), (61.39) 
is true, which gives (61.50). 


THEOREM 61.11. In Theorem 61.9, if, almost everywhere in W, 
(61.52) lim ap f(t, x) 


t—> b— 


exists, then (61.50) is true, and there exist 
(61.53) g* = lim ap f(t, t”) (n =1,2,...), with 
t—b— 


(61.54) Y (z: < 0 
n=1 


The proof of this is formally the same as that of Theorem 61.7. 


THEOREM 61.12. In Theorem 61.9, if, almost everywhere in W, 


(61.55) lim ap f(t, x) = 0 
t>b— 
(61.56) then lim ap |If@, .)[le = 0 
t>b- 


Proof. Here, N(x) = 0 almost everywhere in W, so that in (61.39) 
we can take No > 0 as small as we please, giving (61.56). Note that 
Theorems 61.8, 61.12 correspond to (55.14), the result of Schur. 
Theorems 61.9, , 61.12 are Henstock (1955), p. 246, Theorem 
4 (i, ii, iii, iv). The conditions in Theorems 61.5, 61.9 are necessary 
and sufficient. But the necessary conditions in the rest of Theorems 
61.5, ..., 61.12 are not sufficient, and the fault does not lie in the 
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omission of a condition like (61.36; 61.47), but in the existence of an 
analogue of Theorem 60.4. We begin with an analogue of Lemma 
60.2. 


LEMMA 61.3. Let f(x) be real, linear, and measurable, existing 
1 . i e. r Po ee " 
almost everywhere in W. Then for each integer j re: i <= £x ne L 
2j du = M, ; 2j = S J: L 
[ouemi me (5) Š ms C 


Proof. By Theorem 61.4 (61.29) with y zero and a, = = ft, w247 2: 
have 


Gs Xx) du = iË (= ax) du = [ Ena oo (a, Xn)" 


(2j)! : 
°= dh u O 
EEEE N 2 Je > 
where the last sum is over all positive integers j}, ..., ja with sum 
2j, and over all non-coincident values of Ny, ..., Ny By using the 


methods of the proof of necessity in Theorem 61.2 we can show 
that term-by-term integration is permissible. The integral of an 
odd power of x, is 0, so that we can put j, = 2k,, to obtain 


pe. f) 
2j I aS, 
J G@)da = Xa... rn" OR CENI £ 
2-23 


‘(2k +1)... Qk + 1) 
with sum over all positive integers k,, ..., km with sum j, and over 
all non-coincident values of 74, ..., n,. Now 


2; Tes Ky J! 
WF lla’ = Doan... aoe FAAN 
so that, as in the proof of Lemma 60.2, 
= ay ee ki!... km! 
M; Fi 2j 
P 291 ` Qk +D!... kmt 1)! 
(2)! Kite... kem*4l2 @—i(5/4)™ 


SSUP jy DA Tam aT emt he e—2i=m($ ym 
(Qi) 5e Y" Qp! 
==) Sr j! (sop 92%) =a) m 
since 25e2 < 648. 
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Next we have an analogue of Lemma 60.3. 


LEMMA 61.4. If f is real, linear, and measurable, existing almost y 
everywhere in W, then, for each fixed c < 4/(e|\|f| (Ili), ¢ = c > 0, 
< Fil,” 


[araa b 
z. 


For proof follow the proof of Lemma 60.3. The inversion of 
summation and integration is justified since everything is non- 
negative. 

The analogue of Lemma 60.4 now follows by an analogous 
proof. 


LEMMA 61.5. If f is real, linear, and measurable, existing almost 
everywhere in W, and if Ifill} = M (n = 1, 2, ...), then for arbi- 
trary 


(61.57) b, > 0, > b,< 0, exp (cf2(x)) = QG; r ¿/M 


almost everywhere in W, where c is any fixed number less than 4|(eM). 

Lemmas 61.3, 61.4, 61.5 are given in Henstock (1955), p. 249, 
Lemma 5; p. 250, Lemma 6; p. 248, Theorem 6, while p. 248, 
Theorem 5, is as follows. 


THEOREM 61.13. Let {f,(x)} be a sequence of linear functionals that 
are real and measurable and exist almost everywhere in W. Then, 
for almost all x, 


(61.58) lim sup |f,(x)|-l[/,||7?-log7" n = K 


n — œ 


where K is an absolute constant independent of {f,(x)}, and 


A 
1 
(61.59) aa = =e Com wau Ze á 


Proof. Taking f,/I|f,ll, for fp we can assume that || fylle = 1 for 
all n. In Lemma 61.5 we put b>* = n log? (n+ 1), so that, for almost 
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all x € W, and for A > 0 depending on x, 
exp (cf7(x)) = An log? (n+1), 
cf?(x) = log A+ log n+2 log log (n+ 1) 
fr(x)/logn = c~(1+log A/logn+2 log log (n+ 1)/log n) (n > 1) 
lim sup f(x) /logn = c! (c= 4/e) 


Hence (61.58) with K = e/4. To complete the proof of (61.59) we 
take the values of bmn =f,(t") to be those in Garreau’s matrix 
(see Theorem 60.2 and the discussion), as in Henstock (1955), p. 
253. The computation in Theorem 60.4 gives 


(61.60) Ilf 2:1ogn/log4- 1 (>) 


Given x € W and a positive integer k, let there be at least k in- 
tegers in 1 = j = 2k for which x, = 0, let A, be the sum of the k 
greater ones of these x;, with B, the sum of the rest of the x; = 0, 
and — C, the sum of the x, < 0. If x, k do not satisfy the condition, 
then —x, k do so, and we define A,, B,, C, for — x, k instead. Then 
by Lemma 61.2 (61.30; 61.31), 


2k 
(A+ B,— Clk = +` x/k > 0. 


j=1 
2k 
(A+ B,+ Co/k = ¥ |x;|/k — + 
j=1 
(4, +Bj/k>+ = (k>— o) 


almost everywhere in W. Now in one row of the matrix, all k`! 
occur with the terms of A,, giving a sum + A;,/k. Hence by (61.60), 


IREI = A,/k = (4, +B,)/(2k) — 1/8, K> 1/(8 log’? 4) 


Ex. 61.1. If Y, a,x, is convergent almost everywhere in W, then 
n=1 


> la, |? < œ and conversely. 
n=1 


Ex. 61.2. A linear functional is bounded in 7% if, and only if, it can 
be extended almost everywhere in W. 
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Ex. 61.3. If, for each x of a set of positive variation in W, y x;h;ç /y) 
j=l 


is convergent in a set of real numbers y depending on x, and of 
positive variation, with measurable (y), prove that there is a set 


of y of positive variation in which Y hi(y) < œ. 


j=l 

Ex. 61.4. Considering f(x, x) = ||x||?, show that u(Is W) = 0, 

and show that the same result is true if W is replaced by y+ W, for 
any y € m. 


EXx.61.5 Kow Bak an Gua, 61,3, p33l, 
Ma < ep! Z gl). 

[| aega (2840) > 3. 4f (É 2). 
RM, oanad when all k ove For | 


Y £= 1B, (&< D CR) = 6. 
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THE SPACE OF CONTINUOUS 
FUNCTIONS ON A FIXED 
COMPACT SET 


62. Norms on the Space 


Let T be a compact set, and @(T) the space of all functionals 
continuous on T. As in Ex. 43.14 we can take as intervals the clo- 
sures of non-empty open sets in T. If u = 0 is an interval function 
we can define the generalized Riemann integral H of 1 with respect 
to u, which we suppose exists and satisfies H(I) > 0 for each interval 
I T. We can also define the linear functional 


Lif) = |. Odu (FEET) 


This integral exists by the integrability of 1 with respect to u and 
the uniformity of continuity of f (Theorem 13.6 (13.12)), where f is 
bounded, by the same theorem, (13.11). Thus we can define the 
norms L(|f|?)"? (p = 1), with 


Wl, = LF)”, fll. = sup HOJ 


When we use the norm || /||, we denote (T) by @P(T) (1 = p < œ). 


THEOREM 62.1. 
(62.1) Given e = 0, there is an interval I on which 


IOL > lll. —; (fll — =)H(D* =< Ifl = Nfl. A)” 
(1 = p < œ). 


(62.2) The only null function f for L has f(t) = O(t € T). 
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Proof. In (62.1) there is nothing to prove if || /||_, = 0. Otherwise 
there are a t€ T with |A| = || ll. —e, and a neighbourhood G 
of ¢ within which the same inequality holds. Thus by continuity, if 

T=G, x€I then |/Go| => lfll.— > llfll.—e 


and the further inequalities follow easily. Then (62.2) follows from 
(62.1), and all our pseudonorms are norms. 


THEOREM 62.2. If T = [— 1, 1], H(a, b) = b—a, then @[ — 1, 1] is 
not complete, for 1 = p < œ. 

Proof. We show that {x,} is fundamental but not convergent, 
where 


x,(t) = arc tan nt (-1l<t<1) 


(62.3) 0 < arc tan mt < arc tan nt < 2/2 (m =< n, t > 0) 


Further, given € > 0, there is an A > 0 such that 


z/2—e < arctan t < 2/2 (t= A) 
From this and (62.3), 
es (62.3) 
(62.4) a/2—e < arc tan nt < 2/2 (t = A/n) 


0 < arc tan nt—arc tan mt < € (n > m, t > A/m) 


1 1 Alm 1 
j [xxn ar = 2 | =2Í +2f 
Pi 0 0 Alm 


= 2(z|2)” Alm+2e?(1— A/m) 


1 
lim sup |x,(t)—x,,(t) |? dt = 22? 
This is true for each e > 0, so that the lim sup = 0, and the sequence 
is fundamental. To show that {x,} is not convergent in @?[—1, 1], 
we put 


z/2 (t> 0) 
x(t) = 0 (q =. 0) 
—n/2 (< 0) 
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and use (62.4). Then 


1 1 Aln 1 
j |x,(t) — x(t) |? dt = al Jarc tan nt —z|2|? dt = af +2] 
1 0 0 


Ajn 


= 2(a/2} -A]jn+2e(1— 4A/n), 


$ 
lim sup J |x,(t) — x(t) |? dt = 22, 
n— oo 1 


and the lim sup is 0. Hence lim x, = x ¢ @?[—1, 1]. Further, if 
in the ||.||, norm 


1 1p 
y = lim x,, f Ine) — aco ar} 
n — œ —_1 
1 1/p 1 1/p 
= lf | y(t) — x,(t) a) + | Í | x,(t) — x(t) |? a) > 0 
es 8 zi 


as n > co, and y(t) = x(t) except in a set of measure or variation 
zero, so that y(t) cannot be continuous at # = 0. 


THEOREM 62.3. The space @*(T) is complete. 
Proof. Given a fundamental sequence {x,} € @*(T), and e > 0, 
there is an N with 


sup |x,@)—x,(@)| <# @>m>N) 
ter 


so that for each fixed t € T, {x,(t)} is fundamental, 
|x,@)—x,G)|< z (n> m=N) 
Hence x,(t) tends to a limit, say, x(t). Letting n > co, 
|xG)—x,G)| =£ (m= N) 
This is true for each z € T, with N independent of t. Hence 


(62.5) sup|x(#)—x,(()|)=# (m> N) 
teT 


and {x,} converges to x in norm |]. ||... To show that x € e (T), 
let #€ T, and x(t) = y. Since x,(t) is continuous, there is a 
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neighbourhood G of t with 
|xy(t)—xy(u)] < elu € G), | x(t)—x@)| = |x(z)— xy) 
+ | xy(t) — xy) 1+ | xy(u) — x(u)| < 3e 


using (62.5). As € > 0 is arbitrary, we have the continuity of x. 

More generally we can consider Orlicz norms. The only result 
beyond section 41 that we need consider, however, is that || f || < © 
for each f € @[T]. To prove this, we have (a) finite for a > 0 small 
enough, and 


I F/Alls = L(@(|f1/A)) < e (A > INF Il../2); 
f€ Lo. 


THEOREM 62.4. The trigonometric polynomials are dense in @° [0, 27]. 

Proof. By Theorem 57.4 and a linear transformation, the poly- 
nomials in x are dense in @° [0, 27]. The Fourier series of x” is 
easily shown to be convergent, so that by taking the first n terms 
of the series, where n is arbitrary, the trigonometric polynomials, 
of the form 


FIA € Los 


La+ (a, cos x+b, sin x)+ (a, cos 2x+ b, sin 2x)+ ... 
+(a, cos nx+ b, sin nx) 


are dense in the set 1, x, x2, ..., and so in @° [0, 27]. 

Alternatively it can easily be shown that the first arithmetic mean 
of the first n partial sums of the Fourier series of f € @° [0, 27] 
tends to fin ||. ||, as n > oo (Fejér). 


63. Continuous Linear Functionals on @~(T), and on the Space 
of Denjoy Integrable Functions 


We now come to the Riesz representation theorem, which gives the 
expression of all continuous linear functionals on @*(T) as integrals. 
F. Riesz (1909) is the earliest paper, for T = [0, 1]. 


THEOREM 63.1. Every continuous linear functional defined on 
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@° (T), where T is compact, is of the form 


Ff) = [ro di 


where u is an interval function of bounded variation, and conversely. 

Proof. Our intervals here are the closures of non-empty open sets 
of T, and for ordinary topologies, their characteristic functions are 
not continuous. It therefore becomes necessary to proceed a little 
way out of @*(T). Let Z be the family of characteristic functions 
of all X € T that satisfy 


(63.1) pc y=1 


for some interval J of T. By the Hahn-Banach theorem (if (F is 
real), with the Bohnenblust-Sobezyk-Soukhomlinoff extension 
(if (Z is complex), (F can be extended from @*(T) to Ki as a con- 
tinuous linear functional with the same norm, where Xz is the 
smallest linear space that contains @~(T) and Z. See Theorems 
33.5, 35.1, 35.2, in combination. In the extension we can well order 
Z, so that the characteristic functions of intervals follow directly 
after the functions of @°(T), and we use N = norm (F), and 


m = sup {—[Ix(t)+2(t)|l.-N-F}, 
M = inf {|| x(t)+2@) l|.-N-—FO)} 


where z € Z is the next function, and the sup and inf are for all 
x < zin the well ordering. By the definition of || . Il and by induc- 
tive hypothesis, if z is the characteristic function of an interval J, 
and if X satisfies (63.1), m and M are unaltered if we replace z(t) by 
the characteristic function of X; so that we can choose (F(ch(X; .)) = 
G#(ch(T;.)) for all X satisfying (63.1), and in order to extend F 
to Z, we need only run through X. We put 


ul) = Fh; .)) = F(ch(X; .)) 


first showing that u is of bounded variation. Let Q, with union E, 
be a partial division of a division @ of T. By linearity and bounded- 
ness, since the interiors of intervals of D are disjoint, these 


@ < xe n 
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intervals being J,, ..., J, and putting in turn 


X=L, AY za Uz 


jen 


(Q) > u() = (Q) Y Z(ch(X; .)) = F(ch(E; .)) 
(Q) F uD] = norm (F), (D)X lu(D| = 4-norm (F) 


by the argument of Theorem 44.6, first part. Thus yu is of bounded 
variation. By Theorem 13.6 (13.12), for each f € @(T') we can find 
a division D’ such that on each interval J of each D = D', the 
oscillation of fis less than £ > 0. Taking x € I°, we have 


Ff) —F((D) ES) ch(X; .))| = norm (F)-z 
F((D) YF) HX; .)) = (D) LI) FCX; .)) 
= (D) ES) wD) 


and the result follows by definition of the integral. In fact here we 


could have used the Moore-Pollard definition of the integral using 
D =D. 

Conversely, the integral is a linear functional (see Henstock 
(1963c), p. 27, Theorem 19.1, for the simple case) that has 


IFC) = sup | f(t)|-V(u; £; T), norm (F) = Vu; A; T) 
so that the integral is also continuous. We have 


norm (F) = Vu; o£; T) 


since in’ the extension from @~(T) to Xı the norm is unchanged, 


while we can take 
f = (DOD) VAX; .) sgn uQ) €e Xs, FS) = (O) ` |n(D | 
since x € I°, and we have 
norm (F) = (O) X |u| 


Alexiewicz (1948) uses this representation to find the general form 
of continuous linear functionals on the space of Denjoy integrable 
functions, for T a finite closed interval on the real line. We generalize 
and let T be a Cartesian product of compact intervals [a,, b.] on the 
real line, so that we write s € T in the form s = (sj). Let R(s) be 
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the interval consisting of the Cartesian product of [a,, s,], and let 


RS = | JO dus 


where f is integrable in some sense, and where tı = is continuous. 
By Tychonoff’s theorem (Theorem 13.8), T also is compact. If T is 
a finite Cartesian product we can use the integration of Ex. 43.3, or 
a Cartesian product of integration processes corresponding to those 
of Ex. 43.9. These correspond respectively to the special and general 
integrals of Denjoy over finite dimensional compact intervals, and 
we can prove that 


(63.2) IR(f;s) iscontinuousfor seT 


(63.3) the function f(t; s), equal to S(t) for all t € R(s), and 0 other- 
wise, is integrable relative to uit, Where ux is connected to t, 
u to s, and where z is any integrable interval function of bounded 
variation on T. If Tis a countable Cartesian product we can use the 
integration of Ex. 43.12, and it is likely that (63.2; 63.3) are still 
satisfied. 

We denote by D(T) the space of functions f having finite IR(f; s) 
that satisfy (63.2; 63.3). 


THEOREM 63.2. For the given T, D(T), every continuous linear 
functional F defined on D(D), is of the form 


Ff) = [ FO g(t) dur 


where g is of bounded variation, and conversely. 
Proof. By (63.2); IR( f; s) € @(T), so that for norm we use 


FI = sup IER; s)| = IRA; Jle 
s€ 


We denote by @& the subspace of C(T) consisting of all such 
IR(f; s). The norm off in ‘D(T) is the norm of IR(f; s) in @Z, so 
that (F is a continuous linear functional on @Z with the same norm. 
By the Hahn-Banach theorem (for real (F), and the Bohnenblust-— 
Sobezyk-Soukhomlinoff extension (for complex (Z), (Z can be 
extended to @(T) as a continuous linear functional with the same 
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norm. Hence by Theorem 63.1 there is a finitely additive interval 
function u of bounded variation for which 


FN) = | IRA 9 du 
T 
Using (63.3) and Fubini’s theorem, we have 
FN = | £0 (RO) dn 
T 


where R*(t) is the set of all s for which t € R(s), s € T, so that R*(t) 
is the Cartesian product of closed real intervals t, = s; = b;. Then 


g(t) = u(R*(t)) 


is of bounded variation, with variation the same as u. As the norm 
of Fis unchanged throughout, we have 


norm (F) = V(u; o£; T) 


which is also the variation of g. The converse follows from Theorem 
63.1. 

Alexiewicz (1948) considers a second norm on the space that will 
not be considered here. 

In connection with @Z, Mazurkiewicz (1931) has given the 
following theorem. 


THEOREM 63.3. If @ is the space of continuous functions on the 
real line with period 1, and with value 0 at t = 0, the set OC of func- 
tions of @ that have no finite derivative to the right at any point, is 
of the second category in @, and @V( is of the Jirst category. 

Proof. For k = 1, 2, ..., let Ua be the set of f € @ such that, 
(63.4) for all ¢ there are two points # with t+1/k = t, = t+3/k 


(j = 1,2), 


(63.5) (f; t ty ts) AD IO TONNS 1 


tt i, — t 2 


Let Uka be the set of functions zg € @ satisfying an inequality 
analogous to (63.5), namely, for (63.4) we have 


(63.6) 6(g; t, tı, ta) > 1 
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Let U,s be the open set of h € @ such that, for at least one g € U, 
(63.7) 4—gll., < 1/(8k) 
Forj = 1, 2, 3, we put 


(63.8) Vy = U Uy; N Via SH 
k=n n=1 

Now suppose that (63.4; 63.6; 63.7) hold. Then, for the same 
ti, to, 
Ò(h; t, tı, t2) > Ó(€; t, t, #2)—{|8(t1) -AIHA t) 

—{]8@2)—A(t2) IHI) AEN t) > 1—4k/(8k) = 1/2 

(63.9) Urs S Um Vig S Voy 
where V;,, is open since U,s is open. By (63.8; 63.9), 


(63.10) 1) Vag < OL 


n=1 
To show that V,, is dense in @, let f€ @, € > 0. By Theorem 
62.4 there is a trigonometric polynomial fı(t) in cos (27t), sin (222), 
such that || f— f. ||, < $e. Letn be an integer, n =||dfi/dt ||, k =n 
an integer greater than 3(2n+1)/e, and put, for a suitable integer g, 


Sot) = filt)+4e sin Qzkt), kt, = q+24, 
kta = q+23(q < kt <q+1) 
Then we have 
(63.11) f Ilf—fell.. < e 
(63.12) t+1/k = (4+2)/k < ti < tz < (4+3)/k =< t+3/k 
sin (2xktı) = 1, sin (27ktə) = —1 

(63.13) O(fa; t, ta, ta) > Fef1 —sin (2nkt)}/(ty—1) 

+#e[1 +sin (2nkt)}/(t.—t)—2n > te(k/3) x 

X (1—sin (2zkt)+ 1+sin (mkt)) —27) = 1Le.2k/3—29 > 1 
From (63.12; 63.13), 
Jz E Upg S U, S Vis 
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so that from (63.11), V, is dense in @. Since V,s is an open set, 
@\V,, is nowhere dense in @. By (63.10), @V is of the first cate- 
gory, since 


aac U ea 
n=1 


while @ is of the second category since it is complete. 

Sargent (1950), p. 289, observes that for T on the real line, each 
function of Z has a finite derivative in a subset of T of positive 
variation (or measure). This follows from Ex. 43.10, in the case of 
the general Denjoy integral, by using Henstock (1963c), p. 78, 
Theorem 35.1. It follows from Theorem 63.3 that @Z is of the 
first category in @[a, b], when T = [a, b], where @ofa, b] is the 
subset of @[a, b] for which each f(a) = 0. Further, by Theorem 
62.4, €G is dense in @ofa, b], so that by Theorem 12.7 (12.30), 
@Z is of the first category in itself. It is for this reason that Sargent 
introduces her f-spaces; from Ex. 31.1, €Z is a B-space. However, 
Sargent (1953), pp. 448-9, shows that we cannot deal with Lebes- 
gue integrals in a similar way. Her proof is given in Theorem 63.4. 


THEOREM 63.4. If A@ is the subspace of @[a, b] consisting of all 
Junctions of @[a, b] that are absolutely continuous on [a, b], then 
AC is both an «-group and an a-subgroup of @[a, b]. 


Proof. Let functions g,(t) be uniformly bounded, continuous, and 
of bounded variation on [a, b], but with 


lim sup V(g,; of; [a, b) = +00 


For example, we could have 
8,(t) = sin {2mn(t—a)/(b—a)} 


Then from integration by parts, the functional 
b b 
Z= | oao) = OOL- [sored 


G = 1,2,...) 
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satisfies 


lim sup |F] < © (fE HO, 


norm (F,) = V(g,; o£; [a, b]) > œ 


using || f|| for the norm on J. Hence by Theorem 34.1, A@ cannot 
be a B-group and so must be an -group. Also, by Theorem 34.3, 
A#€ is an «subgroup of fa, b]. 

It follows that the norm IlfIl.. is not suitable for the space A@ 
and in the next chapter it will be shown that a better norm is 


b 
[ire 


since for this norm, of@ is complete and so a Baire space. 
Ex. 63.1. Show that for T the real interval [a, b], the transforma- 
tion of integrals in Theorem 63.2 is of the form 


b x b 
f | Fr du) du = | Ae) mite bD da 
Substituting z for hy and 
i) = [feds 8) = aqe (Gxed c< 2 


show that we obtain the formula for integration by parts. Is there a 
similar result for n = 2? 


64. Differential and Integral Equations and Contraction Mappings 
We begin with the equation in real x, 
(64.1) dy/dx = K(x, y) 


This can be generalized to the case of simultaneous differential equa- 
tions of the type 


(64.2) dy(x)/dx = K(x, 91%), ..., Vnlx)) (j =1,2,..,n) 
Clearly, if we put y(x) as the vector function of x with components 
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y,(x), and if K(x, y(x)) denotes the vector function with components 
K(x, y,(x),. . ., ¥,(x)), We can write equations (64.2) as 

(64.3) dy/dx = K(x, y) 

of the same form as (64.1). If (64.3) has a unique solution y(x) ina 


neighbourhood (a—e, a+e) of some real number a, then K(x, y(x)) 
must be equal to dy(x)/dx, which can be integrated. Thus we obtain 


(64.4) y(x)—y(a) = [xe y(t)) de 


which is an integral equation. Some equations are already in integral 
form, for example, the Volterra integral equation 


(64.5) p(x) = g(x) +4 F K(x, z) y(z) dz (a<x <b) 


where 4 is an arbitrary constant, and gis continuous in a = x = b. 
The Fredholm inhomogeneous linear integral equation of the second 
kind, is 


(64.6) y(x) = g(x)+A i š K(x, z)y(z)dz (a= x=) 

where A, g are as in (64.5). These equations generalize to two types. 
THEOREM 64.1. The integral equation 

(64.7) y(x) = g(x)+4 E K(x, z, y(z))dz (a= x=) 


where the constant i, the continuous g(x), and the kernel K(x, z, y), 
are all given, has one and only one solution y(x), if 


(64.8) | K(x, z, yi) — K(x, z, yo). = Mly1—yal., 
(64.9) [AI M(b—a) < 1 
(64.10) IK, z, y(z)| = Milllyloll. 


where M, M. are constants, K continuous in x, and where 


Yœ) =ly@)l. = sup Iyl I YG]. = sup Y(x) 
1<;j<n a<x<5b 


Proof. Because of (64.10) we can take limits with respect to x under 
the integral sign. For scalars y, K, we can use Theorem 46.2 while 
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for vectors y, K we only need a slight generalization. Thus the integral 
is continuous in x, so that if 


(64.11) u(x) = A(x, y) = g(x)+A [we z,y(z))dz (a<x<b) 


then u(x) is continuous, and the mapping u(x) = A(x, y) maps the 
n-fold Cartesian product of @[a, b] into itself. Next, A is a contrac- 
tion mapping. 


u(x) = A(x, y), w(x) = A(x, v); [u(x)—w(x) |, 
b b 
= |2| Í |K(x, z, y(z)) —K(x, z, v(z))|.. dz = lam | I(y(z) 


—V(2)|.. dz <|4|M@—a) || ly) —W(x) | 


co 


| Im) =w |. = 121G@—2)1||1y—vl. |. 


We have used (64.8). Hence by (64.9), À is a contraction mapping. 
Also by Theorem 62.3, @°[a, b] is a complete metric space, so that 
the same is true for the n-fold Cartesian product. Hence by Theorem 
16.1, (64.7) has one and only one solution. 


THEOREM 64.2. The integral equation 
(64.12) yx) = g(x)+4 f K(x, z, y(z)) dz 


where the constant i, the continuous g(x), and the kernel K(x, z, y), are 
given, has one and only one solution in [a—d, a+d], if (64.8) holds, 


(64.13) if K is continuous in x with | K(x, z, y)| = Mı, in a neigh- 
bourhood G of the point (a, a, g(a)), 


(64.14) and if (x, z, y) € G when |x—a| = d, 
lz—a| =d, |y—g(x)|.. = Mia] d 
Proof. Instead of (64.11) we use 
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(64.15) u(x) = A(x, y) = g(x)+ 2 j i K(x, z, y(z)) dz 


(|x—a| = d) 


while in place of @[a, b] we use the space @* of Y; € Cla—d, a+dl 
with 
Iy -gl = M.|2| d 


Then for y € @*, |x—a| = d, we use (64.13) to show that the integ- 
ral in (64.12) is continuous in x, so that u(x) is continuous. By 
(64.15; 64.13), 


u(x) g(x), = 41 | f "K(x, z, YE) dz 
(Ix—a| < d) 


= Miılåļ a 


and u€ @*, Also @* is complete under the norm MIO |l. 
(replacing [a, b] by [a—d, a+d)), by a modification of Theorem 
62.3, while A(x, y) is a continuous operator on y, since from (64.8), 


| A, yi) — A(x, yə) |, < lAl M|x—a]-||ly;—yol.. ||. 
= |4] Ma|||ly: —ys|. | 


Finally we show that for some integer n, A” is a contraction mapping, 
For if 
u(x) = A(x, y), w(x) = A(x, v); | u(x) — w(x) a 


= |2| f š (K(x, z, y(z)) —K(x, z, v(z))} dz 


= l |” yG) vl. de 


where the integration is over [x, a] if x < a, 
< 21 Ml|x—al. || ¥@)—v() |l 
Applying this repeatedly, we have by induction 
LA”, y)—A"(x, v) |, = |2 |“ M”|x—al"|| ly(x)—Wx) |. 2: 
Clearly A” is a contraction mapping as soon as 
(l| Md)" < n! 
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which occurs for some n by the convergence of the exponential series. 
Applying Theorem 16.2 we obtain what we require. 

For examples the reader could specialize the sufficient conditions 
given for the two general cases, to suit the various special equations 
given at the beginning of the section. 
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SPACES OF MEASURABLE FUNCTIONS, 
AND INTEGRABILITY CONDITIONS 


65. Lebesgue and Orlicz Spaces of Functions 


We now come to that part of functional analysis that involves spaces 
of measurable functions, and linear functionals on those spaces in the 
form of integrals. Let T be a base space for generalized Riemann in- 
tegration, using (generalized) intervals J C T, the J forming a family 
£. Let u = 0 bea fixed interval function. We require 1 to be inte- 
grable with respect to u over each of a sequence {7,} of subsets of T 
with union T, where each T, is an elementary set, a finite union of 
non-overlapping intervals. Then if fis a real or complex valued func- 
tion of the associated points of the intervals J € $, we can consider 
the integral 


(65.1) Lf) = [ fap 


Naturally, for L(f) to exist, f has to be u-measurable in general, 
and then if L(| f |) exists, so does L(f). But we are using a non-absolute 
integration, L(f) sometimes exists when L(| f |) does not. Integrals of 
Lebesgue type correspond to a specialization of u, together with the 
requirement that both L(f) and L(| f |) exist. 

The functional L is linear and non-negative, so that the theory of 
sections 40,41 applies. 

. (65.2) A function fis a null function for L, if, and only if, the set of 
points x where f(x) = 0, has u-variation zero (i.e. f = 0 almost every- 
where). 
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This follows from Theorem 44.11 (44.13), since a null function f 
for L is precisely one for which L(| f) = 0. 


(65.3) Thus L satisfies condition (40.8). 

As usual, we now replace the space of u-measurable functions by 
the space of cosets of these functions modulo those functions that are 
zero almost everywhere, the L for each coset being the L for any 
function in that coset, if the L exists. It is clear that we lose nothing 
by using the ordinary mathematical contraction of denoting by f the 
coset of all functions equivalent to f, modulo the null functions. 

We denote by L, the Lebesgue space of all functions f that are u- 
measurable, with | f |? integrable relative to u in T, where p = 1 is con- 
stant. From 

Ift+gP?* = (f1+1¢)?-* = (max @ | f|, 2|g]))” "1 
= 2f g1 
and since the u-measurability of f+ g follows from the u-measurability 
of f and g, it follows that if f, g € L,, Minkowski’s inequality holds, 
and L(| f?|)"? is a norm on L,; and L, is a linear space. By the theorem 
on mean convergence, Theorem 46.3, L, is complete, for 1 = p < œ. 
Further, ess sup has its usual meaning, namely, the supremum on 
neglecting a set of y-variation zero. Then we define the space L,, of 
those -measurable functions that have a finite essential supremum, 
and L,, is also complete. For by the union of sets of variation zero, if 


fL. G =1,2,...), l|/,—/,ll. > 0 


the norm being the essential supremum, there is a fixed set X of 
variation zero with 


Fl) fn) = Mf —Sallee Œ € \X) 


and we can use the proof of Theorem 62.3, omitting references to 
continuity. 


THEOREM 65.1. Jf f € L, (1 = p = œ), and L, is the complemen- 
tary space, so that 1/p+1/q = 1 in all cases, then over all g € L, 
with ||g ||, = 1, we have 


Il fll, = sup f.e du| = sup f ie du 
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Proof. By Hélder’s inequality, both integrals are not greater than 
II f Il,» since Iig] a= 1. Thus we need only prove the opposite inequal- 
ity when Ilf ll, > 0. When p = 1, q = œ, we take g(x) = 1/sgn f(x), 
with ||g{|,, = 1, and 


[eae = | Aidu = ifik 
T T 
If 1 < p< o,so that 1 < q < wand p—1 = p/q, we put 
E) = ISOP sens}; O = OPS, 
ell, = 1 


[6 = | ze9wnmriu-5 ae = 1171, 
T T 


If p = œ, q = 1, we take arbitrary e > 0. By definition of IIZ Il the 
set X* where | f(x)| > II f ||. —e, has positive (possibly infinite) varia- 
tion. Now 1 is integrable with respect to u over each T„ their count- 
able union being T, so that u is of bounded variation on each T, (by 
Henstock (1963c), p. 60, Theorem 31.2, for the simple Riemann- 
complete integration). Hence, for some integer n, X = X* N T, has 
finite non-zero variation, and we define 


g(x) = (V(u; ct; E; X) sgn f(zx)) 1 (x € X), 
g(x) = 0(x € X). 


By Henstock (1963c) pp. 90-1, Theorem 38.2 (38.5), ||g||: = 1, and 
also 


Í has [ IFI ch(X; x) dulV (u; of E; Y) = II flle—e 


giving the result. 

This theorem recalls the definition of the norm in Orliczspaces, to 
which we now turn, remembering sections 40, 41. As should be clear, 
Z here is the space of u-measurable functions, and we assume that 
p(t; x) is such that O(t;| f()|) and P(t; | f(t)|) are u-measurable, for 
every u-measurable function f. A simple sufficient condition seems 
to be that y(t; ch(T; t)) is u-measurable, for each interval J. Then the 
definitions and theorems follow for this case as in section 41; and 
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there are also some special results given below, for the case when g is 
independent of t. 


THEOREM 65.2 (65.4) If || flo = 0, then f = 0 almost everywhere, 
and conversely. 


(65.5) IIIf lo is finite, then f(x) and o(|f(x)|/I|F lle) are finite almost_ 


everywhere. 


(65.6) 0<|Ifllo~< co, then |I(f/Ilflle) lls = 1 


(65.7) If f is bounded and u-measurable, and zero in VT „» for some 
integer n, then f € Ly. 


(65.8) Iff € Lo, g € Ly, and f,g are u-measurable, then fe, | fel are 
integrable relative to u in T, and 


le d |= | 1 fel du <I1Fllo-llelle 
r T 


The last result is Hélder’s inequality for Orlicz spaces. Proof. For 
(65.4) we use Ex. 41.2, but cannot use it directly since if J denotes the 
function identically equal to 1, I need not be integrable with respect 
to u in T. Thus we use T-ch(T,; .), and find that f-ch(T,; .) = 0 al- 
most everywhere. Taking z = 1, 2, ... gives (65.4). For (65.5) we 
find similarly that 


L(lf|-ch(T,; .)) = ©, |fl:ch(T,;. < © 


almost everywhere, giving the first result on taking n =1,2,... For 
the second result, we note that it follows from the first if g(x) is finite 
for all x. If, however, g(x) is finite for all x = c, but tends to infinity 
as x > c—, then p(x) > c as x > œ, with p(x) < c for all finite x. 
Hence l 


(65.9) W(x) = cx{1 ex), e) = 0@ = 0), ex) +0 (x oo) 


Let | f(x)|=> clI fllo on a set Xi not of variation zero, so that by inter- 
section with T, if necessary, we can assume that 
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(65.10) 0 < pi(X1) = Vw; o; T; XD < oo, defining 
e* = max [1/2, 1 — «(2/{cux(Xv})], 
g(x) = {cus(Xr)e*}* ch(X1; x) 
Then by (65.9), 


i Wl gidu = p(X) W((cu(X2) e") 1) 


= (e*) [1 — e((cu (X) e*}“7)| 
= (e*) {1 —e({eu1(X1) (1/2)}-7)] = 1 
_ [AZ 
fima = | ee 
This gives a contradiction, so that (65.10) is false and (65.5) true. 
The remaining case is when 9(c) is finite, and (x) infinite for all 
x > c. We now have p(x) = c for all x > 9(c), and instead of (65.9) 
x= ->(c),-and_instead of (65:9) we use W(x) = cx (x > 0), taking 
e* = 1, and |A] > cllflle in X1. Thus we prove that | f(x)|< cll fle 
‘almost everywhere, and (65.5) is again true. 
To prove (65.6) let f and g(|fl/ll fle) exist in the set X, with \X of 
„variation zero. By thecase, Theorem 40.1 (40.2), of equality in Young’s 
inequality, if X, — X as n + co, where each X, has 


(65.11) 0< p(X, <0, a(x) = ISON ch(X,3 DNS 
B(x) = plax) = AISAS o) eh(X,; x) 

both bounded, then 

(65.12) B(a(x)) +P (B(x) = a(x) bx) 


The right side has a finite integral on T since it is bounded there, and 
zero in XX, with u,(X,) finite. Hence from (65.12) and Theorem 41.4 


lll 


qa = Ale > ifi 


(41.13), vo’ Kosmo- 
IBIS — eo, Halls + bll -Í abdas | Yel a 29 du 
r > iie 


= max (1, llb||%) 
If ||b|IZ > 1 then llallš = 0. If [lolz = 1, then 
lla||2 <llalls+lldlle = 1 
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Hence in either case 
[üe ag; =) da = 1 


and we have (65.6) on letting n> œ and using our version of 
Lebesgue’s monotone convergence theorem, Theorem 46.1. 

For (65.7), P(a) is finite when a > 0 is small enough. As fis bound- 
ed there is a large constant A > 0 for which | f(x)|/A < a. As f is zero 
in \T, and as u,(T;) < ©, 


[OUA du- co, fA CLES Le, fer 


Clearly we can interchange fand g,® and ¥, in the above results. 

For (65.8), if ||gll = 0, then by (65.4) for g, g = 0 almost every- 
where, and the proof is trivial. Tf ||g||= > 0 we use (65.6) for g, and 
the definition of ||/llo, to obtain 


[ita = | lele < IUfllə-llglle 
T r llelle 

THEOREM 65.3 If there are constants M > 0, y > 0, with 
(65.13) OOX) < M0GO  (allx y), 


and if 1 is integrable over T in the case when y > 0, then L$ = Lø 


Proof. From Theorem 41.4 (41.10), we have LË S Lg. Thus let 
fe L, We write f= fitfe, where fi(x) = f(x) in the set where 
Al = yll lle, and f;(x) = 0 elsewhere. If y = 0 then fi =0. Ify > 0 
then @(| fi) is bounded, and so integrable on T, relative to u, as 1 is 


supposed integrable on T. Now for some integer j > 0, we have 
Ilfllo = X, so that if fo(x) # 0, 


DURAN = DNSe) = WPAN) 
By Theorem 65.2 (65.6), @(| fa(x)|) is integrable relative to # in T. 
Since 
(0) =0, SUI) = PAANU) FE Lë 
THEOREM 65.4. If lim y(x) = c < ©, then Lọ © Lo» Ly 2 Li 


x— ç 


Ifalso 1 is integrable on T the S, Ə are = signs. 
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Proof. If f € Lg, then by the proof of Theorem 65.2, [f(x)| = 
<c|lf|lo almost everywhere, f € L_, and Flo = ¢*llfIlo- 
Further, taking all f with || f lle = 1, 


lelle = sup | Lfeldu = | la| du-ess sup i= f lgl duc, 
T T T 


lelle = cllelly 
proving that Ly 2 L. 
If also 1 is integrable on T, and if f € L, then for some constant 
a > 0, a| f(x)| = +c almost everywhere, and 


afe L3 S Lo, feL,, L, =L. 
If g € Ly, then L(| fe|) is finite for all f€ Lg, in particular, for 
fœ) = 1 (all x). Thus 
Ls) < 0, gel, Ly=L, 
THEOREM 65.5. Le is complete, i.e. if Jax) € L, (n = 1, 2,...), 


and as m, n > œ lim || Jn—fallo = 0, then there exists a Junction 
J@) € Lo with lim ||f,—f|lp = 0. This function f is uniquely deter- 


n —> co 


mined almost everywhere. 


Proof. Given e > 0 and a g with llel = 1, there is ah N(e) 
independent of g, with 


6519 [iK-Sulleldu<e — (m. n = NGB) 


We choose a > 0 such that 
V(u; A; T) Pla) = 1 
Writing g = a-ch(T,; x), we have Ilgile = 1, so that from (65.14), 


f -faldu seja (m, n = NÆ) 


for integration over Tı, so that by mean convergence with index 1 
(Theorem 46.3) there is a subsequence {f} such that some func- 
tion fis the limit almost everywhere in T1. Similarly, by mean con- 
vergence with index 1 over T}, there is a subsequence {f} of {Ff} 
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with f = lim £ almost everywhere in Tz, and so on. Hence, almost 
n — œ 


everywhere in T, f = lim f™. By Fatou’s lemma, Theorem 46.2, 


we let f, in (65.14) pass through the sequence {fP} to give 
(65.15) [ir-tlleldu<e (mam) 
T 


where N(e) is independent of the g with ||g||# = 1. Hence f— f, € 
Lg, so that as L; is linear, f € Lg, and || f—f,,|lo = £ for m = N(e). 
The uniqueness almost everywhere of J follows as in Theorem 46.3. 


THEOREM 65.6. If f, f, € Ly, and g, g, € Ly, for n = 1, 2,..., with 
IIf—-Fillo +0, Ilg—gqlly + 0, then 


[ Sagn du > [x du 


Proof. For by Theorem 65.2 (65.8), 
SE —In8n = S-d EHRE — 81) — (f,—f) (8,—8) 


[xa [Zaa = l/—,lls:llgll; +l fll. lle —2alle 
T T 


+II,—flle lln — Elly 


THEOREM 65.7. Let T be a B-group with norm homogeneous for posi- 
tive integers, and let y(f; s) be a function of f € T, s = 0. If, for each 
fixed f € T, y(f;.) € L,(0, co), and if, for each fixed s = 0, y(., s) is 
a continuous multiplicative functional on T, then H(f) = y(f;.) sends 
T into L,(0, co), and H(.) is a continuous multiplicative operator 
Jrom T toL,(0, co). 

Tatchell (1953), Lemmas 1, 6, takes T a Banach space, while 
Sargent (1955), p. 405, Lemma 5, takes T a B-space, both with 
Ls = L or L... 

Proof. In view of Theorem 33.4 (33.11; 33.12), since Lg is a group 
with norm ||f||2 homogeneous for positive integers, we need only 
prove that 


NAA) Ilo = IIC; llo 
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is lower semi-continuous in f. If f, > f then y(f,, s) — x(f, s) for 
each s = 0, by continuity. By Fatou’s lemma (see Theorem 46.2), 
for each g with ||g||# = 1, we have 


[bitte a = [7 im DG; 3118140 


n— œ 


Jim dab | ls dM lel du < lim inf AA lle 
n— oo 0 n> œ 


lly(/; .)llə = lim inf Ilyn; -) llo 


This gives the lower semi-continuity, and so the theorem. 


66. Integrability of Products, and Similar Theorems 


In the next chapter we consider integrals of the form 


(66.1) mea Jj ” Kls, D) G) dt 


(66.2) w= Í ” KGs, 1) df(t) 


Formally, the first is connected with Silverman—Toeplitz matrix 
summability, while the second is connected with gamma matrix 
summability. For if we take f(t) = f(n) (n= t < n+1), for n = 
1, 2,..., the first becomes 


°° n+1 
ys) = Y 0) | KG. tat 
n=1 n 
while if K is continuous in z, the second becomes 


yG) = È Ke, n+) (a+1) fea} 


n= j=1 


e. 3 K(s, n+ 1) u, (r = X w) 


' Thus we might expect the necessary and sufficient conditions on 
K(s, t) to be generalizations of conditions in Chapter 12; in fact the 
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theory of that chapter is a guide for research on the two types of 
integrals. 

However, the theory of (66.1) is far behind the theory of matrix 
transformations, while that of (66.2) is rarely considered. One reason 
is that integrals are used in (66.1; 66.2) while matrix transformations 
only need infinite series, over which there is no controversy in 
connection with the limit process used. But the integral signs in 
(66.1; 66.2) can represent Cauchy-Riemann and Cauchy-—Rie- 
mann-Stieltjes integrals, they can represent Cauchy-Lebesgue and 
Cauchy—Radon integrals, they can represent the special or general 
Denjoy and Denjoy-Stieltjes integrals, or they can be still more gener- 
al. In this respect the generalized Riemann and variational integrals 
are a great help because of their unifying influence in the theory of 
integration, and in any case they arose out of work connected with 
summability in integrals. But sometimes the simpler kind is not 
strong enough to deal with (66.2), as we shall see later. 

A second difficulty is that, whereas the sum to n terms of an infinite 
series is definable by elementary algebra and needs no limit process, 
the integral over a finite interval is defined by a limit. Replacing the 
interval [1, +00] of integration in (66.1; 66.2) by [1, a], we have 
first to consider the integrability of K(s, t) f(t) relative to t, or the 
integrability of K(s, t) relative to f(t), over [1, a], for each fixed s in 
the range of s. Part of the discussion of the second needs an integra- 
tion by parts, so that we have an integrability of f(t) relative to 
K(s, t). These considerations first lead to a discussion of the integral 


(66.3) [ ft) du 


We look for properties of u in order that (66.3) should exist, for 
all fin a space of functions. The theory includes part of Henstock 
(1955b, 1957a), and the theory that uses Lebesgue integration, in 
which (66.3) becomes 


(66.4) Í fa)Kt)du (u=0 


where k is u-measurable in T, and where also |f(@) k(t)| is assumed 
integrable in T. The latter follows since we can replace f(t) by 


24 359 


LINEAR ANALYSIS 


J(t)/sgn k(t) in the Lebesgue spaces used in that part of the theory. 
We also include the work of Sargent on Denjoy integrals, in which 
both modulus and amplitude of f(t) are concerned in assigning f(t) 
to the space of functions used. 

The first theorem could be given for n-dimensional intervals Ts 
but for simplicity we assumen = Ce 


THEOREM 66.1. The necessary and sufficient conditions on u in order 
that (66.3) should exist Sor all bounded Baire Junctions f(t) on [a, b] = 
T, are that 


(66.5) 1 is integrable with respect to u to H(x) over [a, x], for all x in 
a=x=<b 


(66.6) H(x—) exists ina < x =< b, H(x+) exists in a =< x < b, both 
being of bounded variation in those ranges, where 


A(x—) = lim H(x—u) = H(x)— lim u(x—u, x) 
u— O+ u— O+ 


A(x+) = lim H(x+u) = H(x)+ lim U(x, x+); 
u— O+ u> O+ 
and for 
J(a) = — H(a+) = lim —u(a, a+u), 
> O+ 


J(6) = H(b)— Hb ij = lim u(b—u, b), 
(66.7) “— O+ 
J@) = H@)—+(H(x+)+ H(x—)) 


= lim ¿(u(x—u,x)— u(x, x+u)} (a < x < b), 
> O+ 


the set of points u in a < u < b where j(u) = 0, can be divided into 
two sequences {u,}, {v,}, with the properties 


(66.8) È Liu) = e, 


(66.9) JO.) > 0 as n > œ, and surrounding each v, there is an open 

interval I(v,) = (v, %,) S (a, b) such that each point of (a, b) can lie 

in an at most finite number of the I(v,), 

(66.10) there is a strictly increasing bounded function x such that 
U0, +) ae Xn) = li@,) I, U(Up) yG, =) == li(,) | 
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Conversely, if j satisfies (66.8;...; 66.10), where each u Sor which 
J(u) # 0, is either a Un Or a Vp, for some n, then for all bounded fin 


[a, b], 
(66.11) f fg- Lal =f i@)-$@i@ (a= x<b) 


If also u satisfies (66.5; 66.6) for the j of (66.7), then (66.3) exists for 
all bounded Baire functions f. and is equal to 


(66.12) Í a: f d+ | si) (Hı = H-j) 


Proof. We prove the necessity of the conditions in easy stages. 
Lemma 66.1. H(x), A(x—), H(x+) exist in the given ranges with the 
given values. 

Proof. (66.5) is obvious, so that we can replace u by H in (66.3) by 
Theorems 44.11 (44.14), 44.6. From Henstock (1963c), p. 33, 
Theorem 21.2 (21.12), 


(66.13) [ro an pe H- Hao) — 0 


(u > x—,a=u=< x=b) 


so that for f(t) = 0(z < x), S(t) =1(¢= x) and for a = u < x = b, 
x * fpu x x 
[oaf 


f = lim = lim {H(x)—H(w} 


u —> x— vu 


Thus H(x—) exists, finite, in a < x = b. Similarly H(x+) exists, 
finite, in a = x < b. A second application of Henstock (1963c), p. 
33, Theorem 21.2 (21.12; 21.13) gives the values in terms of u. 


LEMMA 66.2. Let {x()} be a strictly increasing or strictly decreasing 
sequence in (a, b). Then 


X; |H(x(n+ 1) — )— H(x(n) — )| < 0 
n=) 
Proof. We can assume that the sequence is strictly increasing. 
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For convergent 


So. JO =25 


x(n) <t 


is a bounded Baire function, with f(a) = 0 since x(1) > a. We use 
(66.13) repeatedly, taking x(n— 1) < u < x(n). Then 


n) u x(n) 
dH = l = H —1))x 
fO cs TAR x Í u ike [P(e )) 


x(n~1) u—> x(n) 
x {Hu) — H(x(n— D))) +fx(m)) (H(x(n)) — HY] 
= f(x(n—1)) {H(x(n)) — H(x(n— ))) +e,(H(x())— H(x(n)— )} 
Om F(t) dH = È c{ H(x(n)) — H(x(j) —)} 


a 


Ifv = lim x(n) then a < v = b, and 


n — co 


[sco a= a Ly ss |D ee 


— H(x()—))) +f@) (20)— H(x(0)) | = tim [de c{HO) 


— H(x(j)—)}+ a c (Hü) — H(x()) | 


We thus have a transformation of the type (55.22), in which (c, n) 
tends to a limit whenever (55.21) is convergent. The condition that 
corresponds to (55.2; 55.3), is that for allintegers n, and for fixed M, 


Y | HW) —-)-#(ü—D-—)|+|#(0))- (a(n) -)] = M 


giving the lemma. 


LEMMA 66.3. H(x —) is of bounded variation in (a, b]. 
. Proof. Since for as u< x= b, |H(x—)—H(u—)| is subad- 
ditive, taking H(a—) = H(a), Viv, w) = V(H(x—); ct; wv, w]) = 
sup (D) > |H(x—)— H(u—)| (a =% < w = b) for all divisions 
D of [v, w] formed of intervals [u, x], and not just those from an 
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S € £ and complete in [v, w]. If the lemma is false, then either 
V(a, $(at+b)) = +00, or V(a,i(at+b)) < +0, 
V(3(a+b), b) = + co 
We then choose the intervals [a, +(a+b)], [$ (a+b), b], respectively, 
and we can repeat the process, obtaining a monotone decreasing 
sequence [x,, y,] of closed intervals contained in the compact [a, b]. 
Let c be the common point of the sequence. Then we can suppose that 
Ya > cand V(c, y,) = +00 for n = 1, 2,.... For otherwise x, < c, 

V(X». c) = + co, and we have a similar proof. 


|H(x—)—H(c—)| + |H(c+)—H(e-)|}< cç — (x + c+) 
so that there are integers M, N with 
|H(x-)—-H(c—)| = M (c < x = yy) 
There is a division Dy of [c, yy] with 
(Dy) > |H(x—)— H(u—)| > M+1 


By subadditivity we can suppose that Dy includes [c, Yn] for some 

n > N, by splitting an interval [c, x] if necessary. Removing [c, Yal 

from Dy, we have a finite monotone decreasing sequence z; >... 
. > Zm = y, of points greater than c, with 


m—1 
> | H(z;41—)— H(z;—) | >1 


There are similarly a division @, of [c, y,], that includes an inter- 
val [c, y,] for some r > n, with 


(D,) |H(x—)— H(u—)|] > M+1 
and so points Zm > Zm41 >... > Z, = Y, with 


= |H(Z.1—)—H(z—)| > 2 


and so on. Thus lat 66.2 is falsified, unless Lemma 66.3 is true. 
Similarly H(x+) is of bounded variation in [a, b), so that the same 
is true of Hy. 


LEMMA 66.4. Í f dH, exists ina = x = b. 
a 
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that the set {v,} is scattered. This is the nomenclature of J. E. Little- 
wood, others being zerstreute (F. Hausdorff), separierte (G. Cantor), 
clairsemé (A. Denjoy). But not all j(v,), with {v,} scattered, satisfy 
(66.8; 66.9; 66.10). 

To prove that the conditions of Theorem 66.1 are sufficient, 
we begin with the following lemma. 


LEMMA 66.7. Let H, be the set of points of (a, b) lying in at most 
k intervals of a sequence (L) of open intervals in (a, b). Then all 
the intervals I, that cover at least one point of H,, can be arranged 
into, at most, 3k sets of non-overlapping intervals. 


Proof. There is a sequence {x,} of points of H, with closure 
containing H,. Each T, covering a point of H, will then also cover 
at least one x,, and conversely, so that we now concentrate on the 
{x,}. We put the qth interval of (L) covering xi into the set Se 
Then 1 = q = k, as x, € H,. Suppose that the intervals L, covering 
Xp +++, X,-i have been arranged into sets S,(1 = q = 3k) of non- 
overlapping intervals, and let x, lie between x, and x, for s = r, 
t < r, with no x,(q =< r) between x, and x,. Then at most k intervals 
I, cover x, and at most k cover x,, so that at least k of the sets 
Sis +--> Sg% Say, Ty, ..., Ty, will be free from intervals T, covering 
x, or x, and so will contain no J, lying in (x,, x). The intervals J, 
covering x, that have not already been put into sets Sp are at most 
k in number, cannot cover x, nor x, and so must lie between x, 
and x, and hence may be put into some or all of T}, ..., Tẹ. Simi- 
larly if 

x,<minx,, or 


q<r 


x, > max x; 
q<r 


in which case one of x,, x, is missing. Hence by induction it is 
true for all {x,}, and so for H,. 


LEMMA 66.8. Let y be bounded and monotone increasing in [a — e, š J 


b+e], for some e > 0, and let j, y satisfy (66.8; 66.9; 66.10). Then 
for all bounded f in [a, b], (66.11) is true. 


Proof. Let the discontinuities of y in [a, b] occur at x1, xə, ... 
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Then 
> (xGx,+)—x(x,—)) = X(b+)—x(a—) =< o 
n=1 


Thus, given z£ > 0, there is an integer N with 


(66.19) > (nt) -n <E 

Then there is an integer m such that, for n > m, v, is not one of 
the points x (1 = q < N). In Lemma 66.7 we put T, = I(v,). By 
(66.9), then 


(a, b) = U E, 
k>0 


By definition the H, are monotone increasing in K, and they are 
closed. For let u € (a, b)\H,, and let J be the intersection of the 
first (k+1) intervals J(v,) covering u. Then J S (a, b)\H,, and J is 
an open interval. 

Now the characteristic functions of open intervals, open sets, 
and closed sets, can be successively proved integrable with respect 
to y, with values equal to the corresponding variations of the sets. 
Hence by Theorem 44.9, we can take k so large that 


(66.20) V(x; A; [a, b]; (a, 6)\H,) < € 


By Lemma 66.7 there are 3k sets S,, of non-overlapping intervals 
I(v,) that together cover H,\Ho. Since y is finite and monotone in- 
creasing, there is an integer ¢ > m, depending on =, such that, for 
each qin 1 = q = 3k, 


(66.21) È {xOn+)—x@,—)} < E/K) 


where the sum is taken over those intervals of S, with n > t. By 
(66.8) we can also arrange that 


(66.22) > ul- e 


Let S be the open set formed from those intervals of the S, with 
n > tand ] = q = 3k. Then by adding an at most countable number 
of points to {(a, b)\H,}U S, open since H, is closed, we obtain a 
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union U of open non-abutting intervals. We write 
(66.23) w(x) = Da (y(z+)—x(y—))+#(x—a)/(6—a)+, 2 lj) | 


where Si denotes summation over the constituent intervals (y, z) 
of UN (a, x), changing z+ to z if z = x; and where Ye denotes 
summation over all n > # with u, < x, adding | j(ug)| if q >t and 
x = u, Then 4; is strictly increasing, and from (66.19; ... 66.22), 


(66.24) x1(6) — x (a) < 6e 


By definition the points of H, do not lie in any interval I(v,). 
If n > t and if [(v,) covers a point of H,\H), then IG@;) lies in one 
of the S,, and so in S, and so in U. Hence y(v,)—x(v,—) occurs 
in J4 for x = v, If n > t and if [(v,) does not cover a point of 
H,,\Hp, then I(v,) S (a, b)\H, S U, and again, y(v,) — x(v,—) occurs 
in >, for x = v,. Thus by (66.23), i 


(66.25) Xin) ay PACE ca ) = Xp) zi XLV, —) = lJG,) | (n a t) 


Similarly for the result with v,+, so that yı satisfies (66.10) for all 
n > t, as well as (66.24). 


Let {y,} be the sequence of distinct points that includes the points | 


of {up} {Vn} {Vn} {Vn} and no more, and let x ¢ {y,}. We choose 
6(x) > 0 so that (x—6(x), x+6(x)) does not include 


HS ca My. BS Lay Dee Ber one 2: 
where the z, are those v’s with x € I(z,) (1 = j <r). Then by (66.25), 
a(x) TA Lan) = VACA) — Hin) = li) | 


since v, < x. If x > u, > x—6(x) then n > t, and by (66.23), 


(x Peg == x—6(x)) 


a(x) — Xan) = |j(u,)| 
If? € u,, v ¢ v,, for any n, then j(v) = 0. Hence 
(6626) 4(x)—m@=l@| (x >v = x ôl), x € (y,) 


Similarly for all v in x < v < x+6(x), x € {y,}. To deal with the 
case when x = y, for some n we note that from (66.9), j(v,) — 0 
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as n > co, so that j(v,) > 0 as Vp, > y, = Yn) Hence we need only 

take anw 

wax) = + X e2 (xe (O) 
y(n) < x 


Xo(Vn) = LPa) +E 2” (n=1,2,...) 


and we can choose 6(y,) suitably. From (66.24), 
(66.27) x2(b)— x(a) < Te 
Now let |f| = M, and let D be a division of [a, b] that uses d(x). 
Then 
KDED (je) —jG0) — [j| = DE IOO- — [LAT 


so that if x’ denotes the opposite end of the interval from the asso- 
ciated point x, we have from (66.26), and the similar results for 


(DEIO flu) | +L’) | = 2M(O) Y (za(0) — zaG0)) 
= 2M{y2(b)— xù} < 14Me 


It follows that fis integrable relative to j, with (66.11). 

To complete the proof of Theorem 66.1 we need only note 
Lemmas 66.4, 66.8. 

The following result is new, and shows when we can dispense 


with j(t). 
THEOREM 66.2. If T = [a, b], the necessary and sufficient conditions 


on u in order that (66.3) should exist for all Baire functions f such 
that, for some countable set X, f is bounded in [a, b]\X, are that 


(66.5) is true, and (66.28) that H has only a finite number of discon- 
| tinuities, and is of bounded variation. 

Proof. After Lemma 66.1, we can take f =0 except at a sequence 
{y(n)} of points that is strictly increasing to some y = b. If, for 
all n, 

(66.29) H(y(n)+)—H(y()—) 4 0 
we put 


FOW) = 1{H(v@)+)—H(v@) ~)} 
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Then as in Lemma 66.1, but taking y(n) < x < z < y(n+1), with 
x > y(n), and z + y(n+1), we have 


y(n+1) 
| o TE SOODE) Ho) 


¿ +f(y(n+1)) {H(y(n+1))— Ayn +1)-)} 
hee 


I! 


sim |S S00) 400+) — 400) -)} 470) (#0)— 20°) 
= +0 


where y(n) < y’ < y(n+1). It follows that we cannot have (66.29) 
for a strictly increasing sequence {y(n)}; and similarly for a 
Strictly decreasing sequence, so that 


A(x+) # H(x—) 
at only a finite number of points of (a, b). Then Lemma 66.3 shows 
that H, is of bounded variation, and we have the function j. In 
Lemma 66.4 we can allow fto be unbounded in an X, since all but 
a finite number of points are of H. 1-variation zero, and Lemma 66.5 
follows for the wider class of f. If j(x) ¢ 0 for an infinity of x € (a, b), 
there are either a strictly increasing sequence or a strictly decreasing 


sequence {y()} tending to y, with J(y@)) = 0, or both. Say, the 
first. We put f = 0 except for 


FON) =nom) @=1,2,...) 


y y(n) y 
dish ; 
i f á Fao i s: is 
Am LLODIO) -ADDO —J0)J(yGD))) 


lim n= +0 


n— co 


lI 


ll 


Similarly, fora strictly decreasing sequence, so that j(x) = 0 only 
for a finite number of points. Hence H = Hı+j is of bounded 
variation, and we have the necessity of the theorem. For the suffi- 


370 


SPACES OF MEASURABLE FUNCTIONS, AND INTEGRABILITY 


ciency, f is bounded almost everywhere since H is discontinuous at 
only a finite number of points, and the sufficiency in Theorem 66.1 
gives the sufficiency here. 


67. The Integrability of a Product of Functions in Lebesgue and 
Orlicz Spaces 


In section 66 we have used the space of bounded Baire functions. 
Here we expand it to Lg, the smallest being L,,, the space of all 
functions bounded except possibly in a set of -variation zero, 
where u = 0 is a fixed interval function for which 1 is integrable 
with respect to u in elementary sets T, (n = 1, 2, .. .) with union T. 
If T = [a, b], if u has only a finite number of discontinuities, and 
if fis a Baire function bounded in [a, b]\X for some countable X, 
then f€ L... If 


(67.1) IES duo 


exists for all f € Lo, then Theorem 66.2 shows that 1 is integrable 
with respect to uo to a function Hy of bounded variation, with 
only a finite number of discontinuities. Thus the limitation in the 
following theorem is reasonable. 


THEOREM 67.1. If T = [a, b], the necessary and sufficient condition 
ON Mo, given continuous and of bounded variation, in order that (67.1) 
Should exist for all f € L,,, relative to a u satisfying the conditions 
above, is that there is a function k(t) € Lı with uo —ku of variation 
Zero. 

Proof. The indefinite integral H, of 1 in T exists, and we can re- 
place uo by Hy, and R, is also of bounded variation. If its variation 
is V = V(H); A;.), then V is continuous since My is continuous, 
by Henstock (1963c), p. 53, Theorem 28.5, and p. 57, Theorem 
30.1. Hence by Henstock (1963c), p. 77, Theorem 34.5, 


Hy = | sav, |s| = 1 
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where s is the derivative of H, relative to V, and (67.1) becomes 


b 
(67.2) Í fx) s(x) dV 


Let X be a V-measurable set of u-variation zero but with positive 
V-variation. Since V is continuous we can divide [a, b] into smaller 
intervals, and so X into disjoint sets Xi, X2, ..., each V-measurable, 
with positive V-variation and zero p-variation. Let f = 0 in\X, 
and 


F(x) = 1/{s(x) VV; A; [a, b]; X) G EX, n = 1,2, ...) 
Then f € La, fis V-measurable, and 


[ eoseo ay = S ta tee 
a j=1 


Hence if V(u; ct; E; X) = 0 and X is V-measurable, then V(V; ¿ç 


ot; E; X) = 0. The proof of Henstock (1963c), p. 77, Theorem 
34.5, completes the proof. 
After Theorem 67.1 it is now reasonable to replace (67.1) by 


(67.3) |. fle) k(t) du 


where (T, $, œt) is a decomposable division space, u = 0, 1 is 
integrable in elementary sets T, (n = 1, 2, ...) with union T, and 
k is w-measurable. 


THEOREM 67.2. In order that f(t) k(t) be integrable in T with respect 
to u, for each f € Ly, it is necessary and sufficient that k € Lg. 


Proof. For sufficiency we use Theorem. 65.2 (65.8). For the ne- 
cessity we first replace f by f/sgn k, also in Ly, to show that | f(t)k(t)| 
is integrable with respect to u in T. We define 


k(t) (IKO <n, t € T) 
k,(t) = 
0 (otherwise) 
By Theorem 65.2 (65.7), k, € Lo, and by (65.8), 


eye [ kee) fle) du 
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is a bounded, and so continuous, linear functional on Ly. Further, 
in order to be integrable, k(t)f(t), and so k(t), have to be finite 
almost everywhere. Hence, almost everywhere, 
lim k,(t) = k(t), Ik,G()/G)]| = AOAC) 
n — oo 
and by our form of Lebesgue’s majorized convergence theorem, 
lim y) = | KOO day = 9) 
n—> œ 


say. By Theorem 65.5, Ly is complete, so that by Theorem 34.1 
there is a constant M independent of z, f € Ly, such that 


(YNI = M If lle 


We now take f with ||/||z = 1, so that by Theorem 41.4 (41.10), 
Ilflly = 2, and 


(|= 2M, [y(f)|<2M, Ilkllə = sup i IKSO du < 2M 


on replacing f by f/sgn k. Hence k € Lg. 
There is a similar theorem for L,, L, spaces, that is included in 
this theorem. 


68. The Integrability of a Product of Functions, one of which is 
Integrable 


We now turn to the space @& of integrals IR(f; s) of section 63, 
and the corresponding space D(T) of integrable functions f with 
respect to a fixed continuous ui > 0. For simplicity we take T as 
the real line or a subset of it, so that the definitions simplify. 

Let T = [a, b], a finite or infinite interval, and write 


IRS; 8) = | fl) dus 


where 41 = 0 is a fixed continuous function of intervals, the in- 
tegral being a generalized Riemann integral using the integration 
of Ex. 43.3 or Ex. 43.9, which correspond respectively to the special 
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and general integrals of Denjoy over T. The space DT) is the 
space of all f for which IR(f; b) exists, so that IR(f; s) exists for all 
sina<s<b (Theorem 44.5) and is continuous in s. (For Ex. 43.3 
see Henstock (1963c), p. 33, Theorem 21.2 (21.12; 21.13) as py is 
continuous.) 

Let u be an arbitrary interval function of bounded variation on 
T for which 1 is integrable in T. Then the function f(t; s), equal to 
S(t) for all z € [a, s], and 0 otherwise, is easily proved integrable 
with respect to i+", where 1 is connected to t, u to s, for each 
f € D(T), and Fubini’s theorem holds. (For Ex. 43.3 see Henstock 
(1963c), pp. 106-11.) Thus (63.2; 63.3) hold for the case of Ex. 43.3, 
and there are similar proofs for Ex. 43.9. 

We cannot use a Lebesgue or Orlicz norm on ‘D(T) as the space 
is too large, and contains functions for which such a norm does 
not exist. However, we can use the norm IFI = HIRA; Jla, using 
the space @&% of functions r(s) = IR(f; s), for all f€ DT). By 
(63.2), @Z is a subspace of the space (T) of continuous functions 
on T. But, as is pointed out in section 63, @Z is of the first 
category in @(T) and in itself, and the ordinary Banach-Steinhaus 
methods will not work. However, Sargent (1953) points out that 
Gd is a B-space (see Ex. 31.1). 

The following theorem has affinities with Theorem 63.2, which in 
this case says that every continuous linear functional (Z on D(T) 
has the form 


Gif = 1 KOLE) dus 


for some g of bounded variation. Note that by Theorem 44.11 it 
would be enough to say that g is EBV, i.e. there is a function £i(t) of 
bounded variation on T, such that (gG) —g1(t)} u1 has variation zero. 


THEOREM 68.1. (Sargent (1948)) In order that k(t)f(t) is integrable in 
T for all f(t) integrable in T, both with respect to u, it is necessary and 
Sufficient that k is EBV. 


Proof. Since Lı © D(T), Theorem 67.2 gives k € Lo. Thus we can 
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use the notation of section 41, putting 


ess-sup k(t) = inf sup A(t), “ess-inf k(t) = sup inf h(t) 
U h U U h U 


for all A for which {k(t)—A(t)} u is of variation zero in the inter- 
val U. 
Let {t(n)} be an arbitrary strictly increasing sequence in [a, b], and 


M, 


n 


= ess-sup k(t), m, = ess-inf k(t) 
U U 


(U =[t@, (m+ )], n = 1,2, e a 


Then for each z there are distinct uı-measurable subsets Xn Y,, of 
(t(n), t(n+1)) of equal positive y1-variation v,, Such that 


kK(t)=>4M,+im, G € X) 


k(t) = +M,+Ë3m, (t€ Y) 
Let us put 


n 


to = lim tm), N, = 2: (M,—m) 


n —- œ j=1 


(n = 1,2,...) (supposed > 0) 
OND G€ X.,n=1,2,...) 
JIO = a ek, ñ = 


0 (otherwise) 


| 

= 

N 
`v 
— 


Then f is uı-measurable and bounded in [a, c], for each c in t(1) < š 
c =< to, and for t(n) = c = t(n+1), 


ras, = k Í Tän | fi jan | 


i J=1 


+2@,N,) lo, = 2N71 


= 


n—1 

>, (ND) oo) 

j=l | 
We now use the integrability by continuity property of Denjoy in- 

tegrals as in Henstock (1963c), p. 113, Theorem 46.1, the property 

that ensures that @Z is a B-space. If N, — + o as n > œ, then f is 

integrable in [a, b] with respect to u1, and f € D(T). On the other 
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s 
=== 


hand, | 
t(n+1) n t(j+1) n Aust be j | 
| fk da) = >, fk dur = X>, (sN) {GMjt+ am) | 
a j=1 vt(J) j=1 } 
~@Mj+4m)) = $ $ Np Om) x 
j=1 | 
=1)°(Nj-Nj_)N;* (where No = 0), 

jen | 

> (N;-Nj_DNj* = i DN; F 1—N,+N,* T + 

j=r 

(n = nd(r)). | 
| 


Hence for r = 1 the sum tends to infinity with n, contradicting the 
requirement that fk is to be integrable with respect to u: in T. 

Hence {N,} is bounded as z — co. Similarly for each strictly decreas- 
ing sequence in [a, b]. The theorem follows from these results as in 
Lemma 66.3. 

For the sufficiency we need only use Henstock (1963c), p. 99, 
Theorem 40.2, or the analogue for the case of Ex. 43.9, for finite in- 
tervals and then take limits. 

It might be possible to use the fact that Z is a B-space to prove 
directly that 


b 
Fi) = | an 


is a continuous linear functional on D(T). This result follows from 
Theorem 68.1 on integrating by parts (Henstock (1963c), p. 69 for 
Ex. 43.3 with b—a < co). For if kı is of bounded variation with 
(k —ky) 1 of variation zero, 


Ff) = f af dis = x kid (f f dus) = (8) { “Fay 


- [IR 9 a, 


IFI = II fll*(Ik (b)]+ Vis A; T)), 
norm (F) = |k1(b)| + Vki; A; T) 


——— X. IR A ARR a a — TEE ay asa", —— a ——n 
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By Theorem 63.2, for some g of bounded variation, with g(b) = 0, 
b b 
[aa = Zo = | a, norm (2 = v; t: T 
c a s". 


Since u is continuous we can choose fas the characteristic function 
of an arbitrary elementary set E in [a, b], to obtain by Theorem 44.11, 


[woa =0, V(k-2ms t; T) = 0, 
E 
V(us; A; T; X) = 0 


where X is the set where k = g. Thus k = g almost everywhere, g is a 
kı with k,(b) = 0, and as norm (GF) is the variation of g we have 


norm (F) = inf (|k1(b)|+ V(ka; A; [a, bD) 


the inf being taken over all k: = k almost everywhere, it being attain- 
ed for kı = g. Sargent (1950) denotes this infimum by a symbol 
like V, (k; o£; [a, bD), the essential variation of k over [a, b]. 

The Cauchy—Lebesgue integral lies between the Lebesgue and 
Denjoy integrals over [0, oo). A function f is Cauchy—Lebesgue inte- 
grable with respect to u in [0, œ), if f and |f| are integrable with re- 
spect to u on [0, a], for each a > 0, and if there exists 


0 


Gg — œ 


We then write f € CL [0, 00) 


THEOREM 68.2 (Sargent (1952), p. 412, Theorem 3, with À = 0; 
Lorentz (1947), p. 258). In order that fk € @L [0, oo) for each f € CL š 


£ [0, oo) it is necessary and sufficient that there is a b = 0 such that k is 


essentially bounded in [0, b] (i.e. k € Lo [0, b]), and that k is of essen- 
tially bounded variation in [b, co). 

Proof. For the necessity we use unbounded sequences {t(m)} and 
follow the proof of Theorem 68.1. If there is no such b > 0, then we 
can have N, — œ, so that the constructed f€ @. Z [0, oo), but 
fk ¢ CLIO, oo). For the sufficiency, fk € L [0, a] for each a > 0. If 
kı is of bounded variation in [b, oo) with k = kı almost everywhere, 
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then as in the discussion after Theorem 68.1, for c > a= b, 


fk dm- | fk dua arf fki dui 
0 0 a 


[ran 


and we have a fundamental sequence as f € @.Z [0, co). Hence the 
result. 


(Ik (b)| + V(k1; cf; [b, oo))) 


= sup 
v>a 


69. Integrability Conditions with a Variable Integrand 


We now study conditions to be imposed on k(t) in order that 
b 
(69.1) vf) = | xo) ane) 


should exist for all f € BV [a, b], the space of functions of bounded 
variation on [a, b]. In summability theorems using such integrals 
(e.g. Lorentz (1947)), the integral is usually taken to be a Riemann - 
Stieltjes integral, but here we take it to be a generalized Riemann in- 
tegral. In a sense this is the dual problem to that considered in section 
66, where f is fixed and k varies. 


THEOREM 69.1. Jf (69.1) exists for all f € BV [a, b], then k(t) is 
bounded, and if ||k ||. denotes the bound, then 


(69.2) YOI <INKIL. VF A; la, bD, norm (y) = IIKIl.. 


while k is f-measurable for each f € BV[a, b]. For example, k can be a 
bounded Baire function, but there are bounded non-Baire k. 
Proof. Let {t(n)} be a strictly increasing sequence in fa, b], and put 


FO =La, È lal- oe 
Then as in Lemmas 66.1, 66.2, 
IP) = E ke) aG) 
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co 


The series is convergent for all absolutely convergent series > lam)|, 
n=1 


so that we cannot use the lemma of Abel and Hadamard (Theorem 
55.4). If k(t(n)) is unbounded as n> co, then for strictly increasing 
integers {n,}, ; 
|k(z(a9)| > 2 
and y(f) does not exist for the absolutely convergent series with 
an) =2/4 (j=1,2,...), a(n) =0 (otherwise) 
Hence {k(t(n))} is bounded. Similarly for each strictly decreasing 
sequence in [a, b]. Thus to prove k bounded we need only use con- 
tinued bisection. Then the first part of (69.2) follows easily. For the 
second part let f have a jump 1 at a point t in [a, b). Then 


WF) = k(t), Ik) = yf) = norm (y)-V (f; A; [a, b)) 
=norm(y), I|lk||. = norm (y) 


There is equality because of the first part. 

For an example of a bounded non-Baire k that is /measurable for 
each f € BV[a, b] we need only take the characteristic function of an 
analytic, but not Borel, set. 
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INTEGRAL SUMMABILITY RESULTS 
WITH A FIXED INTEGRATOR 


70. Summability to Zero 


In this chapter we study integral summability results of the follow- 
ing types. 


(70.1) yG; s) = T k(s; t) fŒ) du > lim f(t) (s > œ) 


(70.2) Wf s) > Í “Fedu (s+ eo) 


Taking f(t) = 0 (t = u) in (70.1), the limit is 0, and an auxiliary result 
appears, namely, 


(70.3) fs) = fres, ARI Bue G 


where T has been generalized from [0, oo) to a general decomposable 
division space. We study this problem in the present section, making 
it more definite by supposing that u = 0 with 1 integrable in ele- 
mentary sets T, (n = 1, 2, ...), with union T. We also suppose that 
f lies insome space (Z of functions, and we then have to determine the 
properties of k(s; t) in order that (70.3) is true for all f € F. 

Lebesgue (1909) uses T = [a, b] and his own integral, and shows 
that his work includes earlier work on Fourier—Dirichlet (p. 86), 
Poisson (p. 87), Fejér (p. 88), and Weierstrass (p. 90) integrals. Perhaps 
much of Lebesgue’s work on his integral resulted from his interest in 
such singular integrals. 


THEOREM 70.1 (Agnew (1939), p. 704, Theorem 6.1, for Lo). If, for 
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all f € Lo, 


(70.4) sup |y(f; s)| = sup 


[renro du, <0 


then there are finite constants M, N, such that 
(70.5) Ilk(s;.)ll; < œ (alls), sup |lk(s; .)Ily = M 
s>Nn. 


. and conversely. 


Proof. By Theorem 65.2 (65.8), (70.5) is sufficient for (70.4). To 
prove it necessary we note first that y(f; s) is to exist for each s, and 
each f € Ls. By Theorem 67.2 the norm of the continuous linear 
functional y( f; s) is ||k(s; .) lw < e, for each s. 


THEOREM 70.2. If we have (70.3) for all f € Lo, then (70.5) is true, 
with 


(70.6) lim ib ch(X; .) k(s, t) du = 0 


$ — co 


for each T, and for each u-measurable set X € T,; and conversely. 

Proof. For the necessity, (70.6) follows on taking f = ch(X; .) € Lo, 
since X C T, is u-measurable. For the sufficiency we see from (70.6) 
that (70.3) is true for all f€ L, that take only a finite number of 
values, and are zero in \T, for some integer n. By Theorem 47.2, 
such functions are densein Lg, with norm ||. ||s, so that by (70.5) the 
result is true from 


IW fs s) (£; D = |y(f—/f,; D = IF Salo AGS Ile 
=. MIIS -fallo 
lim sup |y(f; s)| = ae sup |y(f; s) yf, s)| = MIIS -fallo 


$ — co 


Hence the result. 


LEMMA 70.1. rhe cola O of oons naal du duñtin 3 pA .) of 


u-measurable sets X, is complete for the norm V(X) = V(u; A; T; X). 
Here we have 


o(X, Y) = V((X\Y) U (Y\X)) = V(4(X, Y)) 
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Proof. Let {ch(X,,; .)} be a fundamental sequence in @. Then, given 
é > 0, there is an integer N for which 


V (AX m X,)) =. (m, n = N) 


When e = 2 let N = N(j), and put 


X = lim sup Xy) =f) U Xv 
= j= 


jm œ 
Then X Xs < U Xn XN) = U Xn ANG — 1 ° 
k=j+1 k=j+1 
k=j k=j+1 
V(Xny\X) = Yk = BI, VAX, Xy) = 2 
k=; 
so that X is the limit of {Xy} in the given norm, and hence the limit 


of the whole sequence since it is fundamental. Hence the result. 


THEOREM 70.3 (Lebesgue (1909), p. 57) If T = T, = [a, b], and if 
Ls = Lo, then (70.6) can be replaced by 
b 
(70.7) lim ch([u, v]; t) k(s; t) du = 0 


$ — œ a 


for each fixed u, v in a = u < v = b; 
b 
(70.8) f ch(X; .) |k(s; t)| du = M(N; €) 


for all s = N and all u-measurable sets X € [a, b] with 
V(X) = V(u; æ; [a, b]; X) < e, 


(70.9) where for some function N = N(e), M(Me), ©) — 0 as e > 0. 

Proof. To show that (70.7; 70.8; 70.9) are sufficient for (70.6), we 
use Theorem 47.1 and Henstock (1963c), Theorem 31.2 (31.9), p. 61, 
to prove that if X S [a, b] is u-measurable, then given e = 0, there is 
an elementary set E  [a, b] with V(d(X, E)) = e. Then by (70.8), 
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for s = N, 
| p(ch(X; .)3 s) — y(ch(E; .); s)| = |y(ch(X; .)—ch(E; .); s)| 


< i ch(d(X, E)) |k(s; t)| du = M(N; £) 


As £ is a finite union of closed intervals, (70.7; 70.9) complete the 
proof of (70.6) in this case. 

Conversely, (70.7) follows from (70.6), while M(1; =) is finite from 
(70.5), since here, Ly = Ly. Thus there remain (70.8; 70.9). 

Let © be the set of characteristic functions of u-measurable sets X, 
and let Oy be the set of f€ O with | y(f; s)| < +e (all s= N). By (70.6), 


N=1 


while by the absolute continuity of the integral (Henstock (1963c), 
p. 98, Theorem 40.1), each Oy is the intersection for s = N of closed 
sets, and so is closed. Further, by Lemma 70.1, © is a complete 
metric space. Hence for some integer N, Oy contains a sphere with 
centre fo € O and radius 6 > 0, where fo is the characteristic function 
of some w-measurable set Xo. Taking 


AS [ab], ch(X;)€ @, WX)< ó, X, = XU Ny 
X°, = Xo\X 
we then have “ 
UXo, X1) = XIX S X, d(Xo, X) =XA X EX, 
V(d(X,, X;)) < ô (j = 1,2) 
ch(X; x) = ch(X1; x) — ch(Xs; x) = fi— fz 
FESFy 9) (FG =1,2) 
DAX; .); s)| = |y(fu; DIH |= le (s=N) 
Finally, for real k, we need only take X3(s), X4(s) as the respective 
sets where k(s; t) is positive and is negative, and 


Ë ch(X; x) |k(s; t) da = Y fxn X;(s)) k(s; t) ani =E 


j=3, 4 
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For complex k we take real and imaginary parts separately. Hence 
(70.8; 70.9). For this method of proof I have followed Zygmund 
(1959), p. 167, proof of Theorem (9.13). 


THEOREM 70.4 (Lebesgue (1909), Lı on p. 52, Lz on p. 55). If, for all 
f€ L, # Lo, we have (70.3), with T = Tı = [a, b], then (70.6) can 
be replaced by (70.7). 

Proof. If ||g||# = 1, then by Theorem 41.4 (41.10), Ilglly = 2, so 
that if X S [a, b] is a w-measurable set, and if @(z) < 0, 


J aQ: Jedu = ||a(ch(X;.)) |lo-Ilglly = 20@) V(X), 
| ch(X;.) lo = 28) V(X)/« 


Thus, to prove sufficiency of (70.7), we begin as in Theorem 70.3, 
b 
|y(ch(X; -); s) —y(ch(E; .)3 s)| = f ch(d(X, E)) |k(s; t)| du 


b 
= || ch(d(X, E); .)llə Í P(Ik(s; D |) du = M-20(a) V(d(X, E)) /a — 0 


(e + 0) 


Then (70.7) gives (70.6), remembering (70.5). Conversely, (70.7) 
follows from (70.6). 

Lebesgue (1909) also considers simply discontinuous functions 
on p. 59. 


THEOREM 70.5. In Theorem 70.4 we can replace [a, b] by [a, eo), 
with T, = [a, n]. 


Proof. After Theorem 70.4 we need only prove the sufficiency of 
(70.5; 70.7), with all u, v in a = u < v. If IFS < œ, then 


| f * f-k(s; Jdu < Í (If) da-llk(s;.)lls = m {oun du» 0 
(u + co) 


Hence by Theorem 70.4. A similar result holds when Lg = Co. 
Ex. 70.1. I£ f € Li, k(s; t) = eË, prove the Riemann—Lebesgue 
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theorem that 


lim f eft) dt = 0 
s—> œ V0 


Oi. eis else 
(Use Theorem 70.4, f e dt = a rh ts 0) 
u L 


71. Summability to the Limit of a Function 


Next we consider (70.1). Agnew (1939) allows the right side to be 
a(f)-lim f(t), for some constant a(f) depending on f ab initio, in his 


t— c 
Theorem 9.2, p. 719. Hill (1936) replaces [0, co), by [0, n], with 
1 = lim f(t) on the right. Obvious modifications can be made to 


t>n- 
theorems to include this point of view. M. M. Day (1939) replaces 
[0, oo) by an n-dimensional interval, the results including part of 
Parker (1950). Here, for simplicity, we restrict the discussion to 
f[0, co). 


THEOREM 71.1. (Agnew (1939), Theorem 9.4, pp. 720-721). If, for all 
f€ L. for which 1 = lim f(t) exists, we have 


t—> œ 


(71.1) lim y(f;s) = lim fs k(s; t) f(t) du = a(f)> lim f(t) 


sS — co sS — œ 


for some constant a(f) depending possibly on f, then 


(71.2) As; lh = | [k(s; t)|du< © (each) 
(71.3) lim sup ||k(s;.)]h < © a 
(11.4) tim E PRP AR 

s—> œ v0 


(71.5) for each c > 0, and each -measurable set X < [0, c], 


sS — co 


lim Í k(s; t) ch (X; t) du = 0 
0 
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Alternatively to (71.5), we can have the following: 
(71.6) for each fixed u,v in 0 = u < v 


v 
lim j k(s; t) du = 0 


$ — eo 


(71.7) there is a function N(e) of all e > 0, such that if 
M(N; £) = sup Í |k(s; t)| ch (X; t) du 
0 


for all s = N, all bounded y-measurable sets X with V(X) = V(u; A; 
[0, oo); X) < e, then M(N(e), €) — O with e. 
If a(f) = 0 always, we can omit (71.4). 
Conversely, if k satisfies (71.2) to (71.8), then (71.1) occurs with 
a(f) = b for all such f. 

Proof. All except (71.4) have been proved necessary in section 70, 
while we can take fi(t) = 1 (all t) to obtain (71.4) with b = a(fı). 
Conversely, if / is the limit of f, then, given € > 0, there is a u with 


IÐ- =£ (t=), 
boat] ee: D) da = 1-1) - [bem 


kG; 0) du w 
0 


A result similar to the above, and new except when Ly = Ly, is as 
follows. 


THEOREM 71.2. If, for all f€ L, = L. for which I = lim f(t) 


t-o 


exists, we have (71.1), then (71.4; 71.6) are true, with 
(71.8) ||K(s;.)Ily < co (each s), lim sup ||K(s; .)Ily < © 


sor co 
and conversely. 
The various details have already been proved. 
Ex. 71.1. (Agnew (1939), pp. 702-3, Theorem 5.3). Neither 
(71.9) lim k(s;t) =0 (f= 0) nor 


$ — e 
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(71.10) lim ei oi a =0 (fixedu > 0) 
0 


is necessary in Theorem 71.1, nor in Theorem 71.2 for Dy = Ly. 


(Take 
et J(1 + 12) (0<t<s) 


k(s;t) = 4 1 (s= t< s+!) 
esz2—D/(1+((— 12) (s+1 <2) 
If f€ L[0, h], lim sup | /(t)| < eo, then yf; s) exists. For each 
t—> < 
s= 0, 
e. dt i rt 
: < we | — =—+1 
Wks; ile = 1, WAGs Jk Í Z 1 dt Sir 


while for each s > u = 0, by Ex. 70.1 (the Riemann—Lebesgue 
theorem), 


u u ešst 
k(s; = dt > 0 > š 
{ (s; t) dt Í IJA (s > œ) 


œ ° gist 
k(s;t) dt = 1 Í — dt > | 
[ona a4 Ea 


so that since u(a, b) = b—a is continuous, k satisfies the conditions 
of Theorems 71.1, 71.2 for ||.||1. But this k does not satisfy (71.9; 
71.10). 


72. Convergence Factors in Integrals of Lebesgue and Denjoy Depth 


This section deals with (70.2). Clearly we have to assume the integ- 
rability of f, and first we also assume the integrability of | fl, both 
relative to u = 0 over T. Then we have 


(72.1) Í {k(s; t)— 1} f(t)du > 0 
T 
so that we need only rewrite the results of section 70 in the main. 
THEOREM 72.1. In order that (70.2) holds for all f € Lg, it is neces- 
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sary and sufficient that 
(72.2) Ilk(s;.)—1llp < co, lim sup |[k(s;.)—1]lp < © 


(72.3) lim f enas; .)k(s; t)du = J ch(X; .) du 
s—> œ v T T 


for each T, over which 1 is integrable, with T the union of the T,, and 
for each u-measurable set X S T,. The 1 in (72.2) can be omitted if 
f= Ti. 


THEOREM 72.2. When T = [0, co), T, = [0, n), then (72.3) can be 
replaced by 
(72.4) lim Í k(s; t) ch ([u, v]; .) du = [ ch ([u, v]; .) du 
ü 0 


$ — œ 


(each 0 = u < v), 


when L, = L,,. (Sargent (1955), p. 405, for Lẹ = L.) There is the 
usual addition when L, = L,,. 

Results involving Denjoy type integrals give something more than 
section 70. 

THEOREM 72.3 (Sargent (1953), p. 450, Theorem 6). In order that 
y(f; s) be defined for s = 0 and f integrable in [0, oo), with (70.2), it 
is necessary and sufficient that, for each s, k(s; t) is of essentially 
bounded variation for t€ [0, oo), with essential variation V (s) = 
lim V,(k(s;.), ot, [0, u]), V, after the ‘lim’ sign denoting the essen- 


u —> œ minty 
tial variation over [0, u]; with((72.5)) 
[ sup V,(s) < œ 


and with (72.3). ee 
Proof. In section 68 it is proved that if 


PET E f EAT OD) p, 


norm 0) F V,(k(s; Ds A, [0, ul) = inf ([k(u)|+ Vika; ot; [0, uD) 
the inf being over all kı = k almost everywhere. Thus it is easy to 
see that for y(f; s) = lim y(f; s; u), the norm is V,(s), and we have 


(72.5) from Theorem 34.1 (34.3). Conversely, we need only show that 
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step functions are dense in the space of integrable f, which follows 
from (47.4) with f = fj. The proof then proceeds as usual. 


THEOREM 72.4. (Sargent (1955), p. 407, Theorem 1) In order that, 
for all f € D [0, co) y(f; s) is defined and measurable for all s = 0, 
it is necessary and sufficient that V,({k(s; .)) is finite for each s = 0, 
and that(72.6) 
ko(s; t) = ess lim k(s; t+u) 

` u— 0+ 
is measurable for s = 0, for each fixed t= 0. As usual, ‘ess lim’ 


means that we let t+u > t+ in a set X with VX of u-variation zero. 
We also need u continuous. 


Proof. For the necessity of (72.6), let t = 0. Then as k is of essen- 
tially bounded variation, if H is the integral of 1 with respect to u, 


t+u 
kə(s; t) = lim Í k(s; v) du | H(t, t+u) 

u—> 0+ “t 

= lim y(ch([t, t+u]; -); s)/H(@ t+u) 

u> 0+ 
the numerator of the last fraction being given measurable in s. 
Hence, taking u = 1/n, n = 1, 2,..., ka(s; t) is measurable in s for 
each fixed z = 0. Conversely, by Henstock (1963c), p. 80, Theorem 
35.3, as in the proof of p. 78, Theorem 35.1 (35.3), k(s; t) = ko(s; t) 
almost everywhere in £#, so that as a function of bounded variation 
is Riemann integrable relative to the continuous y, 


L: k(s; t) du = f ko(s; t) du 


= lim Y ka(s; w+jo—W)/n) Hut j— D @—D/n, u+ jwn) 


n— e° j=1 


Thus y(f; s) is measurable in s = 0, if f is a step function in ¢. As 
step functions are dense in D[0, oo) (see (47.4) with f = f), the 
converse follows. 


THEOREM 72.5. (Sargent (1955), p. 407, Theorem 2). In order that, 
for all f € D [0, oo), y(f; s) be defined, measurable, and essentially 
bounded on s = 0, when u is continuous, it is necessary and sufficient 


389 


LINEAR ANALYSIS 


that the conditions of Theorem 72.4 are satisfied, with 
(72.7) ess sup V,(k(s; .)) < co 
s>0 
Proof. To show that (72.7) is sufficient for essential bounded- 
ness, we have 
|y(f; s)| = VCRs; .)) IRG; -Jle 
as in section 68. To show that (72.7) is necessary we use Theorem 
65.7 with L, = L. showing that y(., .) is a continuous linear trans- 
formation of D [0, co) into L... Thus there is an M such that for all 
fED [0, co), 
ICS; s)| = M IIRC; -Jla 
almosteverywhere in s, i.e. for all s except for a set X(f) of variation 
zero. We can take a countable family of step functions dense in 
DIO, co), so that the union X of the X(f,) for this family is still of 
variation zero. Then if f € DIO, oo) we can choose a sequence out 
of the countable family, say, {f,}, that tends to f in the given norm, 
which means that 
sap HRG — fa; 5) > 0 


IXS; s)| = lim [|yx(/,; | = M lim ||IR(/,; Dl. = MIRA; Dla 


(s ¢ X) 
V(k(s; .)) = norm (X(. ;s)) =M (s € X) 
giving (72.7). 

THEOREM 72.6. (Sargent (1955), p. 408, Theorem 3). In order that, 
for each f € D [0, co), y(f; s) be defined for each s = 0, and y(f; .) 
€ Lı, when u is continuous, it is necessary and sufficient that V,(k(s;.)) 
< co (s = 0) and, for the k, of Theorem 72.4 
(72.8) ko(., t) € Li (t = 0), 


sup |[Ao(., ¢)|l1 = sup Í |ka(.,t)| da < co; 
£ £ 0 
(72.9) for each bounded u-measurable set X. 


k3(X; t) = Í 


s= 


co 


Ko(s; t) ch (X; s) du 
0 
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is a function of t of bounded variation on [0, 00), and over all such X, 
(72.10) sup V(ks(X; t); cA; [0, co)) < œ 
x 


Proof. For the necessity, after Theorem 72.4, and Lg = L, in 
Theorem 65.7, there is a constant M such that, for f € D [0, co) 


Poe: J| dur = MIRE; Jla 
0 


For each u = 0, v > 0, we put 
f(t) = ch([u, u+v]; t)/H(u, utr), WIR; Jil. = 1 


by continuity of u; and by Fatou’s lemma, 


f |kə(s; u)| dua =| lim 
0 0 


t — 0+ 


u+ 
f k(s; t) du/H(u, u+v)| dur 


u 


= Í um iddaa tim int "1091 da = M 
0 — 0+ 0 


v—>0+ 


Hence (72.8) is proved. Now let X be a bounded ui-measurable set 
in s = 0. We prove that k3(X; t) is of bounded variation by taking 
0<a,< fixae<fe<...... <a, < B, =< œ, with 


d= min (B;— a; O41 —Bj B, Gedy 
1<i<n 


z(t) = Y ch([B,, B+ 0]; )/HG), B+) 


j=1 


_ Š ch([z,, 0+ 0]; DHe ytt), 
j=1 


Y (kX; B) — kX; a) 


j=1 


IIIRG,; -)Il.= 10 < v = d), 


Í j > {ko(s; Bj) — kals; z;)) ch(X; .) du, 
0 J= 


œ 
«| 
0 


= lim inf |y(z,; s)| du, = M |IIRGz,; il. = M 
0 


D> 0+ 


r 


dm = | um 19E 91 dps 
0 %— 0+ 


4 (k,(s; B) Es k,(s; a,)} 


j= 
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i.e. for each such X, the variation of k3(X; t) on [0, co) is not greater 
than M, giving (72.10). 

To prove that the conditions are sufficient, first, (72.8) implies the 
uı-measurability of kə(s; t) in s= 0 for each t= 0, so that from 
Theorem 72.4, y(f; s) is defined and measurable on [0, co) for each 
f € D [0, co). Also, if z(t) is a step function in D [0, œ), so that z(t) 
is zero for t large enough, we can replace k by ke in y(z; s), giving 
by Fubini’s theorem, 


f De: dus = Í du { |z(t) ka(s; t)| du 
0 0 0 


- Í le) du | Ikas; | da < 00 
0 0 


Further, from Fubini’s theorem again, for a bounded m3-measurable 
set X, 


J ya; 9 hii s) aa = Í “z(y du [ kals; D MX; 8) du 
0 0 0 


| ye: 9 chs 9) du = IIIRG; II VE; ); ot; 10, e) 
0 

= M||IR(@; .)l|. 
Letting X be in turn the subsets of any bounded interval [0, a] in 


_ Which y(z; s) is positive and negative, we see that, for any step func- f 
tion z, 


f ly(z; s)| dur = tim Í Iy(z; s)| dui = 2M || IR(z; Jla 
0 0 


We now take f € D [0, œ) and step functions z, tending to f in the 
norm. By continuity of y(f; s) in f for each s, 


y(f; s) = lim y(z,; s), 


n — co 


f |y(f; S)| dui = lim int f |y(z,; s)| dus 
0 0 


n — co 


= 2M lim ||IRG,;.)||. = 2M ||IR(/; -Jll 


Rn — co 


and y(f; .) € Lı [0, oo) for each f € D [0, co) 
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Tatchell (1953), p. 262, Theorem 2, gives similar results for 
Ex.72.1, Let T = [0, 1], f€ Li [0,1], k € L. [0, 1], with k periodic 
with period 1. Then prove that 


(72.11) lim IOS dx = [eo dx [re dx 
s— oo Ig 0 0 


(Zygmund (1959), p. 49, Theorem (4.15)). 
Ex. 72.2. Let T = [0, 1], f € Lı [0, 1], k € L. [0, co), 


(72.12) lim = k(x) dx =1 
$ — co 0 
Prove that 
1 1 
(72.13) lim Í k(sx) f(x) dx = 1 Í F(x) dx 
$ — co dQ 0 


and prove the converse. (Keogh (1960), p. 284, Theorem 1). (We 
need only prove 


u 
lm | k(st) dt = 0 
S — co Vo 
for each fixed u in 0 < u= 1, on replacing k by (k—J). For the 
converse take f = 1.) 
Ex. 72.3. T = [0,1], f€ L, [0, 1] = L. [0, 1], k € Ly [0, a] (all 
a > 0), and (72.12), 


(72.14) | P(Ik(x)|) dx = O(s) 
0 
Then prove (72.13). (Lg = L, in Zygmund (1959), p. 376, notes to 


Chapter II, 84, and K periodic; Keogh (1960), p. 286, Theorem 2, 
with general k). 
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73. Integrators of Bounded Variation 


In this chapter we study the functionals 
(73.1) (fis) = | kG; D) aft) 
0 


where the k(s; t) are fixed, and the f are members of some family of 
functions. First we use the space BV [0, 00) of functions fof bounded 
variation on [0, ceo), so that lim f(t) exists. 


t— œ 


LEMMA 73.1. The space BV [0, oo) is a complete normed linear 
space with 


IIfllə, = V(f; A; [0, co)) 

Proof. The space is linear since if a, b are constants, and 

x > y > 0, 
l(afG)+bg(2)) — (af(y) + beo) 
= a| |f@)—fO)I+18l |e) —g (0)! 

V(af+ bg; ct; [0, co)) = lal V(f; Æ; [0, co)) +|b| V(g; A; [0, co)) 
If, given x > 0, the right side of 
(73.2) | fa) — f(0)| = V(/; A; [0, )) 


is zero, then f(x) = f(0) i.e. to ensure that the variation is a norm we 
should take equivalence classes E, for which f, g € E if, and only if, 
f—g is constant. To prove completeness, let (fy S BV [0, co) be 
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such that for all e > 0, 
V(Sn—Sni A; (0, oo)) < e (m,n = N = N(e)) 
By (73.2), for each x = 0, {f,(x) —f,(0)} is a fundamental sequence, 


and so tends to a limit, say, f(x), with f(0) = 0. Further, if 
O=t<thh=z...<¢ 


X al fü) Sal D+9G;-2)| 


= lm Y IAD-S- Salt- thle) | 


n— e j=1 


= lim inf V(f, —f,; Æ; [0, 0)) = € 
V(Sm—F3 A; [0, co)) = e 


and f€ BV [0, oo), with f, — f in the norm. 
Banach (1932), p. 134, and Lorentz (1947), p. 263, use Riemann- 
Stieltjes integrals in dealing with (73.1), the former requiring 


(73.3) fis) + [ee afte 


for some function k(t), and the latter requiring 
(73.4) lim y(f; s) = lim f(t)—f() 
t— œ 


It is easy to see that (73.4) is the special case of (73.3) in which 
k(t) is identically 1, while if we write a new k(s; t) in place of the old 
k(s; t)— k(t), we reduce both to the form 


(33). T Í "Kiss t) dt) +0 > 0) 


Here we shall use generalized Riemann integration instead of 
Riemann-Stieltjes integration, so that we can also include some 
results of Lee (1965), in particular, p. 5, Theorem 2. Lee uses the 
space @ of all vector interval functions h that are variationally integ- 
rable and VB* in an elementary set E. Then the integral H of h lies 


in BV(B), while 
i f dh = t fdH 
E E 
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in the sense that if either integral exists, so does the other, and they 
are equal. It follows that if we study (73.5) we can produce the results 
of Lee (1965), and analogues of the results of Banach (1932), 
Lorentz (1947). 


THEOREM 73.1. Tn order that y(f; s) should exist for all f € BV[0, oo), 
all s= 1, and that (73.5) should hold, it is necessary and sufficient 
that| (73.6) k(s; t) is f-measurable in t= 0, for each fixed s = 1, 
and for each f € BV[0, œ) 

(73.7) ||k(s; Jll- = sup |k(s; t)| < co (each fixed s = 1) 
t>0 


(73.8) lim sup |] k(s; .)||.. < © 
(13.9) lim k(s; t) = 0 (each fixed t = 0) 


Proof. Theorem 69.1 gives (73.6; 73.7), with 
norm (y(.; s)) = Ilk(s; .)||. 


By Lemma 73.1 and Baire’s category theorem (Theorem 17.3), 
BV|0, co) is a Baire space. Then Theorem 34.2 gives (73.8). Finally, 
to prove (73.9) we need only take an f with a jump 1 at t, that is 
constant elsewhere. 

For the sufficiency, after Theorem 69.1, which gives the existence 
of y(f; s), we note that there is a u > 0 for which 


V(f; A; [u, ~)) < £; 
[reso ano 


Also, by our form of Lebesgue’s convergence theorem, splitting f 
as a difference of two monotone increasing functions, 


= ||k(s; .) [lL € = Me (s = v) 


lim k(s; t) df(t) =f Odf(t) = 0 
s — co 70 0 
Hence we have (73.5). 
In the theorem involving (73.3) we need only add to the conditions 
of Theorem 73.1 the conditions that k(t) also satisfies (73.6; 73.7). 
Ex. 73.1. Let m, @(E), BV(E) be respectively the Banach spaces 
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of bounded functions, of continuous functions, and of functions of 
bounded variation, all on E, an elementary set. In order that 
y(f;.) € m, C(E), or BV(E), for all f € BV[O, co), it is necessary and 
sufficient that k(., t) € m, @(E), or BV(E), for each t = 0, and that 


sup ([Ik(.; £)ll; t= 0) 


The last norm is the usual one for m, @(E), BV(E), respectively. 
(Lee (1965), p. 6, Theorem 3, for t € E replacing t = 0). 


74. Bounded Baire Function Integrators 


The study of (73.4) has been most interesting to me for many years. 
Having been given the task by Dr. (later, Professor) P. Dienes of 


` research in integration theory, and having been introduced by Dr. R. 


G. Cooke to the theory of summability for infinite series, it was 
clear that a translation of much of the latter theory into terms involv- 
ing integrals would prove interesting. In particular, we have that 
the necessary and sufficient conditions on numbers amgin order that 


2 a, by 
k=1 
should exist for all integers m = 1, and should tend as m — œ, to 
> b, 
k=1 
whenever this exists, are that 


lim a, = 1, for each fixed k = 1, 2, 3,... 


m — oo 
(74.1) Y la — Feel = M ` (mm = 1,2,3,...) 
k=1 


where M is independent of m. See Theorem 55.4 and the subsequent 
discussion. 
To generalize this problem we can replace a,,, by k(s; t) and 


S, = b,+b;+ .... +b, by f(t) 
obtaining(73.4).Itwas obvious to mein1944thatto(74.1)corresponds 
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the condition that k(s; t) is of bounded variation in ¢, uni- 
formly for s = 1, and that to prove that k(s; t) is of bounded varia- 
tion in t for each fixed s, one has to take functions f that are not of 
bounded variation, or else one could only prove that k(s; t) is bounded 
in ¢ for each fixed s. Theorem 68.1 proves that k(s; t) is ofessentially 
bounded variation, Dr. Sargent using Denjoy integrals for f, which 
is therefore ACG or ACG", in the notation of integration theory. 
I wished to use the family of bounded Baire functions f; but then the 
choice of a suitable integral proved difficult, and finally in 1953 I 
used the Ward integral, integrated by parts (see Henstock (1955b)). 
Ward’s integral includes the elementary Stieltjes integral, and the 
modification by Moore and Pollard. If the Lebesgue-Stieltjes (Ra- 
3 don) integral exists, so does the Ward integral, and a simple rela- 
tion concerning discontinuities of f connects them. Further, the 
Ward integral is included in the Riemann-complete integral. It 
follows that if the last integral does not exist, neither can the others. 


Nwy 


_ But if the integral y(f; s) exists for the function f that is 0 at the ratio- š 


$ nals and 1 at the irrationals, then k(s; t) must be constant in # 
(see Henstock (1963c), p. 73, Ex. 33.4). Thus the integration breaks 
down even in this simple case, and in Henstock (1955b) I use 
(74.2) Wf; s) = lim y(f; s; u), 


Aaea = Gy SOR Í * A(t) diez 


where now we could write the last integral in the generalized Rie- 
mann form. We therefore require y(f; s; u) to exist, for each bound- 
ed Baire function f, so that the conditions on k(s; t) in t for each 
fixed s, can be found from Theorem 66.1, in which theorem we can 
put H(t) = k(s; t). It is then clear that k(s; t) is equal to a function 
of bounded variation, except for a countable number of points £, 
for each fixed s. The values of k(s; t) at the exceptional points make 
no difference to the value of y(f; s) and so can be disregarded. Alter- 
natively, we can proceed in either of two ways. We can widen the 
family of f to include all Baire functions f such that, for some count- 
able set X, fis bounded in [0, 00)\X, and use Theorem 66.2; or we 
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can suppose that 
(74.3) lim inf k(s; u) = k(s; t) = lim sup k(s; u) 

u—t u—t 
which condition is true in any case except for a countable set of t. 
The last is used in Henstock (1955b). In either of the last two cases 
we prove that k(s; t) is of bounded variation in z. Assuming that we 
have proved this in some way, we can turn from integrability to 
summability problems. 


THEOREM 74.1. In order that the y(f; s) of (74.2), with the k satis- 
fying (74.3), shall itself satisfy (73.4) for all bounded Baire functions 
f for which lim f(t) exists, it is necessary and sufficient that 


t —> œ 


(14.4) V(s) = V(k(s; .); æt; [0, co)) < œ (each fixed s) 

(74.5) lim sup V(s) < œ 

(74.6) k(s,t-) > 1 (fixed t in (0, œ)), 
k(s;t+)>1 (fixed t in [0,co)) as s+o 

(74.7) foreach u > O 


lim Y {|k(s; t+)—k(s; t—)|: 0 < t< uy = 0 


$ — co 
(74.8) for each bounded Borel set W, and kı(s; t) the continuous part 
of k, 
lim | ch (W; .) dki(s; .) = 0 
$ — œ V0 


Alternatively, (74.7; 74.8) can be replaced by: 
(74.9) for each {s,} strictly increasing to + co, and for each u > 0, 


V1(u, e, m) = sup V(k(s,; .); Æ; [0, 0); W) > 0 
as e > 0 and m > co, where the sup is over alln=m and all sets 
W < [0, u] with e(W) = x 2-*V(k,(s,3 .); A; 10, ©); W) < e. 


In practice it is easier to test whether (74.7; 74. ay are obeyed. But 
(74.9) is added to go deeper into (74.8). 
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Proof. From Theorem 66.1 and (74.3), k(s; t) is of bounded varia- 
tion in t for each fixed s, and each finite subinterval of t = 0, so that 
lyf s; u)| 
= |k(s; Ol [fO)|+1K(s; | |/G)|+ sup [/G)|]:V(K(S; .); o£; [0, ul) 

0<t<u 


=llfll.. (Ik(s; 0)|+|k&(s; u)|+ V(k(s; .); £; [0, u])) 


so that y(f; s; u) is a continuous linear functional in the space of 
bounded Baire functions f(t) with a limit as t — co. As in Theorem 
62.3, a similar proof shows that the space is complete; and hence is a 
Baire space, and there is a function M,/(s), finite for each s, with 


lim sup y(f3 s; u) = Mi(s) [If ||. 


u — oo 


We now take numbers 0 = #, < h <... = t, and a function f(t) 
constant 1ñ{ fm tm}1] (m = 1, 2, . . ., n— 1), and zero elsewhere, and 
we obtain, as in Lemmas 66.1, 66.2, and using (74.3), 


n—1 
WSS s; th) = KCS; that) At) — > AG) {Hs t, +-)—k(s; ts +)} 


A suitable fı(t) is given by 
AG,) = sgn (k(s; tnt)— kls; tm-1+)}) (m=2,...,n—1), 
AG,) = 0: IA]. =1 
E IG; r) KOS ta HDI = MG) 
Being true for each sequence 0 = 4; < t, <... =< t, it follows that 
V(k(s; t+); o£; [0, oo)) = Mi(s) 
giving (74.4), on use of (74.3). Thus the y(f; s) is a continuous linear 
functional for each fixed s, with norm M,(s) satisfying 
V(s) = Mas) = 2{|k(s; 0)|+ V(s)) < co 
By hypothesis, lim y(f; s) exists, so that if we apply again Theorem 


$ — co 


34.1 for a continuous s, we have (74.5). For (74.6) we taKe a function 
with jump 1 at ¢ that is otherwise constant. | 
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If (74.7) is false, there are a u > 0 and an e > 0, with a sequence 
{s,}, such that, for n = 1,2,..., 
(74.10) È (Ik(s,; t+) —K(s,3 t—)|: 0< t< u}= e 
The singularities of k(s,; t) in (0, u), for n = 1, 2, . . ., can be putin a 
sequence {w,,}, so that we can put 

Vnm = k(s,; Wm +) —K(s,; Wn —) 

Let f,(w,,) = 0, and otherwise put f, = 0, so that f,(t) — 0 as t > œ, 
and by hypothesis 


(us) = È AG) 0 


as n — œ. By (55.14) we have (55.15), which in this case contradicts 
(74.10). Hence (74.7) is true. 

Now let f(t) = 0 for t =u, and a bounded Baire function in 
t= 0. Then by Theorem 39.3 and what has already been proved, 


W fa; s) = —k(s; 0+) fa(0) —Y {fa(t) [k(s; t+) —k(s; t—)]: 0< t< u} 
A Í " AE) dka(s; ) — -AO 


lim f " falt) dilat 0 


s —> co 


For (74.8) we need only take u so large that W S [0, u], and ts = 
ch(W;.). 

If {s,} is a sequence of s tending to infinity, and u > 0, we define 
the e(W). Then 


f ch(W; .) dk (sp; ) ë i ch(W; .) dV (ky(Sq3 .); cf; [0, 00); .) 
0 0 
= V(kils,; -); Æ; [0, oo); W) 


so that kı(s; .) is absolutely continuous relative to its variation, 
which in turn is absolutely continuous relative to e(.). Hence by 
Henstock (1963c), p. 77, Theorem 34.5, we have, for some g(s;.), 


ki(s; u)—kı(s; t) = f'e; .) de(.) 


lim f" cno; -)g(s,3 .) de(.) = 0 
0 


m —> co 
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We now have the position of Theorem 70.3, in which (70.6) implies 
(70.8; 70.9), and we have a function M(N; £). But here we have a better 
position, since having found an M(N(e), €), we can now use the fact 
that each 


S a 3166; AO ü =n = NG) 


is absolutely continuous relative to e(.), and take smaller W to 
ensure that the integrals for 1 = n < N(e) are in modulus less than 
M(N(e), e), as well as the rest. By Henstock (1963c), pp. 60-1, 
Theorem 31.2, we have (74.9), for ki replacing k. To complete the 
result we have only to use (74.7), since a countable set is of e-varia- 
tion zero. 


To prove the sufficiency of the conditions, let 7 = lim f(t). Then 
Wf; s; u) = k(s; u—){f(~) —D) —k(s; 0+) {f0 —F} 
- [Dass 
—~Y {(ft)—I) (K(s; t+) —k(s; t—)): 0 < t< u} 
[k(s; u—) (fu) —D| = (Vis) + Iks; 0+) f) > 0 (u> œ) 
W(f38) =k(s;0+)((—/0)) +> {(7-F) (kls; t+)—kls; t—)): t = OF 
+ | Ufo) aG; D 
0 
By (74.6) the first term tends to I—/(0) as s > co. Also, given £ > 0, 
there is a u = u(e) = 0 with |f(t)—/| = « for t = u, so that 
p (((—fG))(k(s; t+)—k(s; t—)) : t= jr (1—f(t)) dkx(s; t) 


<eV(s) 


For the rest we first use (74.7; 74.8), so that as |J—f(t)| = B, for 
some B, 


— co 


\ 
> ((I—fG)) (kls; t+-) —k(s; t—)): 0 < t < u> 0 (s — 0) 
Taking -B = t= h<... < ba =B, tn—tm- 

Silt) = fm (tn =< ft)-l < baya) 
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i.e. t € W,, (m = 0,1,...,n—1) 


|G)+1—/G)] < e 
Hence using (74.8) for the n sets W,, N [0, u] 


lim sup 


$— co 


k (I—fG)) dkx(s; t) | = e lim sup V(s) 


$ — oo 


As £ > Qis arbitrary we collect the results and have y(f; s) > I—f(). 
We now replace (74.7; 74.8) by (74.9). Then as a countable set has 
e-variation zero, (74.7) is obtained from (74.9). Thus we need only 
prove the last part. Since /—f(t) is a bounded Baire function it is 
e-measurable, and so is equal to a continuous function in [0, u], 
except in an open set W with e(W) < ô. This is Lusin’s theorem, and 
can be found, for example, in Saks (1937), p. 72 (7.1). The continuous 
function can be chosen to have the same bounds + B, and further, 
we can replace it by a function fs(t) with bounds + B and constant 
in each interval u,_, < t= u,, for r = 1,2,...,m, where 0 = u< š 
3 U< e. < u, = u. Then if fe =/—f—fs, we can choose the u, 
and the constants so that 


IOl e (tE, uW), |G)|=2B (€W) 


if (1—f(t)) dka(s,; t)| = eV(s,)+2B-V(k,(s,; t); oe; [0, u]; W) 
0 


+ 


Y fle) (Fale u) ka ir) 


For fixed u > 0 we use (74.6; 74.7) to obtain 
k,(s,3 t) = k(s,3 t-) —>, {k(s,3 w+) —K(s,; w—): 0 =< w < t) 


— 1(n > œ) 
lim sup j: (J—f(t)) dk,(s,; t) 


<e lim sup V(s,)+2B- lim sup V(k,(s,; -); æ; [0, 0); W) 
As e(W) = 6 and 6 > 0 is arbitrary, (74.9) shows that the last term 
is arbitrarily small. Hence as e > 0 is arbitrary, we again have the 
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result, for each strictly increasing sequence {s,}, tending to +0, 
and so for s > + co. 

Ex. 74.1. Let k(t) = 1-10 = t= 1), t—1(1 = t= 2), 1(t> 2), 
k(n; t) = k(nt) 
Show that 


e((0, u)) = ° 2-"V(k(n; .); Æ; [0, oo); (0, u)) 


is continuous, so that e((0, u)) > 0O as u — 0. But for nu = 2, 
show that 
V(k(n; .); A; [0, co); (0, u)) = 2 


This example does not satisfy the conditions of Theorem 74.1, and it 
shows that not all k, for which k(s; m+) = a,(u) in (55.22), satisfies 


the condition that A(c, u) + Y c,, when the latter exists, also satisfy 
n=1 


Theorem 74.1. 


75. The Summability of Laplace—Stieltjes Integrals 


We now turn to the summability of Fourier, Fourier-Stieltjes, 
Laplace, and Laplace-Stieltjes integrals, respectively 


| e f(t) dt, ki e df(t), Í š] ez ft) dt, Í i ¿z df(t) 


Clearly the first two are equal to the second two on putting s = iz, 
while the third integral is included in the fourth. We could have 
chosen the Fourier-—Stieltjes integral, but instead we take the 
Laplace-Stieltjes form, as in Henstock (1957b). Note that if f is 
constant except for jumps a, at the integers, 


f e dft) = } ae" 
0 n=0 


a power series, so that we can expect the summability of the Laplace- 
Stieltjes integral to result formally from an exponential transforma- 
tion of summability results for power series. The summability of 
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Dirichlet series also comes under this heading, since if fis constant 
except for jumps a, at points 4, 


| O = Y a, exp (2,2 
0 n=0 


The ordinary Dirichlet series has 2, =logn. Since e Z is continuous, 
if f(t) of bounded variations in [8, u,] we have 


F(z, u) = F e df(t) = e~™ f(u) O+ | 2 = dt 


0 
and F(z, u,) has the same value as a generalized Riemann integral 
and as an integral by parts. 

Mote generally, let F(z, u) be an integral by parts. Let t be the 
associated point of an interval [t, u]. Then if g, h are functions of t, 
the integral element for the integral by parts 


f ea, is [2] -ro tee- = g(u) {h(u) —h(0) 


Similarly for a ‘left-hand’ interval. Thus to obtain the integral by 
parts we need only take the value of g at the opposite end of the 
interval from the associated point used in the generalized Riemann 
integration of Ex. 43.3, and the integral by parts is just another 
kind of generalized Riemann integral. It follows that if the integrals 


by parts 
dh(t), i(t)d dh 
f g(t) dh(t) Í J(t) f g(t) o} 


exist, then by Theorem 44.11 the second is equal to the integral by 
parts 


u 
[o0 an 
0 
A first application gives, for all complex v, z, 


(15.1) F(z, u) = f "e-a d,F(v, t) 


0 


= e@—2)u F(v, D+) | e-t F(v, t) dt 
0 
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Let re z and im z denote the real and imaginary parts of z, and let 
R(r) be the half-plane re z > r. Then by (75.1), if F(z) = lim F(z, u) 


u — co 


exists at some point z = v, it exists for all z € R(re v) as 
(75.2) F(z) = G— | e®- F(v, t) dt 
0 


Thus the Laplace-Stieltjes integral is convergent in R(o) for some 
minimal o < +00, and divergent at all points of re z < o, if the 
integral is convergent for any z. Note that o can be — co. The half- 
plane can be obtained by exponential transformation from a circle 
with centre the origin. The domain of z for F(z) that corresponds to 
the principal star domain for a series, is defined as follows: A hori- 
zontal set is a closed set Z of complex numbers with the properties: 
(75.3) if veZ, then z€ Z when imz=imv, trez<rev 
(75.4) 06 Z 
(75.5) R(0) N Z is empty 
(15.6) the section of Z by each line re z = constant is bounded 


By (75.3; 75.4), Z contains Zo, the line im z = 0, re z = 0. For 
each Laplace-Stieltjes integral F(z) we can define a real function 
« = a(@) of the real number ñ, to be such that F(z) can be continued 
analytically along re z > y, im z = ñ, for ally > <, but for no y < <a. 
Then —co = < = ø for all 8. For a horizontal set Z we can now put 


H(F; Z) =\U (Z+(«+iß)) 


The principal horizontal domain of F(z) is H* = H(F; Zo), consisting 
of lines 2 parallel to the real axis, including such part of 2 that lies 
to the right of all singularities on 2, or the whole of A if no singularity 
onit. The value of F in H* is that given by direct analytic continuation 
from the half plane of convergence of the integral for F(z). The 
partial horizontal domain of F, relative to Z, is ACF; Z) S H*. 

For the summability of the Laplace-Stieltjes integrals F we replace 
the f of (74.2) by F(z,.), considering the integral by parts 


BF; 2, 5) = ! "Bet 8) de, 2) =: f “kere dfit) 
0 0 


406 


Zt RESULTS, VARIABLE INTEGRATOR 
£ `. PGRAL SUMMABILITY ; 


by a second application of the result with an integral as integrator. 
If Z is a horizontal set and p a fixed real number, we say that k(s; t) 
is efficient (Z; p) for a Laplace-Stieltjes integral F(z) with half- 
plane of convergence R(o), if 

(75.7) B(F; z, s) is convergent for each s = 1 and each z € R(o—p), 


(75.8) and as s — œ, B(F; z, s) is uniformly convergent to F(z) in 
each compact set contained in H(F; Z) N R(—p). 
We first consider (75.7) (see Henstock (1957b), p. 15, Theorem 1). 


THEOREM 75.1. If k(s; t) is a finite function satisfying (74.3), then in 
order that B(F; z, s) should exist for a fixed s, for z € R(o—p), and 
for each Laplace-—Stieltjes integral with half-plane R(o) of convergence, 
and with f, a Baire function bounded in each finite interval of t = 0, 
it is necessary and sufficient that 


(75.9) Miq, s) = V(e"k(s; t); A; [0, 0))=< co (allq~<p) 


Proof. For the necessity we need only use the second integral 
expression for B(F; z, s), replacing k by k.e” in (74.4), for each 
4/4 = p. For if f is an arbitrary bounded Baire function, then o <0, 
and —q =z € R@—p), and B(F; —q, s) must exist. The sufficiency 
then also follows easily; let z be fixed in R(o—p). Then there is a 
q— p with re z+q > c, so that 


lim F(z+g, t) = F(z+q); |e" k(s; t)—k(s; 0)| = M,(q, s) 


I — œ 


V V 
f Kiss teat) = | k(s; t) e” d{F(z+q, t)—F(z+q)} 
= [k(s; t) e#@[F(z+q, t) —F(a +Q) 


- f eta) Feta) a (RG; Den) 


{ "kis; t)e~* dfit) 


= (Ik(s; 0)| + Ma(g, s) + Mi, s)) sep Etg t) —FG +g), 
u<t< 
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which shows that B(F; z, s) exists in R(o —p), and also 
(75.10) 
| BE; z, s)| = {2Mi(q, s)+|k(s; 0)|} sup {F(z+4, t)—F(z+q)} 
t>0 
It may happen that no singularity of F(z) occurs on the boundary 
of the half-plane of convergence, as distinct from the position in 


regard to power series. For example, we can consider the special 
subclass S, of f for which fis bounded as t > co, but 


u+1 
| IOI dt = O (e) — (u — co) 


For these functions, in general o = 0, while no singularity occurs 
in R(—r), since if 


Pale, u) = i ez q, [e ë| = [eno dt 


then by integration by parts, when z = 0, 

(75.11) F(z, u) = e~f(u) + zF.(z, u) —f(0) 
This is also true for z = 0. If z € R(O) we obtain 
(75.12) F(Z) = 2Fi(z)—f(0), F(Z) = lim F(z, u) 


u — œ 


By analytic continuation this is true for all z in the principal horizon- 
tal domain of F(z), which includes R(—r) by the order relation on 
the integral of |f|. Thus Fis regular in R(—r). For this interesting 
subclass of Laplace-Stieltjes integrals we can give a useful theorem. 


THEOREM 75.2. (Henstock (1957b) p. 16, Theorem 2). If k(s; t) is a 
finite Baire function satisfying (74.3; 75.9), and if p > 0 is fixed, then 
in order that for every r in 0 <r < p, K(s; t) is efficient in R(—r) for 
each f € S,, it is necessary and sufficient that 


(75.13) k(s,t-)>+1 G = 0) k(s,t+)+1 (¢=0) as 
S> ©, fixedt 
lim >° {e” |k(s, t+) —k(s, t—)|: t = 0}=0 (each q=< p) 
(75.14) 
408 
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(75.15) for each x = 0, each Borel set W with u(W N (u, u+1)) = 
Ove-*") (u — co) where u(W) is the variation of W using Ka, b)= 
b—a, and each q < inf (p, x), we have the two conditions 


(75.16) lim I ” ch(W; thet dk (s; t) = 0 
$S— œ V0 
(75.17) f “ ch(W; t) e" 4V(ka(s; .); o£; [0, 11) 
0 


= M2(q, x) Ñ Toop e™u(W N (u, u+ D) 


where Mə(q, x) is finite and independent of W and of s = so(g, x) 
Proof. The necessity of (75.13; 75.14) follow as usual, since if f = 0 

except for a countable number of points, then f € S, for all r. For 

(75.16; 75.17) under conditions (75.15), we note (75.12) and the 

hypotheses, so that 

[ess a(eyay = [7 kG; Roget art [7 kG; D eza 

0 0 0 


> F(—Q) +qh(—q) = 0 
(75.18) | C k(s; t)d(eft)) +0 — (s — e) 
0 


[e%'/(t) kls; H) = 0 
> e#/(t) (k(s; t+) —k(s; t—)) = 


t>0 


= O ( > e” |k(s; t+) —k(s; #731) +0 (s> œ) 


Hence if we integrate by parts in (75.18) we obtain 
(75.19) | e”f(t)dki(s; t) + 0 (s > œ) 
0 


for each q = inf (p, r). To obtain (75.16) we put f = ch(W; .), for 
r = x, and all W satisfying (75.15). 
To obtain (75.17) we need Banach-Steinhaus type arguments, 
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noting that S, is complete for the norm 


w+1 
II/I| = sup If) + sup e” | IOI dt = [Ifilo 
wood w>0 w 


w+1 
yle Í lG) d: 


LEMMA 75.1. If Vig) = V(e“a(t); Æ; [0, 00)) < co (all q < p), 
then 


co 


la(t)|=e""VQq) (alq = p) 
Proof. For each q < x < p, e“a(u) tends to a limit, and so 
ea(u) > 0, as u — œ. The result then follows from 


je™a(u) — e"a(t)| = Vg) 
on letting u > oo. 
Continuing with the proof of Theorem 75.2, by (75.9) and Lemma 


75.1, for each q < x < p, if 
Y(f; q, s) = Í e*f(t) dki(s; t) 
0 


= [ayama D- | aye; Dae" a, 
0 0 


IY(f; q, s)| = INF. Ma, 9Ha | e M(x, s) e” dt 


= lll. (Mi(g, s) +q M:G(x, s)/(x—q)) 


It follows that Y(.;g,s) is a continuous linear functional in S, 
while by (75.19), lim Y (f; q, s) =0. Hence by the continuous 
$ — co 
variable form of Theorem 34.1, there is an M2(q, r) such that 
(75.20) |Y(f; q, s)| = M4, rIIfIl< © (s= so = so(g, r)) 
Now, kı(s;.) is absolutely continuous relative to its variation, 
which we can denote by Vx(s; .), and we have, for u > t, 


files kites Ó = i "gG; Yap Ss 
aru ey py f lets; YG: 
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so that by variational equivalence arguments, |g(s;.)}| = 1 almost 
everywhere relative to Vi(s; .). Thus we can take |g(s; .)| =1 
everywhere, and 


Higos Í T AFAN), AO = AO) als; .) € S, 


All we now have to do is to substitute in (75.20) this result with 
ATN rao. u P 
JAG) = ch(W;t), fall = 1+supe” (WO (u, u+1)) 
W; 


To prove that the conditions are sufficient, we first take z€ R(o), 
Then Theorem 74.1, sufficiency, proves that B(F; z, s) > F(z). 
For (75.9) gives (74.4); (75.13) is (74.6); (75.14) gives (74.7); (75.16) 
gives (74.8). We do not have (74.5), but 


(75.21) lim sup Mi(q, s) < © (each q < 0) 


$ — co 


the effect of which is to ensure that if the integral for F(z) is con- 
vergent at z = v then B(F; z, x) — F(z) in R(re v), but not neces- 
sarily at z = v. This result holds for all Laplace—Stieltjes integrals, 
and not just those with f€ S. 


To prove that (75.21) follows from the conditions, we first take 
x =0, W=(0, 66); in (75.17), so that for q = 0, s = so (g, 0). 


j e” dV,(s; t) = 2M,(q, 0), e% V; (s; t) = 2M2(q, 0), 
0 


|ki(s; t)| = |ki(s; 0)| +2Me(q, 0) e~%, 
|e%ki(s; u)—e"kx(s; t)| = e” |ki(s; u) — ki(s; t)| 
+lkals; )|(eZ—e%) — (u > 2), 


— exp (qu) [Valss NEH QI 
+ 2Ms(44, 0) exp (— $40) (exp(at) —exp (aud) = | “exp (go) dals; ©) 
+ (lkus; 0)1+2MaC2a, 0)) |” exp (— a) df- exp (m) 
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From (75.13) and ki(s; 0) = k(s; 0+), we have for q < 0, 


Mi(q, s) = 2Mo(q, 0) +2 |k(s; 0+)1+4MaGq, 0) 
lim sup Mi(qg, s) = 2M2(q, 0)+2+4M2($q, 0) < co 


8 — co 


From (75.10; 75.21), 

(75.22) B(F; z, s) is uniformly bounded as s — co, in each compact 
set contained in the half plane of convergence of the integral for 
F(z). 

We now show that 
(75.23) if f€ S,, then BUF; z, s) is uniformly bounded in each 
compact set Y contained in R(— r) 

This, with the convergence of B(F; z, s) to F(z) in R(O), will 
give the convergence in R(—r), by using Vitali’s theorem on the 
convergence of a sequence of uniformly bounded analytic functions. 

By Theorem 13.7, Y is at a positive distance from the half plane 
re z= —r, so that there is a q in 0< q < r with Y < R(—q). 
Let the integer n satisfy n(r—q) > 1, and let I be an integer in 
qn—1 < l< rn—1. From the definition of S,, for numbers A > 0, 


N > 0, 
u+1 
(75.24) Ifl = A, Í [f(t)| dt = ANe™ 


Let W,,, be the set of t with 
Aexp (—wt/n) = |f(@)| = AÀAexp (— (w + 1)t/n); 


Wı = U Won 


w>l+1 


In Wa, f(t) = O [exp (— wt/n)] for w/n > q, so that the Laplace- 
Stieltjes integral using f(t)ch(W1; t) will converge in R(— q), and by 
(75.22) we need only take w = 0, 1, ..., I, and we have 


Aexp ( —(w+ 1) (t+ D/n) u(W,,, N (t, t+1)) 


t+1 
< [cigs 0) Lf] do = ANEW" 
t 
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MM Wan N (t, t+1)) = N exp ((w+ 1)/n) exp ((w+1—rn)t/n) 


fe IAE) ch(/ W1; t)| dV,(s; t) = 5 [enc W „n; t) e” Ae!" dVi(s; t) 
w=0 +0 
l 
= h AM2((q—w/n, r—(w+1)/n)[1+N exp ((w+1)/n)] < œ 


We have used (75.17), the result being true for s = sup so(q—w/n, 
0<w<! 


r—(w+1)/n) since g—w/n < r—(w+1)/n. 
Let fo = f-ch(\Wi; .), and let F(z, .) be constructed from f2. 
Then as in (75.11), and integrating by parts, 


B(Fs; z, s) = — f ” Falz, t) dk(s: D 
0 


TA B (ef) —fal0) + 2Fa(z, 9) dk(s; t) 


RES Í “> d, | Í "AO ¿| š f _ >” d, | II A av} 
— I. f(t) az [em { [Ae av} dw 


By (75.24) this is convergent as t — co, absolutely and uniformly 
for z € R(—q). Hence, uniformly in the same set, 


F(z, t) = F3(z)+ O(\z| e, F(z) = lim F(z, t) 


and substituting in B(F2; z, s), we have 
B(Fo; z, s) = ( —fs(0) + zFs(2)) k(s; 0) 


- [7 {e a+ Oze} aG; D 


and we obtain the result from (75.21) and the last computation 
using Mo. 

We now turn to the general class of Laplace-Stieltjes integrals 
that are convergent in some half plane. In order to obtain a result 
like that of Theorem 56.3 for power series we have to impose an 
extra condition on k. Assuming k of bounded variation, we can 
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put í 
ko(s; t) = Ok(s; t)/ðt, Q(s, z) = Í e#ks(s; t) dt 
0 


Then K will be said to satisfy condition A, if there are numbers 


q < p, with limit-point p, and to each such q there are an integer 


n = 0 and numbers 1 = r = 2, v= 0, so = 0, all depending on g, 
with 


(75.25) f 10% -aiD d= Ma G= s9 


where M3(q) is independent of s, and where the differentiation of 
Q is relative to it. 


THEOREM 75.3. (Henstock (1957), p. 23, Theorem 3). If k is finite 
and satisfies (74.3) and condition A,, then in order that k should be 
efficient (Z; p) for each Laplace-Stieltjes integral F with f a Baire 
function bounded in each finite interval of [0, oo), it is necessary 
and sufficient that (75.9) is true for all s = 1, q < p; that (75.13; 
75.14; 75.16; 75.17) are all true; and that Q(s, z) + 0 ass + œ, 
uniformly for z in each compact set contained in R(—p)\Z. 

Proof. The necessity of (75.9) follows from Theorem 75.1, the 
necessity of (75.13; 75.14; 75.16; 75.17) from Theorem 75.2. For the 
last condition, 


1 f 1 7 
—(1-e*) = f e? dw, —= f ez" dy 
z 0 k 0 


the sole singularity of 1/z being at z = 0. By hypothesis and (75.9) 
œ — o zt 1 © 
[oa fE], Pein de + -1 
0 z 0 


z 


—k(s;0)— }, e™”(k(s; t+)—K(s; -)-[ e dki(s;t) > —1 
t> 0 0 
so that by (75.13; 75.14), 


(75.26) us e“ dki(s;t)+0 (s> œ) 
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uniformly in each compact set in R(—p)\Z. Now let W(s) be the 
set of variation zero that contains all the variation of 


t 
kı(s; »-| kos, v) dv 
0 
For a sequence {s,} of s tending to infinity, the set 
W; = UJ Wis) 
n=1 


Is of variation zero, and ch(W2; t) € S, for all r. Further, for all 
z € R(0), 


t 
F(z, t) = Í e“ deh( Wa; v) = e“ ch( Wa; t)— ch(W2; 0) 
0 
Fi(z) = lim F,(z, t) = —ch(W2; 0) 
t—> œ 


Hence by the sufficiency in Theorem 75.2, and (75.13; 75.14), 


j er (Sys 8: | e* Sn» t) dt -Í Een ch( Wz; t) dk,(s,; t) 
0 0 0 


2 I 7 (eh(W,; 0) + F,(z, D) dk,(s, D 


= —ch(W,; 0) k,(s,; 0)— Y F,(z, t) {k(s,; t+) 
t> 0 


— k(s,; —y- [7 K(s,, t) dF,(z, t) + —ch(W,; 0) + ch(W,; 0) = 0 
0 


as n — co, and is uniformly bounded in each compact set contained 
in R(—p). This is true for each sequence {s,} tending to infinity, 
and so is true as s > co. Hence by (75.26), Q(s, z) > 0 in the way 
given. 

To prove the sufficiency, let Y be a compact set in R(o—p). Then 
we can find g < p such that Y € R(c— q). By (75.1), for q < x < p, 
F(z, t) = Ove") as t > co, uniformly for z € Y. Then from (75.9) 


taking x < y < p, 
|k(s; t) FE, t)| = Ole”) = 0(1) (t> œ) 
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By Theorem 75.1 the integral for B(F; z, s) is convergent in Y. 
Thus 


BUF; 2.) = -[ F(z, t) dk(s; t) 
0 


= — }, F(z, t)(k(s; t+)—k(s; ~~] F(z, t) dkx(s; t) 
t>0 0 
By (75.14) the first term is uniformly bounded in Y and tends to 0 


there as s > œ. Further, following a proof similar to that involving 
We, we can easily show that 


j; F(z, t) dkx(s; =]. F(z, t) ka(s; t) dt + 0 (s > œ) 
0 0 


and is uniformly bounded in Y. Hence ass > co, 


B(F; z, s) = o(1) + B*(F; z, s), 


— i F(z, t) k2(s; t) dt 


0 


B*(F; z, s) = 


We can replace f by any other Baire function fs, provided that 
ffs € Sp. In particular, we can put 


(75.27) ft)=0 @O<t<l1) 
which is useful later. As for power series, we consider the integral 


(15.28) Gas, 0 = = [ Hat OO HTD y 

i J_y t—iq 
We take re (z+it+q) > 0, re z > o—g (since t is real), and we can 
deal with R(o—p) on taking q > p—, but in general we cannot 
go outside R(o—p). From (75.1), for £ = (re z+qg— o), F(z, t) = 
QO (855. Hence by (75.2), 


F(z+it+q) = G+ | e G+? F(z, v) dv 
0 


an absolutely convergent integral, and e“ F(z, t) is bounded and 
in L,(0, co). 
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Also let g+6 < p. Then by (75.9), and Lemma 75.1 for q+ô, 
e” |ka(s; t)| = qe” |k(s; | +|qe%k(s; t) +e%kə(s; t)| 


ll e” |kə(s; t)| dt = qM (q+, s)/6+Miq, s) < © 
0 


and e#kə(s; t) is in Li(0, co), for each s > 1, q < p. Hence applying 
a Parseval theorem, Titch (1948), p. 94, Theorem 70, to the 
functions ,e“ke(s; t) and aren a where ka(s; t) and F(z, t) 
are T to be zero int if 0, we obtain the (C, 1) limit 


| 692 
RE (G 1) lim GG, s, w) 
= aim f (1 -5 tac —it—q) di 


i F(z, t) kə(s; t) dt = — B*(F; z, s) 


0 


We now put —v = it+q, so that 


(75.29) B*(F; z, s) = p | een do (C, 1) 


for the path 0 given by rev = —q, —co < im % < ©. 

As for the power series result, we can displace a finite part of 0 
to the right so that it surrounds Z and passes to the right of the 
origin, and yet is unaltered in Jim v| = ó, for some 6 > 0. For that 
finite part of 0 we can let w — co and so use the calculus of residues 
on omitting (1—|t|/w). Let be the rest of the path 0. Then as for 
power series, we obtain 

B*(F; z, s) > F(z)— lim lim 5, (1- 
g N[-w, w] 


S$ — co Ww — co L 


peel) 


w 


FE) 6,0) 4, 
v 


uniformly in Y. The rest of the argument is to show that the double 
limit exists uniformly, and is 0, and this is where we use the condi- 3 
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£ tion 4,. By (75.2), 


—q+iu im, —q+iu °° 
f BA amaA dw = f | -Í e" F(z, v) dv aw} 
—q—it Ww —q-—it 0 


ald f a v) e` P(e — eto) dv 


0 


The inversion is possible since the double integral is absolutely 
convergent. Using (75.27) we can let t — oo with the Riemann- 
Lebesgue theorem (Ex. 70.1), obtaining 


| S, = [659 seston 
0 


—q—ic w v 


We can integrate n times between —q—ico and —q+iu, replacing 
F(z, w)/w by F(z, w)/w”. Thus we integrate by parts n times, 


tee He) 


—qtiw 


O(s, ») do = [O(s, ») Folz, w) — Q'(s,ə) (z, 0) +... 
+(—)"-79°-%(, v) Fog on hte 
—q+iu 
+C os 0) nG, v) do 
—q+iw 
where 


F(z—v) 
v 


v 
Fos) E, Raf Fane dw m=, 
—q—lIeo 
lim Fom, —q+iu) = 0 


for m = 1, 2, ..., n, by the Riemann-Lebesgue theorem. Also as 
for q+ < p, 
e+" |k,(s; t)| € L1(0, co), 


10s, —q-+in)| < f met |ko(s; t)| dt 
0 


= QÍ | T eedt kas; Dld) = OW 


(m = 0, 1,...,n—1; u > co) 
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Hence from the integration by parts, 


(75.30) 
(Ban aen, O(s, v) dv = — OAs, —q+iw) Fo G, —qtiw)+... 
—q+iw 


+(—)"O°9 (s, —g+iw) F, —q+iw 


+(-)" eae Qs, v) E, (z, v) do 


—q+tiw 


By Q — 0 and Cauchy’s integrals we see that for fixed w > 0, 
(75.31) Qs, -—g+iw) +0 (s— o) O=<m<n) 


Also the condition 4, shows that Qs, —qtit) € Lw, co) YL, 
(— oo, —v). From the order relation on F, 


sup | [t-"F(z, the" |'dt<0 (r> 0, k>o-—re z) 
z€ Y v0 


Hence if 1 < r = 2, with 1/r+1/p = 1, we have by Titchmarsh 
(1948), p. 96, Theorem 74 (4.1.2), 


sup | |F G, —k+iu)|?du< ao (k>o~—re z) 
zZEYV—co 


Hence putting k = q = p, and using (75.30; 75.31), and condition 
Ap with w =v, 


=—q=t'ieo ks 
lim sup i Hen”) Os, v) dv 
S—> co —qtiw v L 
—q+icə 
= lim sup J Os, v) Fco (z, V) dv 
S—> co —qtiw 
°° 1/r °° llo 
= lim sup II 10®(s, — q+ it) |? a) f | Fon G, -ainia 
$ —> œ w Ww 


co 1/2 
= MA) | | iG, -atid a 
w 


Similarly for the range —q—iœ to —q— iw. 

For r = 1, F, (z, —q+it) is bounded in £, uniformly for z € Y. 
A similar result follows in this case. Thus we have now completed 
the proof that B*(F; z, s) + F(z), and so B(F; z, s)*F(z) (s + co), 
for all z€ R(e—p)D H(F; z). 
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Ex.75.1. Transform the complex plane minus the line v = 
rev = 1, into the plane minus the line z = re z<0 (e.g. v = ez, 
v = 1—z), and put Q(s, z)E(s) = —E(s, v), where E(v) is an integral 
(entire) function of Cooke (1950), p. 184, Theorem (8.2, III); p. 188, 
Theorem (8.3, I). Do any such functions satisfy the conditions of 
our Theorem 75.3? 

Ex. 75.2. Alternatively, transform\Z into |v] < 1, Q(s, z) into 
Qx(s, v), the latter tending to 0 as s > œ, uniformly in |v] = 1—e, 
for each e > 0. For example, consider =v, and put v = (1+2) 1, 

Os, z) = —(1+ 2): = -f ee“ duJl' (s) 


0 
finding a(s, w) as an integral from w to +00, and a(n, w). Show 
that Q satisfies condition A, with q < 1, n = 0, r = 1, » = 2, 
v = 1, Let Z be a horizontal set including |z+ 1| <1, and show 
that the conditions of Theorem 75.3 hold. Compute B(F; z, n) in 
telation to a Taylor series, (Henstock (1957b)). 

Ex. 75.3. Leta > 0,8 > 0, £ > 0,7 > 0, —<— it € Z, —B+in ¢Z, 
where Z is a horizontal set, and let Z: be a strip —E<iz<y, 


Te z= — max («, 0). For each s let J(s, Z) be regular for z € Z4, ` 


apart from a simple pole at z = 0, with residue tending to —1 as 
$ > oo. Further, let J(s, z) — Oas s > œ uniformly for each compact 
set in Zı\Z. If the Laplace-Stieltjes integral F is convergent in 
R(o), show that 


F(z) = lim + F(z—v)J(s, v) dv = lim | k(s; t) dF(z, t) 
$ — œ dQ 


$ — eo L y 
uniformly for z in each compact set contained in H(F; ZN R(o— 
min (<, ĝ)), where y is the line from —æ— if to — B+in, and 
where 


k(s, t) = s= j e™ J(s, v) dv 
tg 


i.e. k is efficient (Z; p) with p = min («, ñ). (Henstock (1957b), 
p. 29, Theorem 4). 

Ex. 75.4. In Ex. 75.3 show that k(s; t) is an integral function in t 
of order less than 1, or of order 1, type = max (z, 8) +max (é, 7). 
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Ex. 75.5. If k(s; t) is an integral function of t of order <1, or 
order 1, type r, show that for z in a suitable region, 


kG; = Y KO, BUF 2,5) = È (Yk) 
n=0 n= 


and B is regular in the domain formed by excluding all points 
from the complex plane that are within a distance < r of some 
singularity or inaccessible point of F. 

Ex. 75.6. In Ex. 75.3, show that the only singularities of Be; 


” Z, s) are at —æ— i$, —B+in, and for Jı regular at those points, 


Bz; z, s) = Hs, 2)dog((z+<+¿iD)/(z+B — in)})/(2ni)+ J Gs, z) 
Ex. 75.7. In Ex. 75.3 show that x = 8 = p, Ë =?) = =, Js, z) = 


A=). K(s, e7), k(s, v) = > &,(s)e", gives the power series 
n=0 


result. 
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